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1 Symplectic Geometry Primer

1.1 Primer on Manifolds

We briefly review some manifold theory.

Definition 1.1.1. A derivation D is a function on an algebra that satisfies the product rule, i.e.
Dpfgq “ pDfqg ` fpDgq. An antiderivation on a graded algebra satisfies the graded product rule
Dpfgq “ pDfqg ` p´1qdeg ffDg. The degree of a derivation is m if degDf “ deg f ´m.

A vector bundle of rank n is an assignment π : E Ñ M on a (C8) manifold M of an
n-dimensional vector space to each point of the manifold such that ϕ : π´1pUq – U ˆ kn locally
and restricts to a vector space isomorphism on the fibers π´1ptmuq,m P M. ϕ is called a local
trivialization of π, and E,M are called the total and base space of the bundle, respectively.
Note that E can be given a manifold structure. Given two vector bundles E,F, one can naturally
construct the direct sum bundle E ‘ F, the tensor product bundle E b F, the Hom bundle
HompE,F q, and the dual vector bundle E˚ over M. The trivial bundle is globally isomorphic
to M ˆ kn.

If M is a (C8) manifold, then for p P M, then tangent space TpM is the vector space of
derivations on C8pMq, i.e. linear functionals satisfying the product rule. The tangent bundle
of M is the corresponding vector bundle, defined as

TM :“ tpp, ηq : p P M,η P TpMu.

A vector field on M is a section of the tangent bundle, i.e. a continuous inverse X : M Ñ TM to
the natural projection π : TM Ñ M, with Xp “ η. One writes X P ΓpTMq. Alternatively, a vector
field is a derivation X : C8pMq Ñ C8pMq. The cotangent bundle T ˚M is the corresponding
dual bundle, defined as

T ˚M :“ tpp, η˚q : p P M,η˚ P T ˚
pMu,

and a differential k-form ω is a section of the k-th exterior power ΛkpT ˚Mq, that is, an alternating
multilinear map on TM. In particular, 0-forms are smooth functions on M, T ˚M “ Λ1pMq, and
there is a wedge product operation Λ : ΛkpT ˚Mq ˆ ΛlpT ˚Mq Ñ Λk`lpT ˚Mq.

Definition 1.1.2. We define the exterior derivative d : ΛkpT ˚Mq Ñ Λk`1pT ˚Mq as the unique
linear map such that:

(a) pdfqpXq “ Xpfq for all vector fields X on M.

(b) d ˝ d “ 0.

(c) d is an antiderivation of degree 1, i.e. dpα ^ βq “ dα ^ β ` p´1qdegαα ^ dβ.

Given a map F : M Ñ N between manifolds and a k-form ω on N , one may define the
pushforward F˚η as an element of TF ppqN such that

pF˚ηqpfq “ ηpf ˝ F q.

pullback F ˚ω as a k-form on M such that

pF ˚ωqpY q “ ωpF˚Y q.
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Note that the pushforward of a vector field might not necessarily be a vector field. A vector field X
locally induces a smooth-one parameter family of diffeomorphisms Φ : R Ñ DiffpMq such
that

Φ1p0q “ X

A vector field that induced a global flow, that is, a flow defined for all t P R, is called a complete
vector field. Given two vector fields X,Y, their Lie bracket is another vector field defined as

rX,Y spfq “ XpY pfqq ´ Y pXpfqq.

The Lie bracket measures the lack of commutativity between the two flows. Now, if one wants to
define a directional derivative on a manifold, one needs a vector field to define a direction. Thus, we
define the Lie derivative of a function f P C8pMq with respect to a vector field X to be

LXpfqpxq :“ lim
hÑ0

fpΦhpxqq ´ fpxq

h
“ Xpfqpxq,

where Φ is the flow generated by X. Similarly, one may define the Lie derivative of a vector field by

LXpY q “ rX,Y s.

Even more importantly, we can define the Lie derivative of a differential form. For that, we first
define the contraction of a form iX : ΛkpMq Ñ Λk´1pMq as an antiderivation such that

iXpωqp¨q “ ωpX, ¨q,

with iXf “ 0 by convention. Then, the Lie derivative treats the contraction using the Leibniz rule,
i.e.

LXpiY ωqp¨q “ iLXY ωp¨q ` iY pLXωqp¨q.

For instance, for a 1-form ω,
LXpωq “ XpωpY qq ´ ωprX,Y sq.

Moreover, notice that
LXf “ iXdf “ dfpXq “ Xpfq.

Formally, the Lie derivative of a differential form is defined as

LXω “ lim
hÑ0

Φh˚
ω ´ ω

h
,

which is nothing but the "derivative" of the form. Note that since the exterior derivative commutes
with evaluation and pullbacks, it commutes with the Lie derivative. Then, we have the following
"magical" fact.

Theorem 1.1.1 (Cartan’s Magic Formula). LXω “ diXω ` iXdω.

Proof. Both sides of the formula are derivations that commute with d, so it suffices to prove the
identity for 0 forms, which follows immediately.

The power of differential forms is that one can integrate them. Given a smooth manifold M of
dimension n covered by a partition of unity pUi, ϕ

˚q, and an n-form ω on M we define the integral
of ω over M to be

ż

U
ω :“

ÿ

i

ż

UXUi

ϕ˚
i ω,
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where if U Ă Rn is open,
ş

U fdx1 ^ ...^ dxn :“
ş

U fdx1...dxn. In other words, cover the manifold by
charts, pullback to Euclidean space, and integrate regularly. We define a manifold to be orientable
if there exists a form on it that never vanishes. In particular, orientation is determined by the sign
of a form. A manifold with boundary is a manifold M with a boundary BM which is locally
diffeomorphic to the half space Rn X tx ď 0u. The importance of these concepts is arguably the
most fundamental theorem of differential topology:

Theorem 1.1.2 (Generalized Stokes Theorem). If M is a orientable manifold of dimension n with
boundary (with the induced orientation) and ω is a compactly supported pn´ 1q-form on M , then
ş

M dω “
ş

BM ω.

A differential form ω is closed if dω “ 0 and exact if ω “ dα for some form α. Clearly, every
exact form is closed. The form

ydx

x2 ` y2 ´
xdy

x2 ` y2 .

on R2zt0u can be checked to be closed. However, by Stokes’s theorem, if it were exact, it would
integrate to 0 over S1, which it does not. However, one does have the following nice fact:

Theorem 1.1.3 (Poincare Lemma). Every closed form on an open ball in Rn is exact.

Proof. WLOG, take the unit ball. We construct a linear operator α : Λk Ñ Λk´1 such that
dα ` αd “ 1. For closed ω, define

pαωqpXq “

ż 1

0
tk´1piXqωptXqdx

1.2 Riemannian and Pseudo-Riemannian Manifolds

Definition 1.2.1. A (pseudo-)Riemannian manifold is a manifold M equipped with a smooth
positive (semi)definite symmetric bilinear form gp : TpM ˆ TpM Ñ R. The bilinear form g “ pgijq
on a Riemannian manifold induces a norm TpM Ñ R by }v} “

a

gpv, vq.

Example 1.2.1. If U Ă Rn, pU, ¨q with the dot product is a Riemmanian manifold.

Example 1.2.2. Let i : S ãÑ pM, gq be an embedded submanifold of a (pseudo-)Riemannian
manifold. Then, the restriction pS, i˚gq is a (pseudo-)Riemannian manifold.

Definition 1.2.2. A diffeomorphism f : pM, g1q Ñ pN, g2q is called an isometry if f˚g2 “ g1.

Definition 1.2.3. The bilinear form g on a Riemannian manifold M induces a length on C1 curves
γ : r0, 1s Ñ M by

Lpγq “

ż 1

0

a

gpγ1ptq, γ1ptqdt,

and a corresponding metric
dpx, yq “ inf

γp0q“x,γp1q“y
Lpγq.

A curve γ from x to y is called a geodesic if dpx, yq “ Lpγq.
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1.3 Primer on Lagrangian and Hamiltonian Mechanics

One of the main reasons for studying symplectic geometry comes from Lagrangian and Hamiltonian
mechanics. In elementary classical physics, one describes the behavior of a physical system S using
Newton’s second law

F “ ma “ m:x,

where F “ F px, 9x, tq is determined solely based on the positions and velocities x of the particles. In
principle, this implies that the state of S is uniquely determined by its position and velocity. We now
recall that from the forces acting on S one is able to extract two quantities - the kinetic energy
T “ T p 9x, tq and the potential energy V “ V px, tq. We now restrict ourselves to considering two
particular combinations of these values, the Lagrangian

Lpx, 9x, tq “ T ´ V “ kinetic energy - potential energy

and Hamiltonian

Hpx, 9x, tq “ T ` V “ kinetic energy - potential energy.

In the classical case of a particle in a potential, recall that T “ 1
2m} 9x}2 and V “ V pxq. Now, it

turns out (by miracle of some sort) that the Euler-Lagrange equations for the critical points of the
action functional

Lpsq “

ż s

0
Lpx, 9x, tqdt,

which are
BL

Bxi
´
d

dt

BL

B 9xi
“ 0,

in the classical case become
´BxiV ´m :xi “ 0,

which is identical to the motion predicted by Newton’s second law. Motivated by this example,
for a system with n “ N ´ C degrees of freedom (where C is the number of constraints), we
introduce the generalized positions/coordinates q “ pqiq

n
i“1 and the corresponding Lagrangian

L “ Lpq, 9q, tq. Note that under this formulation, the Euler-Lagrange equations are a typically a
system of n second-order ODE in qi. Moreover, by defining the generalized momenta pi :“ BL

B 9qi
,

we may write these as a system of 2n first-order ODE for ppi, qiq in terms of the Hamiltonian H,
namely,

9qi “
BH

Bpi
, 9pi “ ´

BH

Bqi
.

Proof. Given a Lagrangian L, the Hamiltonian may be defined as the Legendre transform of L, so
it satisfies

Lpq, 9q, tq `Hpp, q, tq :“ x p, 9q y .

Then,
9qi “

BH

Bpi
, 9pi “

d

dt

BL

B 9qi
“

BL

Bqi
“ ´

BH

Bqi
.
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Remark 1.3.1. Note that by chain rule,

BL

Bq
9q `

BL

B 9q
:q `

BL

Bt
`

BH

Bp
9p`

BH

Bq
9q `

BH

Bt
“ x 9p, 9q y ` x p, :q y,

which implies
BH

Bt
`

BL

Bt
“ 0.

In particular, H is constant w.r.t. time iff L is.

Example 1.3.1. Note that in the classical example, H “ xm 9x, 9x y ´p1
2m} 9x}2 ´ V pxqq “ 1

2m} 9x}2 `

V pxq is precisely the total energy of the system, which should be the typical interpretation of the
Hamiltonian.

2 Quantum Mechanics Primer

2.1 Wave Primer

Let ψ be a fixed sinusoidal wave with wavelength λ. We then define its wave number k :“ 2π
λ , so

that eik¨x has wavelength λ. If ψ oscillates sinusoidally in time with period T, define the frequency
and angular frequency to be f :“ 1

T , ω :“ 2πf, so that the general formula for a wave with
wavelength λ and period T is

ψpx, tq “ eik¨x´ωt.

If ω2 “ c|k|2, then ψ solves the classical wave equation Bttψ “ c2∆ψ. We refer to different solution
ω “ ωpkq of this relation as the different modes of the equation. Then, ψpx, tq “ ψpx´ vt, 0q for
any vector v such that v ¨ k “ ω, so the normal phase velocity of a wave with wavevector k is
vp :“ ω

|k|
pk. This is the "speed" at which the crests of a wave travel. Now, for a general wavepacket ψ

decomposed into its constituent waves, if wavenumber k travels at an angular frequency of ω “ ωpkq,
the group velocity of the packet can be computed as

ż

Apkqeipk¨x´ωtqdk « eipk0¨x´ω0tq

ż

Apkqeipk´k0q¨px´∇ω0tqdk,

and is defined to be vg “ ∇ω. The group velocity is the velocity of the envelope, i.e. the term on the
right in the expansion above, and holds asymptotically as the wave becomes mostly monochromatic.
For example, if ωpkq “ c|k|, the group velocity is cpk. Notice that if ω changes nonlinearly with k,
then different waves move with different speeds, a phenomenon known as dispersion, and the
function ωpkq gives one the dispersion relation for the waves at hand. To that end, we define a
dispersive equation to be one where the dispersion relation satisfies

detD2ωpkq ı 0.

For example, the wave equation is not dispersive, while the heat and Schrodinger equation are
dispersive.

2.2 Mathematical Formalism

We now consider the following abstract picture: Let pM,Lq be a mechanical system with Lagrangian
L, where M “ Mpqq is a manifold of even dimension describing the phase space of a system of
n particles with positions q and momenta 9q. The tangent bundle TM “ TMpq, 9qq contains the
position and velocity information for the system.
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Definition 2.2.1. If M is a smooth manifold,we define a Lagrangian as an element L P C8pTMq.
For m P M, we can then define a function

Lm : TmM Ñ R, vm Ñ Lpvmq,

whose Frechet derivative is

L1
m : TmM Ñ T ˚

mM, v Ñ L1
mpvq P T ˚

mM.

This induces a map of vector bundles

FL : TMpq, 9qq Ñ T ˚Mpq, pq, 9q Ñ p

where p are the generalized momenta of the system. Compare this to the regular definition
9q Ñ p “ BL

B 9q .

Theorem 2.2.1. If L is convex and bounded below by a positive quadratic on each fiber, then
F : TM Ñ T ˚M is a diffeomorphism. Moreover, if one defines H P C8pT ˚Mq according to
Hpq, pq “ pF´1

L ppq ´ L and uses the standard double dual identification, then FH “ F´1
L . H is

known as the Hamiltonian.

Example 2.2.1. Let Lpv, xq “ 1
2mv

2´V pxq on M “ R, TM “ TM˚ “ RˆR. Then, the Lagrangian
is convex, and so

F : TM Ñ T ˚M, pv, xq Ñ pmv, xq

is a diffeomorphism (where the action of mv on TM is to be interpreted as multiplication by mv.)
Then, H is precisely the standard Hamiltonian Hpp, xq “

p2

2m ` V pxq.

For a given set of coordinates q on M, note that TM˚ has a canonical symplectic structure
ω “ dq ^ dp as described above. Then, the Hamiltonian vector field X of the Hamiltonian H
precisely generates Hamilton’s equations of motion. More generally, one interested in the space
of observables C8pMq. Now, the one-parameter group of diffeomorphisms Φt generated by X
induces a flow gt of some observable g, given by the Lie derivative

LXpgtq “ Xpgtq “ ωpHgt , Xq :“ tHgt , Xu “ tgt, Hu,

where we define the Poisson bracket of two vector fields as above. The conclusions from this are
as follows:

(a) An observable is time-independent iff it commutes with the Hamiltonian under the Poisson
bracket. In particular, one has that the evolution of observables is given by Liouville’s
equation

gt “ eiLgtg0

for the operator L “ ´itg,Hu. In other words, the total derivative

dg

dt
“

Bg

Bt
`

Bg

Bq
9q `

Bg

Bp
9p “ 0.

(b) If ωn is the volume form on T ˚M, the Hamiltonian flow is a symplectomorphism and therefore
preserves the form, which is known as Liouville’s theorem. In other words, volumes in
phase space are preserved under Hamilton’s equations.
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2.3 Postulates of Quantum Mechanics

As a physical theory, quantum mechanics has provided some of the most accurate predictions science
has ever made. In this section, we briefly provide a rigorous mathematical formalism, with physical
justification, for quantum mechanics.

The fundamental idea is that of wave-particle duality, which is extremely simple - every
particle is simultaneously a wavefunction/matter wave/wave packet ψ P S1 Ă L2pCnq. How
could one then describe the physical properties of a particle through this lens? The fundamental
postulate and equation that developed this theory was the axiom of Einstein’s energy-momentum
equation for a particle of rest mass m0, namely,

E2 “ ppcq2 ` pm0c
2q2.

In particular, for a massless particle, E “ pc, and in the nonrelativistic limit v ! c,

E “ γm0c
2 “ m0c

2

d

1 `

ˆ

p

m0c

˙2
« m0c

2 `
p2

2m2
0c

2m0c
2 “ m0c

2 `
1
2m0v

2,

where γ is the Lorentz factor. How would this energy correspond to the wavefunction of a particle?
This is another fundamental postulate of Planck and Einstein, which states that the energy of the
wavefunction is directly proportional to its frequency, namely,

E “ hν “ ℏω,

where νpωq is the (angular) frequency of the photon and ℏ “ h
2π is the reduced Planck’s constant.

Experimentally, this certainly was found to be an exact relation for photons, and de Broglie’s insight
was to extend it to arbitrary wavefunctions.

Can we obtain a formula for the momentum of a wave using this relation? The key relation
that must hold here is that the velocity of a particle should correspond to the group velocity of its
wavepacket, i.e.

vg “
pc2

E
“
dω

dk
“

d

˜

m0c
2
c

1 `

´

p
m0c

¯2
¸

ℏdk
“
pc2

Eℏ
dp

dk
,

which yields the fundamental momentum relation p “ ℏk. In other words, this is the momentum
relation that needs to be satisfied if energy is given by the Planck-Einstein equation and the velocity
of the particle is the group velocity of its wavepacket.
We may now use these two relations to derive the dispersion relation

ωpkq “

d

|k|2c2 `

ˆ

m0c2

ℏ

˙2
«
m0c

2

ℏ
`

ℏ|k|2

2m0
,

which (in the nonrelativistic limit) yields the group velocity vg “
|k|c2

ω «
ℏ|k|

m0
. What is the conclusion

here? Well, assuming that the energy of a wave is proportional to its frequency, we obtain that
momentum, and therefore velocity, is proportional to its wavenumber.

Now finally, how does one then determine the expected position x of a particle given its
wavefunction? Well, interpreting |ψ|2 as a probability distribution for the particle, one obtains

xx y “

ż

x|ψ|2 “ xψ|x|ψ y
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for pxϕqpxq “ xϕpxq. We thus call x the (unbounded) position operator. In fact, |ψpxq|2 is the
probability distribution for the particle position and thus encodes all its information. How can
we determine the probability distribution of k from the wavefunction ψ? Well, the scaled Fourier
transform pψp khq can be easily seen to give the distribution of momenta for each of the waves making
up the wavepacket. By Plancherel,

x p y “

ż

pψ˚ℏk pψ “

ż

ψ˚p´iℏBxqψ,

so p “ ´iℏBx is known as the momentum operator. Additionally, one can see that since
ż

Rn`1

pψ˚ℏk pψdk “

ż

Rn
|ϕ|2ppqpdp

for ϕppq “ ℏ´n| pψp
p
ℏq|2, that ϕ is the probability distribution for the momentum p. Finally, note

that the nonrelativistic energy of a wavepacket (in a zero potential) is given by its kinetic energy
Ek “ 1

2
p2

2m , so the total energy can be computed as

xH y “

B

p2

2m ` V pxq

F

“

ż

pψ˚

ˆ

1
2mℏ2k2 ` V pxq

˙

pψ “

ż

ψ˚

ˆ

´
ℏ2

2m∆ ` V pxq

˙

ψ,

and we define H :“ ´ ℏ2

2m∆ ` V pxq to be the Hamiltonian operator. The probability distribution
for H is given by the probability distribution for p2

2m ` V pxq, which is

ΦpEq “
1

2
?
E

pϕp
a

E ´ V pxqq ´ ϕp´
a

E ´ V pxqqq

for ϕ as above and E ą 0.
In this formalism, one sees that a if a measurement λ of an operator A on ψ is exact, then ψ is an
eigenvector of A with eigenvalue ψ. What can one say in general about the probability distribution
of some observable A? Well, it turns out that these operators can be decomposed into their
orthonormal eigenstates ϕ (since they have the nice property of being self-adjoint), in which case
one gets according to Parseval that the "proportion" of a state ψ that lives in a state ϕn with
eigenvalue λn is | xψ, ϕn y |2, and so the probability of λn P X should equal

ř

λnPX | xψ, ϕn y |2. In
general, this leads to the formalism of positive operator-valued measures (POVM), which we
do not discuss here.

With this being said, we are now ready to describe the fundamental postulates of quantum
mechanics:

(a) A quantum particle is described by a complex wavefunction |ψ y P L2pMq (also called a pure
state) on a manifold M such that }|ψ y }2 “ 1 and }|ψ y }L2pAq gives the probability of finding
the particle in the region A. In particular, eiθ|ψ y represents the same physical system for any
θ P R, so mathematically, the space of states can be identified with the projective Hilbert
space HP. From this perspective, the complex phase of a wavepacket is only relevant when
considering interactions with other wavepackets. Working with complex functions in L2 allows
us to take Fourier transforms and inner products.

(b) It follows that the natural formalism for describing an ensemble of quantum particles on
Hilbert spaces must be linear and respect constants. One thus defines the total state space for
an ensemble of particles to be the tensor product of the corresponding Hilbert spaces with
the corresponding inner product.
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(c) The evolution of every state |ψ y is governed by a unique set of linear operators Ut : L2pRnq Ñ

L2pRnq in a way that must necessarily preserve the total probability being 1 (so by the
polarization identity it must also preserve inner products), and lose no information, i.e. be
time-reversible (supported by physical experiments and classical mechanics considerations).
It follows that the time evolution operator Ut must be a bounded linear unitary operator. In
view of Stone’s theorem on strongly continuous one-parameter unitary semigroups, there thus
exists a unique self-adjoint (possibly unbounded) operator H : L2pRnq Ñ L2pRnq known as
the Hamiltonian, and the evolution of |ψ y is given by the time-dependent Schrodinger
equation

iℏBt|ψ y “ H|ψ y .

(d) More generally, any one-parameter family of physical transformations Tr of a quantum system
is time-reversible and preserves probability, so it is unitary and corresponds to a self-adjoint
operator A known as an observable. For example, the generator of physical translations
of a system Trpψpxqq “ ψpx ` rq is the momentum operator p, and the generator of time
translations is the energy operator E :“ iℏBt. The spectrum of A is the set of possible
values of the observable, where an eigenvector |ψ y with eigenvalue λ is then a state with the
value of the observable exactly equal to λ.

(e) Given a physical time-invariant transformation T and the corresponding observable A, if the
state |ψ y is T -invariant, one has

eiℏAt|ψ y “ eiℏλptq|ψ y

for all t. Since A is time-invariant and A|ψ y “
λptq
t |ψ y, so λptq “ λAt. λA is then known as

the value of the observable A on |ψ y . This is an example of Noether’s theorem, which
states that invariance under a physical transformation corresponds to a conserved physical
quantity. In particular, since A is self-adjoint, one verifies by the spectral theorem that for
such a state |ψ y, one has

λA “ xψ|A|ψ y,

so one defines the expectation value of A to be xA y :“ xψ|A|ψ y “ λA. More generally,
if |ψ y is an aribtrary state and PA,λ is the projection onto the eigenspace corresponding to
measurement λ of A, then the probability of measuring λ as the value of observable A for |ψ y

is xψ|PA,λ|ψ y, a postulate known as Born’s rule.

(f) Two observables A,B share a eigenbasis iff they commute. If this holds, the observables are
said to be compatible, and measurement of one does not affect measurement of the other.
Moreover, if the variance of an observable X is given by σ2

X “ xpX´ xX yq2 y, Cauchy-Schwarz
and the polarization identity yield that for two observables A,B,

σ2
Aσ

2
B ě xpA´ xA yqψ, pB ´ xB yqψ y “

ˇ

ˇ

ˇ

ˇ

1
2 xAB `BA y ´ xA y xB y

ˇ

ˇ

ˇ

ˇ

2
`

ˇ

ˇ

ˇ

ˇ

1
2i xAB ´BA y

ˇ

ˇ

ˇ

ˇ

2
,

which is known as the Heiseberg uncertainty principle. The Fourier transform inequality
is a concrete example of the uncertainty principle for position and momentum operators.

(g) Given a Hamiltonian H and a decomposition |ϕ y “
ř

anptq|n y in terms of an arbitrary
orthonormal basis |n y for L2pCnq for some particle with corresponding wavefunction |ϕ y,
direct manipulation yields that

B xϕ|H|ϕ y

Ba˚
n

“ xn1|H|ϕ y .
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If we now define πn “ iℏa˚
n, we recognize that the Schrodinger equation is equivalent to

B xH y

Bπn
“

Ban
Bt

,
B xH y

Ban
“ ´

Bπn
Bt

,

which yields a Hamiltonian system with classical Hamiltonian xH y, explaining why H is
called the Hamiltonian operator.

We now make a crucial remark: for any classical particle with wavefunction ψ, the classical
Hamiltonian xH y as above is the nonrelativistic total energy p2

2m ` V pxq of the particle, which
is the expectation of the operator ´ ℏ2

2m∆ ` V pxq as shown before. In particular, since two
operators whose expectations agree for all states are identical, the fundamental consequence is
that the time-independent Schrodinger equation for a particle in a potential V is

iℏBtψ “

ˆ

´
ℏ2

2m∆ ` V pxq

˙

ψ.

(h) Ehrenfest’s Theorem recovers the classical limit of the formalism through the identity

d

dt
xA y “

1
iℏ

xrA,Hs y ` x BtA y,

which may be derived directly from the time-dependent Schrodinger equation. For instance,
it implies that the energy E of a quantum state with a time-independent Hamiltonian is
constant. Additionally, it implies that conserved observables of time-independent operators
are precisely those that commute with the Hamiltonian (i.e. a measurement is well-defined in
time iff the corresponding operator commutes with time evolution). In particular, applying
Ehrenfest’s theorem to the momentum and position operators yields

m
d

dt
xx y “ x p y,

d

dt
x p y “ ´ x ∇V pxq y .

For a classical particle,
x ∇V pxq y « ∇V pxx yq « ∇V px0q,

which recovers classical Newtonian mechanics p “ mv,F “ ´∇V.

(i) For a pure state |ψ y, define the corresponding projection operator Pψ :“ |ψ y xψ| onto |ψ y .
Then, for an ensemble of states |ψ y, a density operator ρ is a convex combination of Pψ.
It is easy to see using the spectral theorem that ρ is a density operator iff it is a positive
semi-definite self-adjoint operator of trace 1. Then, for an observable A and an ONB |n y,

xψ|A|ψ y “
ÿ

n

xψ|A|n y xn||ψ y “ Trp|ψ y xψ|Aq,

where TrpBq “
ř

n xn|B|n y, which gives the interpretation of ρψ as a probability distribution
for A with respect to |n y (motivated by the formula xA y “

ş

ppAqAdn.) This formula can
be seen to hold by linearity for density operators. Gleason’s Theorem is a fundamental
result which states that for any function p that meaningfully assigns probabilities to projection
operators, there exists a positive semi-definite self-adjoint operator of trace 1, i.e. a density
operator ρ such that ppP q “ TrpρP q.

11



Remark 2.3.1. Wigner’s Theorem states that transformations of the projective Hilbert space
HP that satisfy Born’s rule are precisely the unitary or antiunitary operators. However, since
composition of antiunitary operators is unitary, it follows that any antiunitary transformation must
be discrete (and thus not physical). Concrete examples exist, however - for example, time reversal
or momentum reversal symmetry.
Remark 2.3.2. In general, xA y xB y ­“ xAB y . However, in the classical limit,
Remark 2.3.3. In the relativistic regime, the total energy is given by

E2 “ ppcq2 ` pmc2q2.

Interpreting this equation as an operator equation yields the Klein-Gordon equation for relativistic
quantum particles

ˆ

1
c2 B2

t ´ ∆ `

´mc

ℏ

¯2
˙

ψ “ 0

This equation turns out to be great at describing the behavior of spin-0 particles. Factoring it yields
the Dirac equation

pE ´ cαp´ βmc2qψ “ 0,

where α1, α2, α3 are anticommuting Hermitian matrices. The Dirac equation effectively describes
the behavior of spin-1

2 particles.
Remark 2.3.4. In classical mechanics, measurements are commutative. But in quantum mechanics,
a measurement consists of an interaction with the system, which changes the wavefunction and
thus the state of the system. For instance, a polarizer measures the orientation of light. Thus, the
order of measurements matters, as demonstrated in the following experiment: a vertical, horizontal,
and diagonal polarizer (in that order) let through no light, while a vertical, diagonal, and horizontal
polarizer let through some of the light (since the diagonal polarizer changes the polarization of the
light to be diagonal). This corresponds to the fact that observables in general do not commute.
Remark 2.3.5. One sees a wide variety of connections in the evolution laws between quantum and
classical mechanics. However, QM is framed in the language of operators on Hilbert spaces, and
classical mechanics is framed in terms of Lagrangians on phase space. A theory that recovers classical
behavior from quantum behavior in the limit of some small parameter is known as quantization.
If x, p are position and momentum, tx, pu “ 1 classically, and rx, ps “ iℏ in QM. Unfortunately,
according to Groenewold’s theorem, there cannot exist a quantization map Q that satisfies

(a) Qxψ “ xψ,Qpψ “ ´iℏ∇ψ.

(b) f Ñ Qf is linear.

(c) rQf , Qgs “ iℏQtf,gu.

(d) Qg˝f “ gpQf q.

In fact, any three of these conditions are inconsistent. The best modern approach is to let 1 and 2 be
true and let 3 be true asymptotically as ℏ Ñ 0, an approach known as deformation quantization.
Alternatively, one may restrict the space of observables up to quadratic terms gets a theory known
as geometric quantization.
In Table 1, we list some classical observables and their classical analogues, as well as the corresponding
symmetries.
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Observable Classical Formula Quantum Operator Evolution Operator/Symmetry
Position x x Phase Rotation
Momentum p “ mv p “ ´iℏ∇ Spatial Translation
Kinetic Energy Ek “ 1

2mv
2 Ek “ ´ ℏ

2m∆ N/A
Total Energy H “ 1

2mv
2 ` V pxq H “ ´ ℏ

2m∆ ` V pxq Time Evolution
Angular Momentum L “ r ˆ p L “ ´iℏpxˆ ∇q Spatial Rotation
Lorentz Lorentz Symmetry N/A

Table 1: Classical Observables and their Corresponding Symmetries

2.4 Symplectic Geometry

Now, consider a smooth manifold M with a symplectic form, i.e. a closed, non-degenerate
differential 2-form ω, non-degenerate meaning ωppx, yq “ 0 for all y P TpM implies x “ 0. Such a
pair pM,ωq is called a symplectic manifold.

Example 2.4.1. Consider U Ă R2n open with coordinates px, ξq, and define a skew-symmetric
bilinear form ωpx, ξq “ xTJξ, where

J “

„

0 ´I
I 0

ȷ

.

Then, U is a symplectic manifold, and in fact

ω “ dξ ^ dx :“
n

ÿ

i“1
dξi ^ dxi.

Example 2.4.2. More generally, consider M is a manifold of dimension n, and take the natural
projection map π : N “ T ˚M Ñ M, which induces the maps dnπ : TnN Ñ TmM. For n P N, we
define the tautological one-form θ P T ˚N at n P T ˚M “ N to be

θn “ n ˝ dnπ “ dnπ
˚n.

Then, the canonical symplectic form on the total space (i.e. 2n-dimensional space) T ˚M is the
form ω “ ´dθ.

Example 2.4.3. If pM1, ω1q, pM2, ω2q are symplectic manifolds and λ1, λ2 P Rzt0u, then pM1 ˆ

M2, λ1π
˚
1ω1 ` λ2π

˚
2ω2q is a symplectic manifold, where π1, π2 are the natural projection maps.

Remark 2.4.1. By a classical linear algebra result, every odd-dimension skew-symmetric matrix is
singular, implying that every symplectic manifold has even dimension.

If κ : pM,ωq Ñ pN,ω1q is a diffeomorphism between symplectic manifolds that preserves the
symplectic form, i.e. κ˚ω1 “ ω, one calls κ a symplectomorphism. A vector field X is called
symplectic if LXω “ 0.

Proposition 2.4.1. TFAE:
(a) X P ΓpTMq is symplectic.

(b) Φt : M Ñ M is a symplectomorphism for all t.

(c) iXω is closed.

13



Proof. If Φt is a symplectomorphism for all t, then

LXω “ lim
tÑ0

Φ˚
t ω ´ ω

t
“ 0

since Φ˚
t ω “ ω for all t. Conversely, if X is symplectic, it suffices to show d

dtΦ
˚
t ω “ 0. But indeed,

d

dt
Φ˚
t ω “ lim

hÑ0

Φ˚
hΦ˚

t ω ´ Φ˚
t ω

h
“ lim

hÑ0

Φ˚
t pΦ˚

hω ´ ωq

h
“ Φ˚

t LXω “ 0.

Now, from Cartan’s magic formula and the fact ω is closed, diXω ` iXdω “ 0 is equivalent to
dpiXωq “ 0.

Note that a nondegenerate 2-form ω induces an isomorphism of bundles

rω : TM Ñ T ˚M : Xp Ñ ωpXp, ¨q.

2.5 Hamiltonian Vector Fields

The isomorphism above has an inverse

ω´1 : T ˚M Ñ TM,

which induces a map ΓpT ˚Mq “ Λ1pMq Ñ ΓpTMq. In particular, every 1-form yields a vector field
X.

Definition 2.5.1. For a 0-form f P C8pMq, the Hamiltonian vector field of f is uniquely given
by Hf “ ω´1pdfq. Concretely, Hf is a vector field such that

ωpHf , Y q “ dfpY q “ Y pfq,

or equivalently, iHfω “ df.

Example 2.5.1. With the standard symplectic form dξ ^ dx on U Ă Rn, the Hamiltonian vector
field of f is

˜

n
ÿ

i“1
dξi ^ dxi

¸

pX,
ÿ

aiBxi ` biBξiq “

n
ÿ

i“1
BxifdxipXq ` BξifdξipXq,

so ai “ Bξif, bi “ ´Bxif, i.e. Hf “ fξBx ´ fxBξ.

Example 2.5.2. If one takes the function fpx, ξq “ 1
2}ξ}2 `V pxq (motivated by energy conservation

from physics), then the Hamiltonian flow generated by f is

9x “ ξ, 9ξ “ ´∇V pxq,

which is equivalent to Newton’s laws

9x “ v, 9v “ ´∇V.

Proposition 2.5.1. The flow generated by a Hamiltonian vector field Hf is a symplectomorphism.

Proof. It suffices to show that iHfω is closed. Indeed, dpiHfωq “ d2f “ 0.
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Theorem 2.5.1 (Jacobi’s Theorem). If κ is a symplectomorphism, then Hf “ κ˚Hκ˚f .

Proof. Indeed, unpacking definitions,

ωpHκ˚f , Y q “ Y pκ˚fq “ Y pf ˝ κq,

so
κ˚ωpHκ˚f , Y q “ ωpκ˚Hκ˚f , κ˚Y q “ ωpHκ˚f , Y q “ Y pf ˝ κq “ κ˚Y pfq “ ωpHf , κ˚Y q,

and by the nondegeneracy of ω, we are done.

Theorem 2.5.2 (Darboux’s Theorem). If η is a closed nondegenerate 2-form, then locally, there
exists a symplectomorphism κ such that κ˚η “ ω.

2.6 Lagrangian Manifolds

Definition 2.6.1. An isotropic submanifold Λ of a symplectic manifold is a manifold such that
ω|Λ “ 0. An isotropic submanifold of a manfiold M of dimension 1

2 dimM is called a Lagrangian
submanifold. Equivalently, Λ is Lagrangian iff for i : Λ Ñ M being the inclusion map, i˚ω “ 0.

Example 2.6.1. If M is a manifold and T ˚M is given the canonical symplectic structure, the zero
section Λ “ tpx, ξq : ξ “ 0u is a Lagragian submanifold.

Proposition 2.6.1. Lagrangian submanifolds of the form Mξ0 :“ tpx, ξq P T ˚M : ξ “ ξ0u are in
bijection with closed 1-forms on M.

Proof. Consider the pair of maps s, π : M „
Ñ T ˚M mapping x Ñ px, ξ0q, and let θ be the tautological

one-form on T ˚M . Then, for m P M

ps˚θqmpvq “ θpm,ξ0qpds˚vq “ dπ˚ξ0ds˚v “ dps ˝ πq˚ξ0pvq “ ξ0pvq,

i.e. s˚θ “ ξ0. Now, note that Mξ0 – M
s

ãÑ T ˚M, so

Mξ0 Lagrangian ðñ i˚dθ “ 0 ðñ s˚dθ “ dps˚θq “ dξ0 “ 0.

Proposition 2.6.2. Let Λ Ă M be a Lagrangian submanifold. Then, Ω :“ ξdx, the form satisfying
dΩ “ ω, can be locally represented on Λ as Ω “ dϕ for some smooth ϕ.

Proof. Let γ : U Ă M Ñ Bp0, 1q be a smooth diffeomorphism. Then,

dppγ´1q˚Ωq “ pγ´1q˚ω “ 0,

so by Poincare’s theorem, pγ´1q˚Ω “ dϕ for some smooth ϕ. Pulling back to U concludes the
proof.

We now show that a Lagrangian submanifold is locally the graph of a generating function.

Theorem 2.6.1. If Λ Ă M is a Lagrangian submanifold, then on some open U,

Λ X U “ tpx1,´Bξ2ϕ; Bx1ϕ, ξ2u X U

for a smooth function ϕ “ ϕpx1, ξ2q : Rn Ñ R.
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Proof. Consider a coordinate chart ρ : Rn Ñ Λ Ă R2n. Then, the 2n ˆ n Jacobian Bρp0q has full
rank, so we pick n linearly independent rows and call the corresponding coordinates x1, ξ2. We then
define the map

ppx, ξq “ px1, ξ2q.

Thus, p ˝ ρ : V Ñ Rk ˆ Rn´k has an invertible Jacobian, and so is a local diffeomorphism around 0,
which means we can use the local coordinates px1, ξ2q, where

Λ X U “ tpx1, f, g, ξ2u X U

for f “ fpx1, ξ2q, g “ gpx1, ξ2q. Thus, by the previous proposition,

ω|Λ “ x g, dx1 y ` x ξ2, Bx1fdx1 ` Bξ2fdξ2 y “ x Bx1ψ, dx1 y ` x Bξ2ψ, dξ2 y

for some function ψ. Finally, setting ϕ “ ψ ´ x f, ξ2 y yields

f “ ´Bξ2ϕ, g “ Bx1ϕ.

Example 2.6.2. When k “ n, Λ X U “ tpx, Bϕpxqu, so that Ω|Λ “ dϕ “ Bϕdx.

Example 2.6.3. Given a symplectomorphism κ, consider the twisted graph

Λκ :“ tpx, y, ξ,´ηq : px, ξq “ κpy, ηqu.

This can be easily checked to be a Lagrangian submanifold with symplectic form ω “ dη^dy`dξ^dx.
Then, if px, y, ξ, ηq Ñ py, xq has a full rank Jacobian, the theorem states that the Lagrangian
submanifold may be locally described in px, yq as before.

2.7 Review of Schwartz Functions

Definition 2.7.1. The Schwartz space SpRnq is the vector subspace

tf P C8pRnq : }f}k “ sup
|α|`|β|ďk

|Dαxβf | ă 8 @k ě 1u,

i.e. the space of all smooth functions decaying faster than any polynomial. The countable collection
of seminorms } ¨ }k define a locally convex topology on §, which is in fact metrizable, with

dpf, gq “
ÿ

n

2´n }f}k

1 ` }f}k
.

In fact, S is complete under this metric, making S a Frechet space. In particular, fn Ñ f iff
}fn}k Ñ }f}k for all k.

Definition 2.7.2. The space S 1pRnq of tempered distributions is the dual space of SpRnq, that
is, the space of continuous linear functionals on the Schwartz space. One typically considers the
weak-˚ topology on S 1, with ϕn Ñ ϕ in S 1 iff ϕnpfq Ñ ϕpfq for all f P S .

Remark 2.7.1. Note that S ãÑ S 1 by upvq “
ş

Rn uvdx

We now state some nice of properties of the Schwartz space.
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Proposition 2.7.1. (a) F : S Ñ S is an isomorphism, and if one defines the Fourier transform
of a distribution by x pf, ϕ y “ x f, pϕ y, it extends to an isomorphism F : S 1 Ñ S 1 .

One main technique used often in semiclassical analysis is that of integral operators.

Theorem 2.7.1 (Schwartz Kernel Theorem). If k P S 1pR2nq, one may define an integral operator
on K : S Ñ S 1 by

xu,Kv y :“ xub v, k y, (1)

where ub v :“ upxqvpyq. That is, Kv acts on u the same way that k acts on ub v. Informally, one
then writes

Kv “

ż

kp¨, yqvpyqdy,

so that
xu,Kv y “

ĳ

kpx, yqvpyqupxqdydx.

One calls k P S 1pR2nq the kernel of the map K. Conversely, every map K : S Ñ S 1 can be
characterized by (1), i.e. there exists a unique distribution k P S1pR2nq satisfying (1).

2.8 Notation

Throughout, we use the following notation:

Bx :“ pBx1 , ..., Bxnq, Dxj :“ 1
i

Bxj , D “
1
i
∇.

We use the scaled Fourier transform

Fhpuqpξq :“
ż

Rn
e´ i

h
x y,ξ yupxqdx, F´1

h pvqpxq :“ 1
p2πhqn

ż

Rn
e
i
h

x y,ξ yvpξqdξ.

We use Mj to denote the multiplication operator by xj .

2.9 Sobolev Spaces

We are interested in defining spaces with derivatives of functions being in some suitable Lp space.

Definition 2.9.1. For k P R, 1 ă p ă 8. Define the Sobolev space

W k,p “ tu P Lp : F´1 x ξ y
k Fu P Lpu

with }u}Wk,p “ }F´1 x ξ y
k Fu}p. W

k,p is a Banach space, and the special case

Hk :“ W k,2

is a Hilbert space.

Remark 2.9.1. For natural k, an equivalent norm on W k,p is }u}Wk,p “

´

ř

|α|ďk }Dαu}pp

¯
1
p
. Thus,

intuitively, one should consider the space W k,p as the space of Lp functions with k derivatives in Lp.
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One of the main tools of Sobolev spaces is that they come with certain nice embeddings into
more familiar spaces. We will now build up to the most general Sobolev embedding theorems.

For simplicity, suppose u P W 1,ppRnq. We first consider the case

1 ď p ă n.

Can we establish an estimate of the form

}u}p˚ À }∇u}p?

From scaling invariance, we obtain that p, p˚ must satisfy the relation

1 ´
n

p
`

n

p˚
“ 0 ðñ p˚ :“ np

n´ p
,

which is known as the Sobolev conjugate of p and satisfies p˚ ą p. Then, in fact, we have:

Theorem 2.9.1 (Gagliardo-Nirenberg-Sobolev Inequality). For 1 ď p ă n, we have

}u}p˚ À }∇u}p,

i.e. W 1,p ãÑ Lp
˚ is continuous.

Proof. Note that

|u| “

ˇ

ˇ

ˇ

ˇ

ż

uyidyi

ˇ

ˇ

ˇ

ˇ

ď

ż

|∇u|dyi.

Thus, by generalized Hölder,

ż

|u|
n
n´1dx1 ď

ż

ź

i

ˆ
ż

|∇u|dyi

˙
1

n´1
dx1 ď

ˆ
ż

|∇u|dy1

˙
1

n´1
˜

n
ź

i“2

ĳ

|∇u|dx1dyi

¸
1

n´1

.

Next, we pull out the y2 factor, integrate with respect to x2, and use generalized Hölder again to get

ż

|u|
n
n´1dx1dx2 ď

ĳ

|∇u|dx1dy2
ź

iě3

ˆ
¡

|∇u|dx1dx2dyi

˙
1

n´1
.

Continuing in this fashion, we get

ż

|u|
n
n´1dx ď

ˆ
ż

|Du|dx

˙
1

n´1
,

which yields the estimate for p “ 1. For p ą 1, apply the estimate to v “ |u|γ and use Hölder to get
that

γn

n´ 1 “
np

n´ p
“ p˚.

This yields the general Gagliardo-Nirenberg inequality.

Theorem 2.9.2 (Sobolev Embedding Theorem). Let u P W k,ppRnq for k P N, 1 ď p ă 8. Then, if
n, q ą p and l ą k, satisfy

1
p

´
k

n
“

1
q

´
l

n
,
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then one has a continuous embedding

W k,ppRnq Ď W l,qpRnq.

If the equality is replaced by ă, and Rn is replaced by a bounded open set U, then the embedding is
compact. Moreover, if pk ą n, r P N, and

r “ t
pk ´ n

p
u, α “

"

pk ´ n

p

*

,

then one has a continuous embedding

W k,ppRnq Ă Cr,αpRnq.

Proof. For the Hölder space inclusion, we rely on Morrey’s inequality, which states that

Corollary 2.9.1. If pk ą n, then W k,ppRnq Ă CpRnq, and thus consists of continuous functions.

3 Symbol Calculus
We now introduce the main technique of semiclassical analysis - pseudodifferential operators.

Definition 3.0.1. For a function a “ apx, ξq P SpR2nq, a pseudodifferential operator is an
operator of the form

Optpaqupxq “
1

p2πhqn

ż

Rn

ż

Rn
e
i
h

xx´y,ξ yaptx` p1 ´ tqy, ξqupyqdydξ.

The function a is called the symbol of this operator. Op 1
2
paq “ aw is called the Weyl (quantum)

quantization of a, and Op1paq “ a is called standard (classical) quantization of a.

Remark 3.0.1. If a “ apξq, Fubini implies that Op1paq “ F´1
h aFhu, the Fourier multiplier of a,

where Fh is the scaled Fourier transform. In fact, rescaling all variables by x Ñ h´ 1
2x gives us that

Op1pahq is precisely the Fourier multiplier of a.

Proposition 3.0.1. For a P S, Optpaq : S 1 Ñ S is well-defined and continuous.

Proof. Notice that Optpaq is an integral operator with kernel

Ktpx, yq “
1

p2πhqn

ż

Rn
e
i
h

xx´y,ξ yaptx` p1 ´ tqy, ξqdξ

“ F´1
h paptx` p1 ´ tqy, ¨qqpx´ yq.

Sine a P SpR2nq, Kt P SpR2nq, so Optpaq maps from S 1 according to

Optpaqupxq “ xKtpx, ¨q, u y .

One may directly show that Optpaqu P S by showing it is smooth and rapidly decreasing. Finally, to
show the map is continuous, suppose uj Ñ 0 in S 1 . Then, by definition, Optpaquj go to zero pointwise.
Moreover, |Optpaqujpxq| “ | xKtpx, ¨q, u y | ď C

ř

kďK }Ktpx, ¨q}k, so by Banach-Steinhaus, Optpaquj
is bounded in S . Since S is has the Heine-Borel property (i.e. every closed and bounded subset is
compact), this implies that the sequence converges to 0 in S, implying continuity.
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Proposition 3.0.2. The formal adjoint of Optpaq is Optpaq˚ “ Op1´tpaq.

Proof. Since Optpaq is an integral operator with kernel Ktpx, yq, the adjoint of the kernel can be
easily computed as Ktpx, yq˚ “ Ktpy, xq “ K1´tpx, yq.

Remark 3.0.2. The formal adjoint is different from a regular adjoint in the sense that it ignores
boundary conditions and regularity - in other words, it is an adjoint in some weaker sense.

Proposition 3.0.3. If a P S 1, then Optpaq : S Ñ S 1 is well-defined and continuous.

Proof. Notice that the kernel Kt is now a distribution, so the action is well-defined in the sense of
the Schwartz kernel theorem by

xu,Optpaqpvq y “ Ktpub vq.

3.1 Some Examples

Example 3.1.1. If a “ ppξq is a polynomial, then Optpaq “ pphDq.

Example 3.1.2. If a “ pxpξq is a polynomial in ξ with coefficients as functions in x, then
Op1paq “ pxphDq.

Example 3.1.3. If apx, ξq “ xx, ξ y, then

Op1paqu “

n
ÿ

j“1
F´1
h ξjFhpyjuq “ hDpxuq,

so apx, ξq “ p1 ´ tq xhD, x y `t xx, hD y .

Example 3.1.4. If a “ apxq P C8, then Optpaq “ F´1
h aFh is the scaled Fourier multiplier of a,

0 ď t ď 1.

Proof. Taking the derivative with respect to t yields

BtOptpaqupxq “
1

p2πhqn

ż

Rn

B
ż

Rn
e
i
h

xx´y,ξ y∇aptx` p1 ´ tqyqupyqdy, x´ y

F

dξ

“
h

ip2πhqn

ż

Rn
∇ξ ¨

ˆ
ż

Rn
e
i
h

xx´y,ξ y∇aptx` p1 ´ tqyqupyqdy

˙

dξ

“
h

ip2πhqn

ż

Rn
divξpe

i
h

xx,ξ y
pαpξqqdξ “ 0

where αpyq :“ ∇aptx`p1´tqyqupyq, and we use the divergence theorem along with the fact pαpξq Ñ 0
as |ξ| Ñ 8.

The above example directly implies the following.

Example 3.1.5. If l is a linear symbol of the form lpx, ξq “ xx˚, x y ` x ξ˚, ξ y, then Optpaqpuq “

xx˚, x y ` x ξ˚, hD y .
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Example 3.1.6. If l is a symbol linear in ξ of the form lpx, ξq “ x c, ξ y, c “ cpxq : Rn Ñ Rn, then

Op 1
2
plq “

1
2pxhD, c y ` x c, hD yq.

(Compare this with Example 2.3.)

Proof. We directly compute

Op 1
2
plqupxq “

n
ÿ

j“1

1
p2πhqn

ż

Rn

ż

Rn
cj

ˆ

x` y

2

˙

ξje
i
h

xx´y,ξ yupyqdydξ

“

n
ÿ

j“1

1
p2πhqn

ż

Rn

ż

Rn
cj

ˆ

x` y

2

˙

hDxj pe
i
h

xx´y,ξ yqupyqdydξ

“

n
ÿ

j“1

1
p2πhqn

ż

Rn

ż

Rn

ˆ

h

2iBxjcj
ˆ

x` y

2

˙˙

ξje
i
h

xx´y,ξ yupyq ` cj

ˆ

x` y

2

˙

ξje
i
h

xx´y,ξ yhDxjupyqdydξ

“
h

2ip∇cq
wu` hcwDu “

h

2i∇cpuq ` cphDuq

“
1
2pxhD, c y ` x c, hD yq,

using the fact that aw “ a for a “ apxq.

Remark 3.1.1. This proof can be easily extended to show that

Optplq “ t xhD, c y `p1 ´ tq x c, hD y .

Example 3.1.7 (Commutators). pDxjaqw “ rDxj , a
ws and hpDξjaqw “ ´rxj , a

ws.

Proof. We compute

pDxjaqwpuq “
1

p2πhqn

ż

Rn

ż

Rn
Dxja

ˆ

x` y

2 , ξ

˙

e
i
h

xx´y,ξ yupyqdydξ

“
1

p2πhqn

ż

Rn

ż

Rn

ˆ

Dxj `
i

h
ξj `Dyj ´

i

h
ξj

˙ ˆ

a

ˆ

x` y

2 , ξ

˙˙

e
i
h

xx´y,ξ yupyqdydξ

“
1

p2πhqn

ż

Rn

ż

Rn
pDxj `Dyj q

ˆ

a

ˆ

x` y

2 , ξ

˙

e
i
h

xx´y,ξ y

˙

upyqdydξ

“
1

p2πhqn
Dxj

ż

Rn

ż

Rn
a

ˆ

x` y

2 , ξ

˙

e
i
h

xx´y,ξ yupyqdydξ `
1

p2πhqn

ż

Rn

ż

Rn
a

ˆ

x` y

2 , ξ

˙

e
i
h

xx´y,ξ yDyjupyqdydξ

“ pDxja
w ´ awDxj qpuq “ rDxj , a

wspuq.
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and

hpDξjaqw “
1

p2πhqn

ż

Rn

ż

Rn
hDξja

ˆ

x` y

2 , ξ

˙

e
i
h

xx´y,ξ yupyqdydξ

“
1

p2πhqn

ż

Rn

ż

Rn
p´hDξj ` xjqpe

i
h

xx´y,ξ yqa

ˆ

x` y

2 , ξ

˙

upyqdydξ

`
1

p2πhqn
p´xjq

ż

Rn

ż

Rn
e
i
h

xx´y,ξ ya

ˆ

x` y

2 , ξ

˙

upyqdydξ

“
1

p2πhqn

ż

Rn

ż

Rn
a

ˆ

x` y

2 , ξ

˙

pe
i
h

xx´y,ξ yqyjupyqdydξ

`
1

p2πhqn
p´xjq

ż

Rn

ż

Rn
e
i
h

xx´y,ξ ya

ˆ

x` y

2 , ξ

˙

upyqdydξ

“ pawxj ´ xja
wqpuq “ ´rξj , a

wspuq.

Example 3.1.8 (Exponentials of Linear Symbols). If l is a linear symbol,

pe
i
h
lqwupxq “ e

i
h
lpx,hDqupxq :“ e

i
h

xx˚,x y ` i
2h xx˚,ξ˚ yupx` ξ˚q.

Moreover,
e
i
h
le

i
h
m “ e

i
h
ωpl,mqe

i
h

pl`mq,

where ω is the standard symplectic form.

Proof. By definition of the exponential, e
it
h
lupxq is the operator that gives the unique solution of

the PDE
ihBtv ` lpvq “ 0, v0 “ u P S .

But, it can be directly shown that

vpx, tq “ e
it
h

xx˚,x y ` it2
2h xx˚,ξ˚ yupx` tξ˚q

solves this PDE. Furthermore, sending y Ñ y ` ξ˚,

pe
i
h
lqwupxq “

1
p2πhqn

ż

Rn

ż

Rn
e
i
h

xx´y,ξ ye
i
h

px ξ˚,ξ y ` xx˚,x`y
2 q yupyqdydξ

“
e
i

2h xx˚,x y

p2πhqn

ż

Rn

ż

Rn
e
i
h

xx´y,ξ y
´

e
i

2h xx˚,y`ξ˚ yupy ` ξ˚q

¯

dydξ

“ e
i
h

xx˚,x y ` i
2h xx˚,ξ˚ yupx` ξ˚q,

where we use the simplification

δy“x “

ż

Rn
e
i
h

xx´y,ξ ydξ P S 1 .

Finally, to show the commutation property, one has

e
i
h
le

i
h
mupxq “ e

i
h

xx˚
1 ,x y ` i

2h xx˚
1 ,ξ

˚
1 ye

i
h

xx˚
2 ,x`ξ˚

1 y ` i
2h xx˚

2 ,ξ
˚
2 yupx` ξ˚

1 ` ξ˚
2 q
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and
e
i
h

pl`mqupxq “ e
i
h

xx˚
1 `x˚

2 ,x y ` i
2h xx˚

1 `x˚
2 ,ξ

˚
1 `ξ˚

2 yupx` ξ˚
1 ` ξ˚

2 q,

with the difference being
e
i

2h pxx˚
2 ,ξ

˚
1 y ´ xx˚

1 ,ξ
˚
2 yq “ e

i
h
ωpl,mq.

Proposition 3.1.1. If Q is a real invertible symmetric matrix, then

Fhpe
i

2h xQx,x yq “
p2πhq

n
2 e

iπ
4 sign Q

| detQ|
1
2

e´ i
2h xQ´1ξ,ξ y.

Example 3.1.9. If Q is an invertible symmetric matrix, then

e
ih
2 xQD,D yupxq “

| detQ|´
1
2

p2πhq
n
2
e
iπ
4 sign Q

ż

Rn
e´ i

2h xQ´1y,y yupx` yqdy

for u P S .

Proof. Using the formula for the Fourier transform of a quadratic exponential, we remark that

e
i

2h xQD,D yupxq “ F´1
h e

i
2h xQξ,ξ yFhupxq

“
1

p2πhqn

ż

Rn

ż

Rn
e
i
h

xx´y,ξ ye
i

2h xQξ,ξ yupyqdydξ

“
1

p2πhq
n
2

e
iπ
4 sign Q

| detQ|
1
2

ż

Rn
e´ i

2h xQ´1px´yq,x´y yupyqdy

“
| detQ|´

1
2

p2πhq
n
2
e
iπ
4 sign Q

ż

Rn
e´ i

2h xQ´1y,y yupx` yq.dy

Corollary 3.1.1. For u “ upx, yq P SpR2nq, setting Q “

„

0 I
I 0

ȷ

yields

eih xDx,Dy yupx, yq “
1

p2πhqn

ż

R2n
e´ i

h
xx1,y1 yupx` x1, y ` y1qdx1dy1,

and for u “ upz, wq P SpR4nq, setting Q “

„

0 J
´J 0

ȷ

yields

eihωpDz ,Dwqupz, wq “
1

p2πhq2n

ż

R4n
e´ i

h
ωpz1,w1qupz ` z1, w ` w1qdz1dw1.

Example 3.1.10 (Conjugation by Fh). F´1
h awFh “ ω˚aw.

Proof. The Schwartz kernel of F´1
h awFh is

KF´1
h
awFh “

1
p2πhq2n

ż

Rn

ż

Rn

ż

Rn
e
i
h

pxx1,x y ` xx1´y1,ζ y ´ x y1,y yqa

ˆ

x1 ` y1

2 , ζ

˙

dx1dy1dζ.
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Changing variables by setting z “
x1`y1

2 gives

KF´1
h
awFh “

1
p2πhq2n

1
2n

¡

e
i
h

Φapz, ζqdx1dzdζ

for Φ “ 2pxx1, ζ `
x`y

2 y ´ x z, y ` ζ yq. Now, note that

1
p2πhqn

ż

Rn
e

2i
h

xx1,ζ`
x`y

2 ydx1 “ 2nδpζ `
x` y

2 q,

so
KF´1

h
awFh “

1
p2πhqn

ż

Rn
e
i
h

xx´y,z ya

ˆ

z,´
x` y

2

˙

dz “ Kω˚aw .

Lemma 3.1.1. For a linear symbol l “ xx˚, x y ` x ξ˚, ξ y (which we sometimes identify as l “

px˚, ξ˚q P R2n) and an arbitrary symbol a P S, the Fourier transform is given by

paplq :“
ż

R2n
e´ i

h
lpx,ξqapx, ξqdxdξ,

so that
aw “

1
p2πhq2n

ż

R2n
paplqpe

i
h
lqwdl.

Moreover, if a P S 1, this formula holds in the sense of distributions.

Proof. The Fourier inversion formula implies that

apx, ξq “
1

p2πhq2n

ż

R2n
e
i
h
lpx,ξq

paplqdl

(read dl “ dx˚dξ˚q, so

awupxq “
1

p2πhq3n

ż

R2n

ż

R2n
e
i
h

xx´y,ξ y ` i
h

xx˚,x`y
2 y ` i

h
x ξ˚,ξ y

paplqupyqdxdξdl

“
1

p2πhq2n

ż

R2n
δpx´ y ` ξ˚qe

i
h

xx˚,x`y
2 y

paplqupyqdxdl

“
1

p2πhq2n

ż

R2n
paplqe

i
h

xx˚,x y ` i
2h xx˚,ξ˚ yupx` ξ˚qdl

“
1

p2πhq2n

ż

R2n
paplqpe

i
h
lqwupxqdl.

The verification for distributions is left as an exercise.

Example 3.1.11 (Composition of Symbols). If z “ px, ξq, the composition of symbols is given by

awbw “ pa#bqw,

where the symbol is given by the formula

a#bpzq :“ e
ih
2 ωpDz ,Dwqpapzqbpzqq,

i.e.
a#bpzq “

1
pπhq2n

ż

R2n

ż

R2n
e´ 2i

h
ωpw1,w2qapz ` w1qbpz ` w2qdw1dw2.
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Proof. We compute the Fourier transform of the right hand side, by writing out the Fourier
expansions of a, b, which yields

ya#bplq “

ż

R2n
e´ i

h
lpx,ξqpa#bqpx, ξqdxdξ

“
1

p2πhq4n

ż

R2n
e´ i

h
l

ż

R4n
papmqpbprqe

ih
2 ωpDm,Drqe

i
h

pm`rqdmdrdxdξ

“
1

p2πhq4n

ż

R6n
e
i
h

pm`r´lqpx,ξqe
ih
2 ω

papmqpbprqdmdrdxdξ

“
1

p2πhq2n

ż

R4n
δpr `m´ lqpapmqpbprqe

ih
2 ωdmdr

“
1

p2πhq2n

ż

R2n
papmqpbpl ´mqe

ih
2 ωpm,l´mqdm,

so the Fourier inversion formula and the fact that ωpm,´mq “ 0 imply that

pa#bqwupxq “
1

p2πhq4n

ż

R4n
papmqpbpl ´mqe

ih
2 ωpm,lqpe

i
h
lqwupxqdmdl.

On the other hand, by commutation properties for exponentials of linear symbols and making the
substitution l “ r `m,

awbwupxq “
1

p2πhq4n

ż

R4n
papmqpbprqpe

i
h
mqwpe

i
h
rqwupxqdrdm

“
1

p2πhq4n

ż

R4n
papmqpbpl ´mqe

ih
2 ωpm,lqpe

i
h
lqwupxqdmdl.

The formula for a#b follows immediately from Corollary 2.0.1.

3.2 Asymptotic Expansions

Definition 3.2.1. We write ApDq :“ 1
2ωpDx, Dξ, Dy, Dηq “ DξDx ´DyDη.

Definition 3.2.2. Define the Poisson bracket of f, g P C8pR2nq to be

tf, gu “ x Bξf, Bxg y ´ x Bxf, Bξg y .

Lemma 3.2.1 (Stationary Phase). For a P C8
c pR4nq,

ż

R4n
e
i
h
ωpz,wqapz, wqdzdw “ p2πhq2n

˜

N´1
ÿ

k“0

hk

k!

ˆ

ωpDx, Dξ, Dy, Dηq

i

˙k

ap0, 0q `OphN q

¸

Proposition 3.2.1 (Semiclassical Expansion). For a, b P S,

a#bpx, ξq “

N
ÿ

k“0

ikhk

k! ApDqkpapzqbpzqq `OSphN`1q,

where ϕ P OSphkq means that }ϕ}n Î hk for all n as h Ñ 0.
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Corollary 3.2.1. In particular,

a#b “ ab`
h

2ita, bu `OSph2q

and
raw, bws “

h

i
ta, buw `OSph3q,

and if a, b have disjoint supports, a#b “ OSph8q.

Proof. We directly expand the integral formula for a#b using stationary phase. As in the proof of
the stationary phase theorem, we write

eihApDq “

N
ÿ

k“0

pihqk

k! ApDqk `
pihqN`1

N !

ż 1

0
p1 ´ tqNeithApDqApDqn`1dt,

where the last term is a Fourier multiplier, and so maps S Ñ S uniformly in h and t. Next, we
directly compute

a#b “ ab`
ih

2 pxDξa,Dyb y ´ xDxa,Dηb yq `OSph2q “ ab`
h

2ita, bu `OSph2q.

Similarly,

raw, bws “ pa#b´b#aqw “ pab`
h

2ita, bu`
1
2h

2ApDq2pabq`OSph3qqw´pba`...qw “
h

i
ta, buw`OSph3qw,

since the second derivatives are identical by Clairaut’s. Finally, if the supports of a, b are disjoint,
every term in the asymptotic expansion vanishes.

Example 3.2.1. If a “ cjpxq, b “ ξj ,

awbw “ pa#bqw “ pabqw `
h

2ita, bu
w,

since Dαb “ 0 for |α| ě 2, i.e.
pcjξjq

w “ cjhDxj `
h

2Dxjcj ,

so summing over all indices yields

x c, hD y
w

“
h

2

˜

n
ÿ

j“1
cjDxj `Dxjcj

¸

“
1
2px c, hD y ` xhD, c yq,

which agrees with our previous calculations.

It turns out that all the quantizations are equivalent.

Theorem 3.2.1 (Changing Quantizations). If for a fixed operator A, there exists a family at, 0 ď

t ď 1 such that A “ Optpatq for all t, then

atpx, ξq “ eipt´sqh xDx,Dξ yaspx, ξq.
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Proof. Generalizing the decomposition formula for the Fourier transform yields

Optpatq “
1

p2πhq2n

ż

R2n
patplqOptpe

i
h
lqdl.

The theorem then follows from the identity

Optpe
i
h
lq “ e

i
h

ps´tq xx˚,ξ˚ yOpspe
i
h
lq,

which may be checked directly, and the fact that

Fhpeipt´sqh xDx,Dξ yaspx, ξqqplq “ e
i
h

pt´sq xx˚,ξ˚ yFhasplq.

It turns out that analogous completely analogous formula hold for the standard quantization
t “ 1. We state the results and omit the proofs.

Theorem 3.2.2. For a, b P S, z “ px, ξq, the standard symbol of ab is

c :“ eih xDx,Dξ ypapzqbpzqq,

with the integral representation

cpx, ξq “
1

p2πhqn

ż

R2n
e´ i

h
xx1,ξ1 yapx, ξ ` ξ1qbpx` x1, ξqdx1dξ1.

Moreover,

cpx, ξq “

N
ÿ

k“0

hk

k! pi xDx, Dξ y
k
papzqbpzqq `OSphN`1q,

and as a consequence of the changing quantizations formula,

a˚ “ eih xDx,Dξ ya.

4 Symbol Classes
We now extend our definitions of pseudodifferential operators to a much larger class of symbols.

Definition 4.0.1. We call m : R2n Ñ p0,8q an order function if mpzq ď C x z ´ w y
N mpwq for

all z, w P R2n for some N.

Example 4.0.1. mpzq “ 1, x z y
a, xx y

a
x ξ y

b are order functions.

Proof.
1 ` |z|2 ď 1 ` |z ´ w|2 ` |w|2 ` 2|w||z ´ w| ď 2p1 ` |z ´ w|2qp1 ` |w|2q,

from which one has
x z y

a
ď 2

a
2 x z ´ w y

a
xw y

a .

Remark 4.0.1. Order functions form a unital algebra.
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Remark 4.0.2. S is the class of smooth functions with all derivatives in L8, while Sδ adds the
additional restriction that the derivatives decay in h.

Definition 4.0.2. If m is an order function, define the class

Sδpmq “ ta P C8 : |Bαa| ď Cαh
´δ|α|mu.

We write Spmq “ S0pmq, S “ Sp1q, Sδ “ Sδp1q.

Remark 4.0.3. The standard rescaling x Ñ h´ 1
2x yields

|Bαah| “ h
|α|

2 |Bαa| ď Cαh
|α|p 1

2 ´δq,

so henceforth we assume 0 ď δ ď 1
2 , with δ “ 1

2 being the critical scaling.
Recall the classical version of so-called Borel’s Theorem.

Theorem 4.0.1 (Borel’s Theorem). If tfnu P C8pUq, U Ă Rn, then on any open interval I
containing 0, there exists F P C8pRnx ˆ Rtq s.t. Bkt F |t“0 “ fk on U.

Definition 4.0.3. We say a, aj P Sδpmq is asymptotic to a sum and write

a „

8
ÿ

j“0
hjaj

if

a´

N
ÿ

j“0
hjaj “ OSδpmqph

N q ðñ

ˇ

ˇ

ˇ

ˇ

ˇ

Bα

˜

a´

N
ÿ

j“0
hjaj

¸ˇ

ˇ

ˇ

ˇ

ˇ

ď Cα,Nh
N´δ|α|m.

If such an expansion holds, a0 is called the principal symbol of a.

Theorem 4.0.2 (Semiclassical Borel’s Theorem). If aj P Sδpmq, there exists a symbol a P Sδpmq

such that
a „

8
ÿ

j“0
hjaj ,

with any two such symbols a, a1 satisfying a´ a1 P OSδpmqph
8q.

Proof. Define χ P C8
0 pr0,8qq that equals 1 on r0, 1s and 0 on r2,8q, and for a rapidly growing

sequence λj Ñ 8, define

a :“
8
ÿ

j“0
hjχpλjhqaj .

Then, one can write

a´

N
ÿ

j“0
hjaj “

8
ÿ

j“N`1
phjχpλjhqq `

N´1
ÿ

j“0
hjp1 ´ χpλjhqqaj ` hNaN :“ A`B ` C.

Now, notice that we have the estimate

hjχpλjhq|Bαaj | ď 2hj´1´δ|α| m

λj
ď 2´jhj´1´δ|α|m,
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since xλpxq ď 2. Summing then yields that A ď hN´δ|α|m, B vanishes whenever λNh ă 1, and
whenever λNh ě 1,

B ď

N
ÿ

j“0
Cα,jh

N´δ|α|λNNm ď Cα,Nh
N´δ|α|,

and the bound is obvious for C, implying the desired estimate, from which the second identity
immediately follows.

Finally, we are able to claim that these symbols define pseudodifferential operators.

Proposition 4.0.1. For a P Sδpmq, aw : S Ñ S,S 1 Ñ S 1 is continuous.

Proof. Define the operators

L1 :“ 1 ` x ξ, ihBy y x ξ y
´2, L2 :“ 1 ´ 1 ` xx´ y, ihBy y xx´ y y

´2 .

Then, one can easily check that e
i
h

xx´y,ξ y is unchanged under L1, L2, and their conjugates are the
same up to flipping the sign of the Japanese bracket. So, integrating by parts yields sufficient decay
in x, ξ. Additionally,

xja
wupxq “

1
p2πhqn

ż

R2n
pDξj ` yjqe

i
h

xx´y,ξ yaudydξ,

so integrating by parts again yields the desired decay.

We now derive some improved error term estimates for symbols in Sδ. We first recall the following
result from stationary phase techniques.

Theorem 4.0.3. For ϕpw, zq P Rk ˆ Rm real, quadratic in z, w, and s.t.

|Bϕ| ě
|w `Kz|

C
,

and a P C8pRk ˆ Rmq s.t.
|Bαa| ď Cα xw y

M
x z y

M ,

the oscillatory integral of a with phase ϕ defines a unique tempered distribution u according to

upψq “ lim
ϵÑ0

ż

Rk`m

eiϕpw,zqapw, zqψpzqχpϵwqdwdz

for a cutoff χ P C8
c pRmq.

Theorem 4.0.4 (Method of Stationary Phase). For a P C8
c , ϕ

1px0q “ 0, ϕ2px0q ­“ 0, and ϕ1 nonzero
everywhere else on the support of a, if Ih is the oscillatory integral of corresponding to a, ϕ, there
exist differential operators A2k of order ď 2k s.t.

ˇ

ˇ

ˇ

ˇ

ˇ

Ih ´

˜

N´1
ÿ

k“0
A2kapx0qhk` 1

2

¸

e
i
h
ϕpx0q

ˇ

ˇ

ˇ

ˇ

ˇ

ď CNh
N` 1

2
ÿ

0ďmď2N`2
}apmq}8.
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Theorem 4.0.5 (Quadratic Phase Asymptotics). If Q is symmetric invertible, a P C8
c , and

ϕ “ 1
2 xQx, x y is a quadratic phase, then the oscillatory integral of ϕ and a is

Ih “ p2πhq
n
2
e
iπ
4 sign Q

| detQ|
1
2

˜

N´1
ÿ

k“0

hk

k!

ˆ

xQ´1D,D y

2i

˙k

ap0q `OphN q

¸

.

In particular, if the term on the right is IN , we have

|Ih ´ IN | ď CNh
N sup

0ďmď2N`n`1
}apmq}8

Example 4.0.2. If a P C8
c pR2nq,

ĳ

R2n

e
i
h

xx,y yapx, yqdxdy “ p2πhqn
N´1
ÿ

k“0

hk

k!

ˆ

xDx, Dy

i

˙k

ap0, 0q `OphN q,

and if a P C8
c pR4nq,

ĳ

R4n

e
i
h
ωpz,wqapz, wqdzdw “ p2πhq2n

N´1
ÿ

k“0

hk

k!

ˆ

ωpDx, Dξ, Dy, Dη

i

˙k

ap0, 0q `OphN q,

Theorem 4.0.6 (Exponentials of Quadratics in Sδ). For Q symmetric invertible, e
ih
2 xQD,D y :

Sδpmq Ñ Sδpmq for 0 ď δ ď 1
2 , and if δ ă 1

2 , one has the asymptotic expansion

e
ih
2 xQD,D ya „

8
ÿ

k“0

hk

k!

ˆ

i
xQD,D y

2

˙k

a

for a P Sδpmq.

Remark 4.0.4. We do not have an asymptotic expansion for δ “ 1
2 since the standard rescaling

implies that the terms in the expansion at worst satisfy
ˇ

ˇ

ˇ

ˇ

ˇ

hk

k!

ˆ

i
xQD,D y

2

˙k

Bαa

ˇ

ˇ

ˇ

ˇ

ˇ

ď hkp1´2δqh´δ|α|m “ h´
|α|

2 m,

since xQD,D y
k aph´ 1

2x, h´ 1
2 ξq adds at worst 4k (2k from each variable) copies of h´ 1

2 to the
derivative.

Proof. Suppose δ ă 1
2 , and proceed as by the formula in Example 3.9. First, note that the quadratic

exponential defines an oscillatory integral with ϕpwq “ ´1
2 xQ´1w,w y, so since Q is invertible,

ϕ satisfies the conditions of Theorem 4.2 and thus the quadratic exponential defines a tempered
distribution in S 1 . We define a cutoff χ P C8

0 pR2nq that equals 1 on the unit ball and vanishes
outside the ball of radius 2. Split the integrand in Example 3.9 into the χ term A and 1 ´ χ term
B. For A, since the integrand is now compactly supported, we can apply Theorem 4.5 to obtain the
asymptotic expansion

e
ih
2 xQD,D yapzq „

8
ÿ

k“0

hk

k!

ˆ

i
xQD,D y

2

˙k

apzq.
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Moreover, since |w| ď 2, mpz `wq ď C xw y
N mpzq ď C 1mpzq, and thus in the notation of Theorem

4.5,

|BαA| ď |BαA´ INBαa| ` |INBαa| ď CNh
1
2 `N sup

|β|ď2N`n`1
|Bα`βa| ` C 1

Nh
n
2 |Bαa| ď CNh

´δ|α|m

Theorem 4.0.7 (Composition in Sδ). If a P Sδpm1q, b P Sδpm2q, then a#b P Sδpm1m2q. Further-
more,

a#b “ ab`
i

2hta, bu `OSδpm1m2qph
1´2δq

and
raw, bws “

h

i
ta, buw `OSδpm1m2qph

3p1´2δqq

5 Symbol Calculus on L2

We now aim to develop the calculus of symbols on L2, which becomes extremely convenient when
dealing with the formalism of quantum mechanics.

Theorem 5.0.1. If a P S, then aw : L2 Ñ L2 is bounded uniformly in h.

Proof. Recall that the aw is an integral operator with kernel

Kpx, yq “
1

p2πhqn

ż

e
i
h

xx´y,ξ ya

ˆ

x` y

2 , ξ

˙

dξ “ F´1
h

ˆ

a

ˆ

x` y

2 , ¨

˙˙

px´ yq.

Consequently, since a P S,

sup
x

ż

|Kpx, yq|dy ! sup
x

ĳ

ˇ

ˇ

ˇ

ˇ

a

ˆ

x` y

2 , ξ

˙
ˇ

ˇ

ˇ

ˇ

dydξ :“ C1 ă 8

and likewise,
sup
y

ż

|Kpx, yq|dx :“ C2 ă 8.

Thus, for u P L2,

}awu}2
2 ď

¡

|Kpx, yq||Kpx, zq||upyq||upzq|dxdydz.

Then, either using Schur’s test, or Cauchy-Schwarz and the estimate above, one gets

}awu}2 ď
a

C1C2}u}2.

Remark 5.0.1. The norm is independent of h despite the 1
p2πhqn

factor out front because arbitrary
polynomial decay in x´y

h from the fact that a P S compenstates for that factor.
Well, the proof is quite straightforward for a Schwartz symbol, but our ultimate goal is to extend

these operators to L2 for symbols in Sδpmq. For that, we first need some preliminaries, and set
h “ 1 for simplicity.
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Definition 5.0.1. Let χ denote a smooth compactly supported cutoff vanishing outside Bp0, 2q

and equal to 1 on the unit ball, with
ÿ

αPZ2n

χα ” 1

for χα “ χp¨ ´ αq. We write aα “ χαa and define

bαβ :“ aα#aβ

Proposition 5.0.1 (Decay of Mixed Terms). For a P S and any N ą 0, we have the estimates

|Bγbαβpzq| ď Cγ,N xα ´ β y
´N

B

z ´
α ` β

2

F´N

and
}bwαβ}L2ÑL2 ď CN xα ´ β y

´N .

Proof. We select a cutoff ζ “ ζpwq P C8
c pR4nq and estimate the cutoff term A and noncutoff term B

of bαβ for the composition of symbols in Example 3.11. The cutoff term vanishes unless ζ intersects
χα, χβ, i.e.

|z ´ w1 ´ α|, |z ´ w2 ´ β| ď 2,
so

|α ´ β| ď 4 ` |w1| ` |w2| ď 8,
ˇ

ˇ

ˇ

ˇ

z ´
α ` β

2

ˇ

ˇ

ˇ

ˇ

ď
1
2p4 ` |w1| ` |w2|q ď 8,

so since the integrand of A is bounded and compactly supported and since the reciprocals of these
two terms can only decay so fast

|A| ď C ď CN xα ´ β y
´N

B

z ´
α ` β

2

F´N

.

For the first term, the bound is unnecessarily weak and has no meaning in z, since it is compactly
supported. The only important part is that as α ´ β Ñ 8 the term vanishes at some point. and

|BγA| ď C ď CN,γ xα ´ β y
´N

B

z ´
α ` β

2

F´N

,

and taking derivatives is fine since derivatives of a are in L8. For the B term, we use the classic
trick of defining an operator

L :“ x Bϕ,D y

|Bϕ|2

such that Leiϕ “ eiϕ for ϕpz, wq “ ´2ωpz, wq and doing integrating by parts to extract as many
negative powers of w as we want, which certainly makes |BγB| integrable since all the derivatives of
a are in L8. Now, note that since eil is a unitary operator on L2, by Fourier inversion

}aw}L2ÑL2 ! }paplq}1,

so using the above estimate,

}bwαβ}L2ÑL2 ! }ybαβ}1 ď C max
|γ|ď2n`1

}Bγbαβ}1 ď xα ´ β y
´N

ż
B

z ´
α ` β

2

F´N

dz ď C xα ´ β y
´N ,

where 2n is the dimension of the space and bαβ is smooth, which guarantees that x ξ y
2n`1

ybαβ P L8,
and using the Fourier transform property }pu}L1pRnq ď C supγďn`1 }Bγu}L1pRnq. Note that aαaβ are
compactly supported, so they are certainly Schwartz and the estimate makes sense.
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Definition 5.0.2. A family of bounded operators Tj between Hilbert spaces is called almost
orthogonal if

A “ sup
j

ÿ

k

}T ˚
j Tk} ă 8, B “ sup

k

ÿ

j

}T ˚
k Tj} ă 8.

Theorem 5.0.2 (Cotlar-Stein Theorem). If Tj is an almost orthogonal family of bounded operators,
then,

ř

Tj Ñ T converges strongly (not in norm) and

}T } ď
?
AB.

Theorem 5.0.3 (Symbols in L2). If a P S,

}aw}L2ÑL2 ď C
ÿ

|α|ďMn

sup |Bαa|

for some universal constant M. Furthermore, if a P Sδ,

}aw}L2ÑL2 ď C
ÿ

|α|ďMn

h
|α|

2 sup |Bαa|.

Proof. We have bαβ “ A˚
αAβ for Aα :“ awα , and by the previous proposition

}A˚
αAβ}L2ÑL2 ď C xα ´ β y

´N ,

so the proof follows by applying the Cotlar-Stein Theorem to aw “
ř

αAα. The constants in the
estimates in the previous proposition depend only on a finite number of derivative of a which grow
linearly with dimension, which justifies the finite sum and the universal constant M. The constant
M The second estimate follows from a rescaling.

Remark 5.0.2. This shows that symbols in S classes define strong type p2, 2q operators. More
generally, if mpx, ξq “ x ξ y

s we can work with Sobolev spaces Spmq “ tu P S1 : xD y
s u P L2u “ Hs,

showing that symbols define bounded operators Hs Ñ L2.

Corollary 5.0.1. For a, b P Sδ, δ ă 1
2

pabqw “ awbw `OL2ÑL2ph1´2δq

as h Ñ 0.

Proof. Since awbw ´ pabqw “ pa#b ´ abqw “ Oph1´2δq, the previous theorem shows that as an
operator, awbw “ pabqw “ OL2ÑL2ph1´2δq.

We have the following result for the edge case of δ “ 1
2 .

Corollary 5.0.2. If a, b P S 1
2

have supports of distance γ away from each other, where γ does not
depend on h, then

awbw “ OL2ÑL2ph8q.

Proof. Since a, b P S 1
2
, using the regular integration by parts trick with L m times yields

pL˚qM papz ´ w1qbpz ´ w2qq “ Oph
M
2 xw y

´M

q,

so by setting M large enough we get the h8 bound.
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5.1 Compactness

We now consider some compactness results.

Proposition 5.1.1. If a P S, aw : L2 Ñ L2 is compact.

Proof. aw is an integral operator with Schwartz kernel, so

sup |xαBβawu| ď Cαβ}u}2

by Cauchy-Schwarz. Then, since

}awfp ´ awfk}2 ď } xx y
´n

}}gp ´ gk}8

for gp “ xx y
N awfp, it suffices to show a subsequence of gk converges uniformly. The conclusion

thus follows immediately from Arzela-Ascoli.

We can now also give an improved estimate on the decay of mixed terms:

Proposition 5.1.2 (Decay of Mixed Terms for General Symbols). For a P Spmq and bαβ as defined
above,

}bwαβ}L2ÑL2 ď CNmpαqmpβq xα ´ β y
´N .

Proof. Follows completely analogously to the proof for S.

We actually get an improved estimate on compactness for arbitrary decaying order functions.

Theorem 5.1.1 (Compactness for Decaying Functions). If m is an order function that decays at
8, a P Spmq, then aw : L2 Ñ L2 is compact.

Remark 5.1.1. The same is true for all other quantizations, and the converse holds: if aw P Spmq is
always compact, then m decays.

Proof. Integral operators with L2 kernels are compact, and compact operators are closed in norm.
Thus, setting AM “

ř

|α|ďM Aα as before, we use Cotlar-Stein to show that

}A´AM} ď max

¨

˝ sup
|α|ěM

ÿ

|β|ěM

}A˚
αAβ}

1
2 , sup

|α|ěM

ÿ

|β|ěM

}AαA
˚
β}

1
2

˛

‚.

Notice that sup|α|ěM

ř

|β|ěM }A˚
αAβ}

1
2 ď sup|α|ěM mpαq by the above estimate for the decay of

mixed terms. Since m vanishes at 8, the claim follows.

5.2 Inverses

We now show that we are able to invert a certain class of elliptic symbols.

Definition 5.2.1. A symbol a P Spmq is elliptic if |a| ě γm for some γ ą 0.

Theorem 5.2.1 (Inverses for Elliptic Symbols). If a P Sδpmq is elliptic and m ě 1, then aw : L2 Ñ

L2 is bounded from below for small enough h. If m “ 1, then aw is invertible for small enough h.
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Proof. Note that b “ 1
a P Sδp

1
mq, so

a#b “ 1 ` r1, b#a “ 1 ` r2, r1, r2 P h1´2δSδ.

For m “ 1, bw P S and so is bounded in L2. Thus aw, bw are approximate inverses, so they are
invertible. Moreover, if m ě 1,

}u}2 “ }pI `R2q´1bwaw} ď C}aw}2

since bw is bounded on L2.

Finally, we ask what happens when a is real and nonnegative.
Proposition 5.2.1. If a P S is elliptic, then for all ϵ ą 0 for small enough h “ hpϵq, aw ě γ ´ ϵ.

Proof. We show that a´ λ is invertible for λ ă γ ´ ϵ. Indeed, if b “ pa´ λq´1

pa´ λq#b “ 1 `
h

2ita´ λ, bu `Oph2q “ 1 `Oph2q,

where the bracket vanishes since b is a function of a´ λ. Thus, the two are approximate inverses, so
aw ´ λ is invertible with spectrum in rγ ´ ϵ,8q.

Lemma 5.2.1. If f P C2 is positive and |D2f | ď A, then |∇f | ď
?

2Af.
Proof. Use Taylor’s expansion and set y “ ´ 1

A∇f.

Using this quick lemma, we may obtain a strengthening of the above inequality:
Theorem 5.2.2 (Sharp Garding Inequality). If a P S is nonnegative, then aw ě ´Ch for some C
and small enough h.
Remark 5.2.1. The estimate holds true for arbitrary quantizations, and for the Weyl quantization,
one actually has aw ě ´Ch2 for h small enough.

Proof. If we fix rh and write λ :“ h
rh
, our goal is to show that hpa ` λq´1 P S 1

2
independent of rh,

since then we can argue as in the previous proof. The lemma implies

λ
1
2 |Ba| ď Cpλ` aq,

so |Bβa|pa ` λq´1 ď Cλ´1 for |β| ě 2 (since a P S) and |Bβa|pa ` λq´1 ď Cλ´ 1
2 for |β| “ 1. Then,

using the estimate
Bαpa` λq´1 “ pa` λq´1

ÿ

k

ÿ

α

C
ź

j

pa` λq´1Bβja

yields
|Bαpa` λq´1| ď Cαpa` λq´1λ´

|α|

2 .

This yields hpa` λq´1 P rhS 1
2

independent of λ. Setting b “ pa` λq´1 as usual and expanding using
Taylor’s formula yields

pa` λq#b “ 1 `

ż 1

0
p1 ´ tqeithApDqpihApDqq2pa` λqb :“ 1 ` rpzq,

where the Poisson bracket vanishes as usual and

}rw}L2ÑL2 ď Crh ď
1
2

for small enough rh since the complex exponential preserves the class rhS 1
2

and hpa ` λq´1 P rhS 1
2
.

Thus, aw ` γ ` λ has an approximate inverse, and since λ “ h
rh
, this finishes the proof.
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Remark 5.2.2. The standard scaling might be generalized by rx “

´

rh
h

¯
1
2
x, performing a change of

variables in the small parameter.

6 Applications

6.1 Quantum Harmonic Oscillator

In this chapter, we study the symbol

ppx, ξq “ |ξ|2 ` V pxq

for a given potential V : Rn Ñ R and the corresponding operator

P px, hDq “ ´h2∆ ` V.

In particular, setting V pxq “ x2 yields the one-dimensional quantum harmonic oscillator

P “ ´∆2 ` x2.

Definition 6.1.1. Define the creation and annihilation operators

A˘ :“ Dx ˘ ix.

It is easy to check that A`, A´ are Hermitian conjugates and P “ A`A´ ` 1 “ A´A` ´ 1.

Theorem 6.1.1. P ě 1, i.e. P ´ I is positive semi-definite. Moreover v0 :“ e´x2
2 is the smallest

eigenfunction of P with eigenvalue 1, and un :“ An`v0
}An

`
v0}2

“ Hnpxqe´x2
2 are eigenfuctions of P with

eigenvalues 2n` 1 that form an orthonormal eigenbasis of L2pRnq.

Remark 6.1.1. The polynomials Hnpxq have degree n are called the Hermite polynomials.

Proof. Since irDx, xs “ 1,

}u}2 “ x irDx, xsu, u y ď 2}xu}2}Dxu}2 ď }xu}2
2 ` }Dxu}2

2 “ xPu, u y .

Direct calculation shows that A´v0 “ 0 and that vn is an eigenfunction with eigevalue 2n ` 1.
Moreover, since rA´, A`s “ 2,

xun, um y “ xAn`v0, A
m
´v0 y “ xAn´1

` pA`A´ ` 2qAn´1
´ v0, v0 y,

so since A´v0 “ 0, this inductively implies that tunu are orthonormal. It is obvious that vn “

Hnpxqe´x2
2 for some polynomials Hn of degree n and thus form a basis for polynomials. Thus, if

xun, g y “ 0 for all n,
ż

ge´x2
2 pdx “ 0

for all polynomials p and thus Fpge´x2
2 q “ 0, so g “ 0.
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6.2 Higher Dimensions

In the case of the n-dimensional quantum harmonic oscillator, we define

uαpxq “
ź

uαj pxjq “
ź

Hαj pxjqe
´

|x|2
2 .

Then,
Puα “ p2|α| ` nquα,

so uα is the eigenfunction with eigenvalue 2|α| ` n. Additionally, we restore the parameter h ą 0 to
obtain

uα,hpxq “ h´n
4

n
ź

j“1
Hαj p

xj
?
h

qe´
|x|2
2h

with eigenvalues Ephq “ p2|α| ` nqh.

6.3 Weyl’s Law

We now introduce the semiclassical formalism to study the asymptotic distribution of eigenvalues of
the oscillator.

Lemma 6.3.1 (Weyl’s Law, Harmonic Oscillator). For the QM harmonic oscillator and 0 ď a ă

b ă 8, one has
|ta ď Ephq ď bu| “

1
p2πhqn

p|ta ď |ξ|2 ` |x2| ď bu| ` op1qq.

as h Ñ 0.

Proof. If a “ 0, the above formula for the eigenvalues gives the number of eigenvalues as |tα : |α ď

R}u| for R “ b´nh
2h . Then, using the fact that the volume of

ř

iďn |xi| “ 1
n! , we approximate

|t0 ď Ephq ď bu| “
1
n!p

b

2h ´
n

2 qn ` opRnq “
1
n!

ˆ

b

2h

˙n

` oph´nq

as h Ñ 0. Moreover, |t|ξ|2 ` |x|2 ď bu| “ bnαp2nq, where αpkq “ π
k
2 Γp1 ` k

2 q´1 is the k-dimensional
ball volume function. Hence

|t0 ď Ephq ď bu| “
1

p2πhqn
|t|ξ|2 ` |x|2 ď bu| ` oph´nq.

Remark 6.3.1. This essentially states that the number of eigenvalues that fall within a certain range
is proportional to the volume of a ď |ξ|2 ` |x|2 ď b.

Our goal is now to prove the same estimate for an arbitrary quadratic-like potential.

Definition 6.3.1. We say that V : Rn Ñ R is an admissible potential if it is smooth and

|BαV pxq| ď Cα xx y
k, V pxq ě c xx y

k whenever |x| ě R,

for all indices α and appropriate constants k, c, Cα, R ą 0. In other words, V is a coercive symbol.
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Proposition 6.3.1. Take Ph :“ ´h2∆ `V. Then, as h Ñ 0, the eigenfunction uh of Ph with energy
E lives on the energy surface ME :“ t|ξ|2 ` V pxq “ Eu. More formally, if a P S is a symbol with
support disjoint from ME , then for energies Eh close enough to E, one has

}awuh}2 “ Oph8q}uh}2.

Proof. Note that ME is compact, so there exists a smooth cutoff χ that is 1 on ME and vanishes
on the support of a. Define the symbol

b :“ |ξ|2 ` V pxq ´ Eh ` iχ

and the order function m :“ x ξ y
2

` xx y
k . Thus, if Eh is close enough to E, b is large outside of K

and equals 1 on K, so |b| ě γm, i.e. b P Spmq and b´1 P Spm´1q. It follows that for some symbol
c P Spm´1q,

bwcw “ I ` rw1 , c
wbw “ I ` rw2 , r

w
1 , r

w
2 P Oph8q.

Furthermore,
awcwbw “ aw `Oph8q, bw “ Ph ´ Eh ` iχw,

and
awcwχw “ Oph8q

since a, χ have disjoint support. Thus, if Phuh “ Ehuh,

awuh “ awcwpPh ´ Eh ` iχwquh `Oph8q “ Oph8q.

We now develop a sharper estimate for the harmonic oscillator:

Proposition 6.3.2. If uh P L2 is an eigenfunction of the harmonic oscillator and a P C8
c , then

there exists E0 depending only on the support of a s.t. for Eh ą E0,

}awuh}2 “ O

ˆˆ

h

Eh

˙8˙

}uh}2

Proof. We rescale
y “

x
?
E
,rh “

h

E
,E

rh
:“ Eh{E,

where E is chosen so that |Eh ´ E| ď E
4 . Then,

Phpxq ´ Eh “ EpP
rh
pyq ´ E

rh
q.

We also introduce the unitary map

Uupyq “ E
n
4 up

?
Eyq

mapping Phpxq to Phpyq. If we now apply the previous theorem,

pP
rh

´ E
rh
qu

rh
“ 0, |E

rh
´ 1| ă δ,

and supp rb Ă t|y|2 ` |η|2 ď 1
2u, so

}rbwu
rh
}2 “ Oprh8q}u

rh
}2.
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Now, if rb “ 1 on
t|y|2 ` |η|2 ď

1
4u, supp a Ă t|x|2 ` |ξ|2 ď R2u,

it remains to show that
}rawp1 ´ rbwq}L2ÑL2 “ Oprh8q.

But the support of ra is in R2

E , so for E large enough the supports of a, 1 ´ b are disjoint, and the
theorem follows from the h8 estimate for symbols with disjoint supports.

6.4 Projections

We now study the properties of projections:

Proposition 6.4.1. If Π is the projection onto Eh ď R, where supp a Ă t|ξ|2 ` |x|2 ď Ru, then

awpI ´ Πq, pI ´ Πqaw “ Oph8q.

Proof. We see that

}awpI ´ Πq}2
L2ÑL2 ď

¨

˝

ÿ

RăEjďE1

`
ÿ

EjąE1

˛

‚}awuj}
2
2 :“ A`B,

where E1 “ maxpE0, Rq. For term A, the previous h8 estimates and Weyl’s law for the harmonic
oscillator (which tells us how many terms are in the sum) imply that

A ď |tR ă Ej ă E0u| max }awuj}
2
2 ď Ch´NOph8q “ Oph8q,

where we cover rR,E0s with with finitely many δE to obtain a uniform estimate. Note that Weyl’s
law yields

Ejphq ě γj
1
nh,

so using the previous theorem for Ejphq ą E0 yields that for some γ ą 0,

}awujphq}2
2 ď CNh

M

ˆ

h

Ejphq

˙N´M

ď CNh
Mj´

N´M
n .

Consequently, for N ´M ě 2n and M large enough, we get that B “ Oph8q. The proof pI ´ Πqaw

is similar.

6.5 Resolvent Properties

We begin with the following theorem:

Theorem 6.5.1. For h ď h0 for some h0, pPh ´ iq´1 : L2 Ñ L2 is compact. Additionally,

z Ñ pPh ´ zq´1

is meromorphic with real simple poles, and pPh ´ iq´1 is self-adjoint, so the spectrum of pPh ´ iq´1

is real and discrete, and there exists an orthonormal basis of L2 consisting of eigenfunctions.

Remark 6.5.1. In fact, you can show that the eigenfunctions of Ph satisfy ujphq P S .
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Proof. If
mpx, ξq “ 1 ` |ξ|2 ` |x|k,

then p P Spmq, C|p´ i| ě m, andpw “ Ph. For small enough h, mw has a right inverse

pmwq´1 :“
ˆ

1
m

˙w

pI ` hrwq´1

for r “ h´1ppm# 1
mq ´ 1q P S, so if we define the Hilbert space

H :“ tu P S1 : pI ´ h2∆ ` xx y
k
qu P L2u “ pmwq´1L2.

Since m´1 Ñ 0 as |x| Ñ 8, it defines a compact operator, and hence the inclusion H ãÑ L2 is
compact. Since pPh ´ iq´1 : L2 Ñ H is bounddd for small h, it follows that pPh ´ iq´1 : L2 Ñ L2 is
a compact operator. Consequently,

pPh ´ zq´1 “ pPh ´ iq´1pI ´ pz ´ iqpPh ´ iq´1q´1

is a meromorphic family of compact operators. Additionally, we easily check that pPh ´ iq´1 is a
self-adjoint compact operator.

Finally, the last step we need is a theorem regarding estimates on spectra of self-adjoint operators:

Theorem 6.5.2. Suppose A ě ´c is self-adjoint, and the inverse pA ` 2cq´1 is compact. If for
some operator Q of finite rank at most k and δ ą 0, one has

xAu, u y ě pλ` δq}u}2 ´ xQu, u y,

then Nλ ď k. Additionally, if there exists a subspace V with dimension at least k s.t.

xAu, u y ď pλ` δq}u}2

on V, then Nλ ě k.

Proof. We appeal to the minimax and maximin principles for characterizing the discrete spectrum.
In particular,

λk`1 “ max
V ĂH

min
wKV

xAw,w y

}w}2 ě min
wKQpHq

ˆ

λ` δ ´
xQw,w y

}w}2

˙

“ λ` δ.

Hence Nλ ď k. Additionally, the minimax formula implies

λk ď max
V

xAv, v y

}v}2 ď λ` δ,

so Nλ ě k.

We are now ready to prove the general form of Weyl’s law:

Theorem 6.5.3 (Weyl’s Law). For an admissible potential V and Ph “ ´h2∆ ` V pxq, one has

|ta ď Eh ď bu| “
1

p2πhqn
p|ta ď |ξ|2 ` V pxq ď bu| ` op1qq.
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Proof. Let Nλ be the number of energy states Eh ď λ. Select a smooth cutoff χ that is 1 on p ď λ`ϵ
and 0 on p ě λ` 2ϵ. Then, for M large,

a :“ p`Mχ´ λ ě γϵm

for m “ x ξ y
2

` xx y
m, hence a is elliptic and therefore invertible for small h.

Lemma 6.5.1. aw ě γ for u P H.

Proof. Pick b P Spm
1
2 q such that b2 “ a. Note that bw is right invertible and

pbwq´1rwbw “ Ophq.

Then,
aw “ bwbw ` rw “ bwp1 ` pbwq´1rwb

wqbw ě }bw}2
2p1 ´Ophqq ě γ}u}2

2

since bw is bounded below for small enough h.

Lemma 6.5.2. For all δ ą 0,
χw “ Q`Oph8q

and
rankpQq ď

1
p2πhqn

p|tp ď λ` 2ϵu| ` δq.

Proof. Cover p ď λ` 2ϵ with balls Bj , and define the shifted harmonic oscillator

Pjphq :“ |hDx ´ ξj |
2 ` |x´ xj |

2,

and let Π be the projection onto Ejphq ď rj for all j. Write χ “
ř

j χj , where χj are supported on
Bj , and let Πj be the projection onto the j factor. By the projection theorem, pI ´ Πjqχ

w
j “ Oph8q.

Hence, since ΠΠj “ Πj

pI ´ Πqχw “
ÿ

j

pI ´ ΠqpI ´ Πjqχ
w
j “ Oph8q.

It thus follows that χw “ Q`Oph8q for Q :“ Πχw. Moreover, the rank of Q is bounded by the rank
of Π, which by Weyl’s law for the harmonic oscillator is bounded by the volume of the balls Bj , i.e.

rank Q ď
1

p2πhqn

ˆ

|tp ď λ` 2ϵu| `
δ

2 ` op1q

˙

.

We now use a theorem from the Appendix, which says that under certain conditions, the number
of eigenvalues is bounded by the rank of Q. We have

xPhu, u y ě pλ` γq}u}2
2 ´M xQu, u y ´Oph8q}u}2

2 ě λ}u}2
2 ´M xQu, u y .

The theorem then implies

Nλ ď
1

p2πhqn
p|p ď λ` 2ϵ| ` δ ` op1qq,
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and sending ϵ, δ Ñ 0 yields
Nλ ď

1
p2πhqn

p|tp ď λu|op1qq.

We now prove the reverse inequality. We claim that Ph ď λ` ϵ`Oph8q on Vj , which is the subspace
on which Ejphq ď rj . To prove this, find a smooth compactly supported cutoff a that is 1 on p ď λ
and supported in p ď λ` ϵ

2 , and let c :“ 1 ´ a. Then,

1 ´ aw “ cw “ Oph8q

since supp 1´aXBj “ ∅. Now, if bw “ Pha
w, since p P Spmq, a P Spm´1q, we have b “ pa`Ophq P S

so bw is bounded in L2. Observe also that b ď λ` ϵ
2 , so bw ď λ` 3ϵ

4 . Since awu “ u`Oph8q,

xPhu, u y “ xPhpaw ´Oph8qqu, u y ď pλ` ϵ`Oph8qq}u}2
2,

which proves the claim. Finally, Let V “
ř

j Vj . While the Vi are not orthogonal, they are
approximately orthogonal, i.e.

xui, uj y “ Oph8q}ui}}uj}.

Since the above estimate holds for each Vi, approximate orthogonality yields

xPu, u y ď pλ` δq}u}2
2.

Thus, we conclude that

dimV “
ÿ

j

dimVj “
1

p2πhqn
p|tp ă λu| ´ δ ` op1qq,

so by the Appendix Theorem,

Nλ ě
1

p2πhqn
p|tp ď λu| ´ δ ` op1qq,

and we are done.

7 Agmon Estimates
In the solution of the Schrodinger equation, the intuitive picture is that solutions exponentially
decay in classically forbidden regions (that is, regions where V pxq ą E where E is the energy of the
solution). This section presents a rigorous proof of this fact.

Definition 7.0.1. We define the semiclassical Sobolev space HkpUq with norm

}u}Hk
h

“

¨

˝

ÿ

|α|ďk

}phDqαu}2
2

˛

‚

1
2

.

We now prove a standard form of a rescaled elliptic estimate.

Proposition 7.0.1. For Qh “ ´h2∆ ` x a, hD y `b, where a, b are smooth complex-valued functions,
and U Ă W is precompact, then

}u}H2
h

pUq À }Qhu}L2pW q ` }u}L2pW q.
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Proof. Let χ be a smooth cutoff that is 1 on U. We multiply Qhu by χ2u and integrate by parts to
get

Re
ż

W
pQhuqχ2u “

ż

h2 x Bpχ2uq, Bu y ` Re x a, hDu yχ2u` Re b|u|2χ2dx

ě
1
2

ż

W
χ2|hDu|2dx´ C

ż

W
|u|2dx,

where we complete the square to obtain the estimate. Thus, }hDu}2
2 is bounded by the term on the

RHS of the proposition. A similar integration by parts gives
ż

W
|∆u|2 “

ÿ

i,j

ż

B2
i uB2

judx “
ÿ

i,j

ż

BijuBiju “

ż

W
|D2u|2,

so proceeding exactly as above and multiplying by ´χ2h2∆u yields that }phDq2u}2
2 is also bounded

by the RHS.

Before we continue, we need to introduce an important tool known as conjugation.

Definition 7.0.2. For ϕ P C8, the conjugation of Ph by ϕ is

P ϕh :“ e
ϕ
hPhe

´
ϕ
h .

Lemma 7.0.1. For the harmonic oscillator Ph, P ϕh “ pw for

p :“ x ξ ` iBϕpxq, ξ ` iBϕpxq y `V pxq.

Proof. Direct computation and the quantization formula for linear symbols.

We now are able to prove our first Agmon-type estimate:

Theorem 7.0.1 (Exponential Decay). Suppose U is an open set that is precompact in the classically
forbidden region tV ą Eu. Then, for each open set W compactly containing U and λ near E, there
exists δ ą 0 such that

}u}L2pUq ď Ce´ δ
h }u}L2pW q ` C}pPh ´ λqu}L2pW q

for u P C8
c and h ă h0.

Proof. Pick smooth cutoffs ϕ, ψ, ψ ” 1 on U, ϕ ” 1 on the support of ψ. Moreover, WLOG suppose
W Ă tV ą Eu compactly. Let Ah :“ P δψh be a conjugation of Ph ´ λ. By the lemma above, we
know the symbol of Ah - in fact, we know it satisfies

| x ξ ` iδBψ, ξ ` iδBψ y `V ´ λ|2 Á x ξ y
4

ą 0

for δ small enough, x P W, and λ close enough to E. so the symbol is certainly elliptic in Spx ξ y
4
q.

If ϕ1 is another cutoff like ϕ such that ϕ1 ” 1 on the support of ϕ, the above bound implies that

B :“ xhD y
´2

pϕ1A
˚
hAhϕ1 ´ C2ϕ2

1q xhD y
´2

“ bw

for b P S such that b ě ´Ch. Then, by the sharp Garding inequality, x v, bwv y ě ´Ch}v}2
2, so

setting v “ xhD y
2 ϕw yields

}Ahϕw}2
2 ě C2}ϕw}2

2 ´ Ch} xhD y
2 ϕw}2

2
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for w P H2
loc. Then, applying the H2 estimate to bound } xhD y

2 ϕw}2 from above and making h
small enough ultimately yields

}Ahϕw}2 ě
γ

2 }ϕw}2.

Putting w “ e
δψ
h u then yields

}e
δψ
h ϕu}2 À }Ahe

δψ
h ϕu}2 À }e

δψ
h ϕpPh ´ λqu}2 ` C}e

δψ
h rPh, ϕsu}2.

Now, since ϕ ” 1 on the support of ψ and Ph acts locally, it follows that the supports of ψ and the
commutator above are disjoint. Thus, again applying the H2 bound to the commutator term and
using the disjointness of supports yields

}e
δψ
h rPh, ϕsu}2 À }u}2 ` }pPh ´ λqu}2.

Combining these estimates, using the fact that ψ ” 1 on U, and canceling out the exponential yields
the desired inequality

e
δ
h }u}2 ď }e

δψ
h ϕu}2 ď C}u}2 ` Cpe

δ
h

`1q}pPh ´ λqu}2.

Corollary 7.0.1. If U is contained in the classically forbidden region and uh is an eigenfunction
of Ph with eigenvalue Eh Ñ E as h Ñ 0, then there exists δ ą 0 s.t.

}uh}L2pUq ď e´ δ
h }uh}2

for small enough h.

7.1 Tunneling

We have shown above the wavefunction decays exponentially in classically forbidden regions. Now
we demonstrate that this actually is the decay rate of the wavefunction, i.e. that it is bounded
below by an exponential as well. This demonstrates that some mass of the solution will always
"tunnel" through classically forbidden barriers.

Definition 7.1.1 (Hormander’s Ellipticity Condition). For a symbol pϕ, the symbol is said to
satisfy Hormander’s ellipticity condition if

pϕ “ 0 ùñ itpϕ, pϕu ą 0.

The last expression is always real since

itq, qu “ itRe q ` i Im q,Re q ´ i Im qu “ 2tRe q, Im qu.

Theorem 7.1.1. Assuming Hormander’s ellipticity condition holds on W , one has

h
1
2 }u}L2pW q À }P ϕh u}L2pW q

for small enough h.
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Proof. A straightforward calculation shows that

}P ϕh u}2
2 “ }P ϕ˚

h }2
2 ` xrP ϕ˚

h , P ϕh su, u y .

Using the asymptotic expansion for the commutator yields that for fixed M and small enough h,

}P ϕh u}2
2 ě h xpM |pϕ|2 ` itpϕ, pϕqwu, uu y `Oph2q,

and Hormander’s ellipticity condition implies that the above symbol is elliptic, so that by the sharp
Garding inequality,

}P ϕh u}2
2 Á Ch}u}2

2 `Oph2q.

Our goal now is to construct a weight such that pϕ satisfies the necessary ellipticity condition.

Lemma 7.1.1. There exists a positive nonincreasing radial ϕ such that the Hormander ellipticity
condition for pϕ holds in any annulus around the origin.

Proof. Suppose ϕ takes the form ϕ “ eλψ for λ ą 0, ψ positive radial to be chosen later. Pick
ψ “ µ ´ |x| for a large enough µ so that ψ is positive. Then |∇u| “ 1, |D2u| ď C. Then, after
routine calculation, we obtain

i

2tpϕ, pϕu ě 2λ4e3λψ ´ Cλ3e3λψ ´ C ě 1

on the annulus if λ is chosen to be large enough.

We also want ψ to be smooth, which we will establish in the proof of the main theorem.

Theorem 7.1.2 (Tunneling Estimate). If U is a bounded open set and u solves the eigenvalue
equation

Phu “ Ehu

for Eh P ra, bs and an admissible potential V, then for some C ą 0 and small enough h, one has

}uh}L2pUq ě e´C
h }uh}L2pRnq.

This is called a Carleman estimate.

Proof. WLOG assume U “ Bp0, 3rq for r ă 1
3 . For R large enough and a ď λ ď b, one may use the

fact that V is bounded from below to conclude that the symbol p´ Eh is elliptic on Bp0, Rqc, i.e.

}pPh ´ Ehqv}L2pBp0,Rqcq Á }v}L2pBp0,Rqcq.

We now select two smooth radial cutoffs χ1, χ2 s.t. χ1 “ 1 on 2r ă |x| ă R ` 2 and χ2 “ 1 on
|x| ą R ` 1 and 0 everywhere else. Applying the above estimate to χ2u yields

}χ2u}2 À }pPh ´ Ehqpχ2uq}2 “ }rPh, χ2su}2

since Phu “ Ehu, and by construction, rPh, χ2su is supported on R ă |x| ă R` 1. Then, by the H2
h

estimates of Proposition 7.1, we have

}rPh, χ2su}2 À h}u}H1
h

pRă|x|ăR`1q À hp}pPh ´ Ehqu}L2pRă|x|ăR`1q ` }u}L2pRă|x|ăR`1q À h}χ1u}2,
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where the first inequality is a direct estimate and the last one follows from the definition of χ1.
We now apply Theorem 7.3, and the commutator estimate, which gives

h
1
2 }e

ϕ
hχ1u}2 À }e

ϕ
h rPh, χ1su}2.

Since rPh, χ1s is supported on pr ă |x| ă 2rq Y pR ` 2 ă |x| ă R ` 3q and ϕ is nonincreasing, one
may estimate

}e
ϕ
h rPh, χ1su}2 À he

ϕpR`2q

h }χ2u}H1
h

pR`2ă|x|ăR`3q ` he
ϕp0q

h }u}H1
h

p|x|ă2rq,

which again may be estimated by Proposition 7.1 and the previous estimate to give

}e
ϕ
hχ1u}2 À h

1
2 e

ϕpR`2q

h }χ2u}2 ` h
1
2 e

ϕp0q

h }u}L2pUq.

Set A “ ϕpR ` 2q, and note that

e
2A
h χ2

1 ď 2pe
2ϕ
h χ2

1 ` e
2A
h
χ2

2q,

so plugging this into the χ2 ´ χ1 estimate and adding to the previous estimate yields

}e
A
h χ2u}2 ` }e

ϕ
hχ1u}2 À h}e

ϕ
hχ1u}2 ` h

1
2 }e

A
h χ2u}2 ` h

1
2 e

ϕp0q

h }u}L2pUq.

Taking h sufficiently small and using that ϕ ą 0 yields

}χ2u}2 ` }χ1u}2 À h
1
2 e

ϕp0q

h }u}L2pUq,

and since χ2
1 ` χ2

2 ě 1
2 on a set containing U c, the claim follows.
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