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The following is a collection of notes and exercises intended to help prepare for the UCLA

Analysis Qualifying Exam. The content is split into four major areas: Real Analysis, Harmonic
Analysis, Functional Analysis, and Complex Analysis. Due to the high variability of topics appearing
on the exam, there is an emphasis on content breadth. Additionally, there is a focus on frequently
appearing exam problems and techniques. There may be a number of typos, which generally should
not affect the correctness of the arguments herein.
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1 Real Analysis

1.1 Distribution Theory

Definition 1.1.1. A distribution is a continuous linear functional on a nice function space of
test functions. For example,



(a) The space of distributions D’ is the dual of C.
(b) The space of tempered distributions &’ is the dual of the Schwartz space S.
(c) The space of compactly supported distributions &’ is the dual of C®.

Note that one has the inclusions
CPrcScC?cécsS e,

where one identifies f with (f,-);2. We endow distribution spaces with the weak-* topology, i.e.
L, — Lin S if L,(f) = L(f) for all f €S, and write L(f) = {f, L).

The reason for dealing with distributions is to extend the classical theory of analysis to more
general objects than functions. Motivated by integration by parts, we define the derivative of a
distribution L via the adjoint relation

<f7 a’rzL> = _<a’r1‘f> L>'

For example, if H is the Heaviside step-function,

Sty =<y = - | " fdx = £(0),

so H' = ¢ is the delta function, defined by (f,d) = f(0). Similarly, the Fourier transform of a
distribution is given by

<f,f/>=<f,L>,

and as an example,

— ~ N o0
(.80 = (.31 = (~DRF(0) = (Ci () = [ (i) fla)dn = (7. ()"
—o0
where the latter is the Kronecker delta. in the sense of functions. A distribution’s support S is the
smallest closed set such that the distribution vanishes on any function supported outside S, giving a
precise definition to £’. One may also define the convolution of a distribution and a test function
by
(pyuxT) = uxe1T),
where t(x) = u(—x). More generally, if S,T are distributions and T has compact support, then
S+ T is defined as the unique distribution satisfying (S # T') % u = S * (T = u) for all test functions

u. The convolution of two distributions is a commutative and associative operation satisfying the
usual formulas.

1.2 Convergence of Functions

A very common type of problem in analysis is to show that a sequence of functions converges (or
does not converge). Here is an outline of the main proof techniques and types of convergence:



1.2.1 Almost Everywhere Convergence

Almost Everywhere (a.e.) pointwise convergence: A sequence of (Lebesgue) measurable
functions f, is said to converge pointwise a.e. if

p({z: fu(z) + f(2)}) = 0.

Here are some ways to prove pointwise convergence:

Proposition 1.2.1. If f,, — f in LP or in measure, there is a subsequence fy, such that f,, — f
pointwise a.e.

Proof. Convergence in LP implies convergence in measure, as
Jlr=sr=[ P gl eullia 1f - £l > €),
|[f—fnl<e |f—fn|=e€

and taking n — oo yields the claim. Thus, it suffices to assume that f,, — f in measure. Indeed, if
for any € > 0, u({z : | fn, — f| > €}) — 0, one may find a subsequence nj, of sets

A= {3 1) = FO > g b A < g5

By Borel-Cantelli, we get that
. 1 e
p(limsup Ag) = p ({:r o () = f2)] > oF for infinitely many k}) =0.
k—o0

But the negation of that statement is precisely |f,, (z) — f(z)] < 2% for large enough k, i.e.
frp () = f(z). Thus,
p({z s falz) b fl2)} =0,

so fn, — [ a.e. O

Remark 1.2.1. A very useful criterion for convergence is as follows: a, — a in a metric space iff
every subsequence of (a,), has a further subsequence converging to a. In particular, since this is
not true for a.e. convergence of the typewriter sequence, one concludes that a.e. convergence is not
metrizable.

1.2.2 [P convergence

Definition 1.2.1. We say that f, — f in LP for 1 < p < o0 if

o — FIE = f o — flPdz — 0,

and f, — f in L if f,, — f uniformly except on a null set.

There are three main tools and a variety of corollaries that may be used to establish convergence
in LP.

Theorem 1.2.1. (Monotone Convergence Theorem) If f, = 0 is an increasing sequence of functions
and f, — f pointwise a.e., then f, — f in LP.



Proof. Let f, — f be an increasing sequence of functions. Then, clearly, lim, .o § f,, < { f. For
the converse, pick a simple function g such that S( f —g) < €, and consider the set of points

E, ={z: fu(z) = ag(x)}. Then,
an = O‘f 9,
En

and as a — 1 and n — o, taking the supremum over all simple g yields the claim.
The LP case then easily follows. O

Theorem 1.2.2. (Fatou’s Lemma) If f,, = 0, then {liminf, . f, < liminf, .o f,.

Corollary 1.2.1. (Reverse Fatou) By applying Fatou to g — f,, one gets that if f, € L' and f, < g,
ge L', then

lim supffn < Jlim sup fn-

n—ao0 n—a0

Theorem 1.2.3. (Dominated Convergence Theorem) If f,, — f a.e. and |fn| < g for g € LP, then
fn— fin LP.

There are two particularly strong results that are necessary to prove more interesting claims
regarding convergence in LP.

Theorem 1.2.4. (Egorov’s Theorem) Let u(X) < o, and suppose f, — f a.e. on X. Then, for
every € > 0, there exists a set A such that p(A) < € and f, — f uniformly on A°.

Proof. Consider the set

Asi= {a (o) = S| = 1 |-

Recall from the proof of convergence in measure implies a.e. convergence that p(limsup,,_,, An k) =
0 for all k. Pick a subsequence ng s.t.

By := ﬂ An,k

n=ng

and p(By) < o5 for all k. Then, if C' = | J; By, u(C) < €, on C° one has

VEIngVn = ng, | fo(z) — f(z)] <

9

T =

which implies uniform convergence.

O

Theorem 1.2.5. (Lusin’s Theorem) If n(X) < oo and f is measurable on X, for any ¢ > 0 there
exists a compact set K such that p(K°¢) < e and f is continuous on K.

Proof. Take a sequence f, € C.(X) such that f,, — f in a.e. (which is possible by density of C, in
L'). By Egorov and regularity of the Lebesgue measure, f, — f uniformly on some compact set K
such that pu(K€) <€, so f is the uniform limit of continuous functions on a compact set, i.e. it is
continuous. O

We now list the proofs of the fundamental inequalities used in analysis.



Lemma 1.2.1 (Young’s Inequality). For a,b>0,- + + =1,

1,1
P g

aP bl
ab < — + —,
p q
with equality iff aP = b4,

Proof. Consider zP~! and its inverse #9~! on [0, a] x [0,b]. Then, the sum of the integrals of the
two functions is at least the area of the rectangle, with equality iff the functions touch the corner,
ie. a7l = b, so a? = b9, and the claim follows. O

Definition 1.2.2. If p, ¢ satisfy the condition above, they are known as Holder conjugates.

Theorem 1.2.6 (Holder’s inequality). For f e LP,q e L1, where 1 < p,q < oo are Holder conjugates,
then

| 1791 < 111blgle

with equality for 1 < p < o iff | f|P = c|g|? for some ¢ = 0.

Proof. Normalize f,g so that |f|, = |g[, = 1, and apply Young’s inequality. The cases p =1,¢ =1
may be checked directly. The equality follows from the equality case in Young’s inequality. O

Corollary 1.2.2 (Generalized Holder). If >7_, pik = 1, then

[
k=1

Theorem 1.2.7 (Minkowski’s Inequality). For 1 < p < o0,

n

< [T 1fulp-

o k=1

1F + gllp < [flp + gl

with equality for 1 < p < oo iff f = cg for some constant c.

Proof. Normalizing so that |f + g[, = 1, by Holder,
f gl < f o+ glP M+ 1+ glP Mgl < 1F + g2 (U T + lgl) = 1L + Il

—1
and so equality holds iff |f + g\pT = ¢|f|P = |g|P, and since (p — 1)¢ = p and ¢ and f must have
the same sign at each point, equality holds iff g = cf.
O

Theorem 1.2.8 (Dual of LP). For 1 < p < o, the dual of LP is L1, where % + % = 1.

Proof. For ¢ € (LP)*, define the (signed) measure v : A — ¢(x4). Then, the desired function is the
q

Radon-Nikodym derivative g4 = %’ and setting f,, = [g|? X|g|<n» and using monotone convergence

lemma yields g € L9. O
Definition 1.2.3. For a o-finite measure/topological space (X, ), define the Banach spaces

rea(p) < ca(u) < ba(u)

of bounded regular Borel, countably additive, and finitely additive signed measures
absolutely continuous with respect to p with the total variation norm.



Remark 1.2.2. The above proof shows that (L®(X, u))* = ba(u), and (L')** =~ ca = (L®)*.
Lemma 1.2.2. L' is weakly sequentially complete, i.e. every weakly Cauchy sequence converges.

Proof. Clearly, f, is uniformly bounded in L! by Banach-Steinhaus. Define the signed measure

n—o0

() = i, | fud
A
and consider the Radon-Nikodym derivative f = g—;. Then, one easily verifies that { fxadp =
v(A) = limy, o0 § faxadp, and so f, — f. O

Remark 1.2.3. Since the unit ball in a reflexive Banach space is weakly sequentially compact, all
reflexive Banach spaces are weakly sequentially complete.

Corollary 1.2.3. If lim,_. SA fn exists and is finite for all measurable A, then f, — f for some
felL"

The following are important consequences of Egorov’s Theorem as they relate to convergence in
LP .

Lemma 1.2.3. If u(X) < o0, | fulp < M <0, 1 <p <0, and f, — f a.e., then f,, — f in L1

Proof. First note that f € LP, as by Fatou,

£ = 157 = [ timin 17, < lnint 4,17 < 0.

Fix € > 0. By Egorov, f, — f uniformly on some set A, so by Hoélder,
1
[ 1=t = [ 5= ful 150 < ) el = Full = () + (A < (X))

1
for p, ¢ Holder conjugates and large enough n by choosing A such that u(A¢)e < e. O

Remark 1.2.4. The same argument shows that if u(X) < o, f, — f a.e. and | f,|, < M for g > p,
then f, — f in LP.

Lemma 1.2.4. For 1 <p <o, if f, € LP, f,, = f a.e., and ||fulp — | flp, then fr, — f in LP.

Proof. Note that since |z|P is convex, |f — fal? < 2P7Y(|f|P + | f|P). Applying Fatou’s lemma to
07| fIP + | fulP) — |f — fulP yields

PUFP < timint 27 (L F7 + full) ~ limsup S — all
which then yields the desired inequality. O

Corollary 1.2.4. If f,, — f a.e. and f, € L?, f € L? and | f|2 < liminf, o | fu2-

Proof. Fatou’s lemma applied to f2. O



1.2.3 Uniform Integrability and Compactness in LP

Definition 1.2.4. A subset X < L? is called uniformly integrable if it is uniformly bounded in
LP and for any € > 0 there exists a § > 0 such that for any f € X, | f|zr(g) < € whenever u(E) < 4.

Remark 1.2.5. If A is a finite measure space, then X is uniformly integrable in L' iff for all € > 0,
there is a A such that supy S|f|>)\ fz)dp < e.

Proof. Suppose X is uniformly integrable. Then, by Chebyshev, u({z : |f] > A}) < % for

M = supy ||f|1, so by uniform integrability, one can make S|f|>)\ f(x)dp < € for large enough .

Conversely, we get that supy | f[1 < € + Au(A), and for any € > 0, § |f| < e+ Au(E) < 2¢ for

§= <. O
A

A lot of results regarding convergence work only on finite measure spaces, yet lots of time one
works with infinite measure spaces. A very useful concept known as tightness allows us to reduce
the problem to a finite measure space.

Definition 1.2.5. A family X < LP(X) is tight if for all € > 0, there exists £ < X, u(FE) < o0, s.t.
|l Lo(zey < € for all fe X.

Theorem 1.2.9 (Vitali Convergence Theorem). If {f,} is a tight sequence of uniformly integrable
functions in LP,1 < p < o, then f, — f in LP iff f,, — f in measure.

Proof. Suppose f,, — f in measure. Pick ¢ > 0 and choose a corresponding E. Then, by uniform
integrability, pick > 0 such that |f|zr(p) < € when p(E) < 6. Moreover, by Egorov, pick Ac ¢ E
such that u(A¢) < d. Passing to an a.e. convergent subsequence, we use Fatou’s lemma to conclude

that | fllLe(ge), [fLeag) < €= (u(E) + 3)e.

[ 182 spas fwe fu— fPda [ U= e+ 2

EnA¢
< p(E)e + 2€ + 2e.

O]

Remark 1.2.6. Since Egorov shows that convergence a.e. on a finite measure set implies convergence
in measure, one obtains the following strong corollary: if f,, is uniformly integrable in LP, tight, and
fn — f a.e., then f, — f in LP.

Lemma 1.2.5. If f, € L' and SA fn converges and is finite for all measurable A, then f, is
uniformly integrable in L. In particular, if f, — f in LP, then {f,} is uniformly integrable.

A very important theorem is that of precompactness in LP spaces.

Theorem 1.2.10 (Kolmogorov-Riesz). X < LP(Q2),Q c R", 1 < p < o0 is precompact iff:

(a) Boundedness: supcy | flp, < oo.

(b) Tightness: For any € > 0, there exists an R > 0 such that S[_R RJe |fIP <€ for all f e X.

(¢) (Uniform) Continuity: For alle > 0, there exists a 6 > 0 such that { |f(z+y)— f(z)|Pdx < €
whenever |y| < 6 for all f € X.

Remark 1.2.7. Tightness and uniform continuity imply boundedness, so it is not strictly necessary.



Remark 1.2.8. If € is bounded, uniform continuity is the only required condition of the theorem.

Proof. (= ): Suppose X satisfies the conditions of the theorem, and fix €, R,y as in the statement.
Let @ be an open cube centered at the origin, let (); be nonoverlapping translates such that their
closure covers B(x, R), and define Pf on @; to be the average of f on @; and 0 otherwise. Then,
by Minkowski and noting that =,y € Q); implies © — y € 20Q),

1 p

If = Pflp < EP+ZJ 0 (f(x) — f(2))dz| da

<J+ZJ_1f|ﬂm—ﬂwwW@m

\ep+ff f(z+y)|Pdedy < (2" + 1)€P
2Q Jrr

O]

(< ) If X < LP(Q) is precompact, it is clearly bounded. Moreover, for ¢ > 0, if
B(f1,€), .., B(fn,€), cover X, pick R s.t. | filzr(B(z,r)) < € Then,

HfHLP B(z,R)¢) ”f szLp (z,R)¢) + ”szLp(B(:D R)) < 2e.

Uniform continuity is established almost exactly the same way.

1.2.4 Weak and Weak-* Convergence in L

Definition 1.2.6. For 1 < p < 0, let g be the Holder conjugate of p. We say that f, — f (or
fn converges weakly to f) in L? if {f,,g) — {f,g) for all g € L9, where the inner product
is just (f,g) = { fg. For 1 < p < oo, we say f, - f (or f, converges weak-* to f) in L? if
{fn,g9) — {f,g) for all g € L1. Note that weak and weak-* convergence are the same for 1 < p < o0.

There are two examples to keep in mind when proving weak convergence:
Example 1.2.1 (The traveling wave). If f € LP,1 < p < oo then if f,(z) = f(x +n), f — 0 in LP.

Proof. For simplicity, we consider the case when f € LP(R). For any g € L%, Pick compact sets
A, B such that ||f|prac), [9lLa(Be)y < € Then, for n > sup,ey yep [v —yl, B0 (A—n) = @, where
A—n={a—n:ae A}. Thus, by Holder,

KhﬂN=Uﬁm

<J e emg@is [ peemg@is | i)

< EHQHq + GHf”p +é )

where | f|zr(p) < € since (B +n) n A = @. Sending € — 0 completes the proof.

Remark 1.2.9. Clearly, if one chooses g = 1, this need not hold for p = 1.



Example 1.2.2 (The Oscillator). Let f € L* be a k-periodic function. Then, if f,(z) = f(nz),

fn = z gf(a:)dx in L.

Corollary 1.2.5. Suppose fr, — f in LP. Then, | f|p is uniformly bounded, and | f|, < liminf | f,,.
Proof. Weakly convergent sequence are bounded + weak lower-semicontinuity of the norm. O

Clearly, the examples show that weak convergence need not imply convergence a.e., convergence
in measure, or LP convergence. Conversely, it is easy to see using Holder’s that convergence in LP
implies weak convergence. The vertical blow-up examples shows that convergence in measure or a.e.
convergence do not necessarily imply weak convergence. The following important theorem provides
a criterion for weak convergence:

Theorem 1.2.11 (Dunford-Pettis Theorem). Let X = L'. Then, X is uniformly integrable iff it
weakly precompact.

Proof. If X is uniformly integrable, the weak-* closure X = (L™)* is weak-* compact by Banach-
Alaoglu. A finitely additive map F' is countably additive iff lim, FI(4,) = 0 for (), 4, = &,
where A, is a decreasing sequence of sets. Then, uniform integrability implies that any F' € X" is
countably additive, and thus is given by integration against some f € L', and there exists a sequence
i (fn) — i7Y(f) in L', In particular, i~! : X* — L! is weak—*-weak continuous. Thus, i (X )
is weakly compact, so X is weakly precompact.

Conversely, suppose X is weakly precompact and not uniformly integrable, and pick a nonuni-
formly integrable subsequence f, such that S‘ Fal>n | fn|ldu = C for some C' > 0. Then, by Eberlein-
Smullian, any sequence has a weakly convergent subsequence. But this implies that the subsequence
is uniformly integrable (see Lemma 2.9), a contradiction. O

1.2.5 Exercises

Problem 1.2.1 (Spring 2010 Problem 1). Show that a sequence that converges in LP has
an a.e. convergent subsequence. Moreover, find a sequence of functions that converges to 0 in
L? that does not converge a.e.

Proof.  The first part is Proposition 1.1. For the second part, one may take the typewriter
sequence f1 = X[o,1], f2 = X[0,2]) X3 = X[L 1]> - which converges to 0 in L? but not a.e. O
’ 2 27

Problem 1.2.2 (Spring 2012 Problem 1). Let 1 < p < o, f, : R®> — R such that
limsup || fn |, < 0o0. Show that if f,, — f a.e, then f, — f weakly.

Proof.  For any g € L4, pick a compact set A such that |g||ra(4c) < € and |g]|pa(z) < € whenever
w(E) < 6 for a small enough § > 0. Then, by Egorov’s theorem,

[G=r|< [, 1=l L1 = 2091+ [ 1060 = 101 = 000

where the first term is bounded by uniform convergence on a compact set, second term is
bounded since p(F) < §, and the third term is bounded by choosing A to be large enough. O

10



Problem 1.2.3 (Spring 2014 Problem 3). Suppose f, — 0 a.e., | fn|2 < o0. Show f, — 0
in L?.

Proof.  This is a specific case of the previous problem. O

Problem 1.2.4 (September 2018 Problem 1). Suppose f, — f a.e., sup, | fnl2 < o0,
and sup,, |zfn]1 < c0. Show that f,, f € L', f, — f in L', and that neither of the last two
conditions may be omitted.

Proof.  The second condition implies that on [—M, M|¢, | fn]1 < % for some fixed N > 0. In
particular, on [—M, M], lemma 1.6 guarantees that f,, — f € L. Thus, for any e > 0, pick M
and n large enough so that S[iM M]e |f] < €, so then

€ N
[im=s=|  dg=fie | m-fles o<z
[—M,M] [—M,M]e 2 M
for sufficiently large M.
Neither of the last two conditions may be omitted, as demonstrated by the counterexamples

In = X[n,n+1] and g, = n2X[07%]- O

Problem 1.2.5 (Fall 2020 Problem 2). Show that there exists a constant ¢ such that

{f,cos(sin(nmz))) — {f,c)

for all fe L'.

Proof.  Note that cos(sin(nnz)) is 2-periodic. Thus, ¢ = %Sg cos(sin(nmx))dx by the oscillator
example. m

Problem 1.2.6 (Fall 2010 Problem 3). Let f,(z) = e*(7%) Show f,, converges weakly in
LY([0,1]) and weak-* in L*([0, 1]).

Proof.  Let f(z) = esn(277) " and note that f is 1-periodic. Then, by the weak convergence
lemma, f,, = Sé e*m(272) dy: in L®. Moreover, f,, is uniformly bounded in L*([0, 1]). By density
arguments, to show f,, — Sé esin(277) 4o in L1, it suffices again to consider characteristic functions
of closed intervals. But this is indeed already shown by the weak convergence in L® argument,

so the proof is complete. O

Problem 1.2.7 (Spring 2020 Problem 2). Let f,, be a sequence of differentiable functions
satisfying sup | fn|[1 < o0,sup | f |1 < o, and for any € > 0, there exists an R(e) > 0 such that
sup || fullpr((—r,Rje) < € Show fy is has a convergent subsequence in i

11




Proof.  We use Riesz-Fischer. Clearly, the first two conditions establish uniform boundedness
and tightness. The third condition and Minkowski shows that for |y| < 4,

farn - @l = [ [ 1r@ldds< 17 < lylm
J /. J

T

by the uniform bound on the derivatives. Thus, the conditions for Riesz-Fischer are satisfied,
showing that {f,} has a convergent subsequence in L'. O

Problem 1.2.8 (Spring 2017 Problem 2). Let f, : [0,1] — [0,20) be a sequence of
nondecreasing functions uniformly bounded in L?. Show that there exists a subsequence that
converges in L.

Proof. We apply Riesz-Fischer. Indeed, since f,, is uniformly bounded in L?, it is uniformly
bounded in L'. Since the sequence is on a finite measure space, tightness is unnecessary. Finally,
to show continuity, we use the fact that f,, is nondecreasing. Namely, this implies that each f,
has at most a countable number of discontinuities, so each f,, agrees with a continuous function
a.e.

Then, for any € > 0,

1—y
f @+ 1) — f(@)|ds

0
O

Problem 1.2.9. Show that I'(N) has the Schur property, i.e. every weakly convergent
sequence is norm-convergent.

Proof. Suppose ©, — x but z,, 4+ x in I'. Then, there exists a subsequence satisfying
|2, — x| = e. By a diagonalization argument, pick a further subsequence where the ith element
in each subsequence has the same sign for all i. Now, let Si be a finite subset of the support of
Ty — @ 8.t |Tn, — 211 (g,) = 5. Note that | J;, Sk cannot be bounded, as otherwise z, +> z on a
finite set. In particular, norm convergence on finite sets implies that after passing to another
subsequence, there exist a sequence of pairwise disjoint A; < S; s.t. ||zn, — z[p1(4,) = 7. Then,
letting y = sign(zn, )1y, 4,, We see that

)

= o

(Tn, —2) Yy =
for all k, which is a contradiction. Thus, x, — z in I'. O

Theorem 1.2.12 (Conclusions). (a) If f,, converges a.e. and is bounded by an integrable function,
apply the Dominated Convergence Theorem to get convergence in LP.
(b) If fn — f converges a.e. and | fn|p — | f|p, then fn — f in LP.
(¢) If W(X) < oo, sup || fullp < 0 and f,, — f a.e., then fr, — f in L7 for ¢ <p.
(d) If n(X) < o and f, > f a.e., fn — f. Additionally, if fy is uniformly integrable, f, — f in
P
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(e) If sup || full, < 0 and f,, = f a.e., fn — f.

(f) X is precompact in LP iff it is tight, continuous, and uniformly bounded.

1.3 Lebesgue Differentiation Theorem

Here we cover an extremely important theorem that allows us to "differentiate" LP functions. For
this, we first need to introduce a lot of heavy machinery.

Definition 1.3.1. For f € L} . define the Hardy-Littlewood maximal function to be

loc?

Hmmqw@bma

zeB
where B is an open ball. In other words, H is the maximal average of f on any ball containing x.
We begin with some basic properties.

Proposition 1.3.1. H(f) is measurable and finite a.e. Moreover, Hf : L' — LY is of weak type
(1,1).

Proof. Note that {z : H(f) > A} are open, since if sup,.p ﬁ §5 | fldt > X, for all points y nearby,
y € B, and so the supremum is also greater than A\. We now introduce with a key lemma.

Lemma 1.3.1 (Vitali Covering Lemma). Given a cover by open balls of a metric space X, there
exists a finite subset By, ..., By, such that 3B,,,...,3B,, is a cover of X.

Proof. Inductively pick balls of the largest radius disjoint from all the ones currently picked, and let
Y =3B, u..u3B,,. If Bis one of the balls picked, then B < Y. Otherwise, by maximality B
intersects at least one of these balls By, and so B < 3B;. ]

Now, if E) = {z : H(f) > A}, then for each E} is covered by open balls B,, with

1
- dt > | By,
], w18

so covering a compact subset K — Fy by finitely many balls using the lemma, one obtains

k 3d
K| <303 Bl < 5 [ Iflat,
=1

where we use the fact that the balls are disjoint in the integral over R%. Since the Lebesgue measure
is regular, we are done. Moreover, the weak bound implies that pu{f* = oo} = 0, so f* is finite
a.e. O

Corollary 1.3.1. Since H(f) is trivially of strong type (c0,00), by the Marcinkiewicz interpolation
theorem, H(f) is of strong type (p,p) for 1 < p < o0.

What follows is a powerful consequence known as the Lebesgue differentiation theorem.

13



Theorem 1.3.1 (Lebesgue Differentiation Theorem). If f € L}, ., for a.e. z,
li dy = 0.
zer%Lof |f(y) — f(z)|dy =

In particular,

lim jf@)dy:f(x)

z€B,|B|—-0 Jp

a.e. Any x for which this holds is called a Lebesgue point, implying that a.e. point is a Lebesgue
point of f.

Proof. 1t suffices to show that the set

Ey) = {z : limsup

> [ 1w~ f(fv)dy‘ - 2}

has measure 0 for all \. Approximating f in L' with a continuous function g with compact support
so that |f — g|1 < € and noting that the limsup vanishes for continuous functions,

lim sup —

f(@)d \ (f - 9)*(@) + () — g(a)].

If
Fx={z:(f—9)"(@) > A}, Gy = {z:|f(x) —g(@)| > A},
then F)\ < G u F). But by Chebyshev and Hardy-Littlewood for f — g, this implies

|Eo| < |Gol + |Fol <

and sending € — 0 completes the proof. Now, for the general case, enumerate the rationals and
apply the proof to the function |f(y) — r|, with £ = |, E,, where E, is the set where the previous
theorem fails. Then, for x ¢ F,

51 | 110 = s@lan < iz [ 1) = rldy+17@) -,

and the proof is complete. ]
Corollary 1.3.2. Let dv = dA + fdu be the Lebesque-Radon-Nikodym representation of v. Then,

. v(E)
lim
r—=0 pu(Er)

= [ ().

for any family E, shrinking nicely to x and a.e. x.

Proof. Tt suffices to prove that

(B
lim =
r—=0 p(Er)

for a.e. x. WLOG, assume that F, are open balls. We will show that

=4z : limsu M
F’“‘{ EA'lmopu<B<m,r>>}>

T =
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has measure zero, where A contains the support of u. Recall that since A L u, by regularity of A,
one may pick A such that \(A) < e. By the same argument as in the proof of Hardy-Littlewood, we
cover compact subsets K of Fj by balls on which

p(K) <347 u(Bn,) < 3%EAMA) < 3%k,
k=1

and we are done. O

Example 1.3.1. There cannot exist a subset A c [0, 1] such that u(A) < 1 and u(An B) > A\u(B)
for A € (0,1) and all balls B, as LDT would imply that x4 > €¢ = x4 =1 a.e.

Corollary 1.3.3. A monotonic function f is differentiable a.e.

Proof. Recall that to any right-continuous, monotone function F' there exists an associated Borel
measure pup such that pur((a,b]) = F(b) — F(a). The Lebesgue-Radon-Nikodym derivative of this
measure is (up to some minor technicalities) our derivative F”. O

1.4 BV and the Fundamental Theorem of Calculus

A fundamental result from undergraduate analysis is the Fundamental Theorem of Calculus, which
states:

Theorem 1.4.1. (FTOC)
(a) If f is continuous, F(x) = § f(t)dt is differentiable and F'(x) = f(z).
(b) If F is an antiderivative of a Riemann integrable function f, then F(b) — F(a) = SZ f(t)dt.

Our goal in this section is to prove the most general version of this theorem.

1.4.1 Bounded Variation

Definition 1.4.1. A function is said to be of bounded variation (BV) on [a, b] if for any sequence
of intervals as above, > (| f(b;) — f(a;)| < c0. We define the total variation function T of F
to be

Tr(a) = sup Y 1£(bi) — f(a)].

bn=2 ;=0

More generally, define the class BV () of functions of bounded variation as a subspace of L'
such that the total variation

V(u) := supj u div(¢)dr < o0,
¢ JQ

where ||, < 1 and ¢ is a C! vector field on €. Note that for ¢ ~ —%, this gives that
V(u) < g |Vu|dz = [Vul; whenever Vu is well-defined.

Remark 1.4.1. More simply put, BV (Q) is the space of functions u with norm |u|ry = |ul1 + V(u)
whose distributional derivative Du is a finite Radon measure and satisfies

(div(¢), u) = (¢, Du,.

This can be seen by defining the action of the linear functional Du according to the above formula
on O, extending to C° by Hahn-Banach and constructing the appropriate measure using the Riesz
Representation Theorem. Additionally, |Dulry = V(u).

15



Remark 1.4.2. Note that on WH1(Q) = BV(Q), |u|rv = |u|wr1. In general, however, functions
in WH1(Q) cannot have jump discontinuities since they admit weak derivatives, and so the space
BV (Q) is strictly larger than W11(Q).

Theorem 1.4.2 (Helly’s Selection Theorem). Let u, : R — R be a sequence of increasing functions
uniformly bounded in LP for p > 1. Show that u, has a subsequence that converges in L}, . for ¢ < p.

Proof. Let K be the complement of the set of points of discontinuity of any of the functions, which
is countable and therefore measure 0. Extract a convergent subsequence u,, — u on K. Then,
extend u according to u(r) = limsup, <, u(y). Clearly, u is positive, increasing and monotone. By
regularity of Lebesgue measure, if u is continuous at z, uy,(q1) < up(z) < up(ge) implies as n — o
that

’un(x) - u(x)| < Sup{|“’(Q2) - un(‘]l)|? |Un(Q1) - U(QQ)‘},

and for ¢, g2 close enough to x and n large enough, this is bounded by €. Thus, u,, — u pointwise
except at most on a countable set. Picking a further subsequence, one may assume that wu,,
converges to u pointwise everywhere. The rest of the argument follows immediately from uniform
integrability and the Vitali convergence theorem. O

Proposition 1.4.1. BV (2) is a Banach algebra with the norm || f|pv = | flli + V(f), and V is
conver lower semi-continuous on L' and continuous on BV (Q).

Proof. Lower semi-continuity of V' follows from Fatou’s lemma, which directly implies that BV ()
is Banach. We take as a given that functions in BV (2) satisfy the chain rule, and therefore the
product rule. This implies that the product of BV functions is BV, so BV (2) is in fact a Banch
algebra. O

Proposition 1.4.2. The inclusion BV (2) — LY(Q) is compact.

Proof. Recall Rellich-Kondrachov, which says that if 2 is bounded and p* is the Sobolev conjugate
of p, then WHP(Q) embeds into LI(Q) for 1 < ¢ < p*, where for ¢ < p* the embedding is compact.
Approximating a BV function u by smooth functions with uniformly bounded derivatives and
applying Rellich-Kondrachov then yields a convergent subsequence in L'. O

Remark 1.4.3. On R, the compact embedding is a consequence of Helly’s selection theorem, since a
family of uniformly bounded monotone functions is precompact and every BV function is a sum of
monotone functions.

Proposition 1.4.3. Monotone functions are differentiable a.e. with derivative in Llloc.

Proof. WLOG, suppose f : [0,00) — [0, 00) is increasing and f(0) = 0. Then, f defines a premeasure
according to u((b — a]) = f(b) — f(a), which then extends to the corresponding Lebesgue-Stiltjes
measure df by Caratheodory’s extension theorem. Then, by the Radon-Nikodym theorem, one
can write 4 = X\ + p, where X is absolutely continuous with respect to the Lebesgue measure m.

Moreover, by the Lebesgue differentiation theorem, one has that f’ = % a.e. In particular, one

immediately sees that SZ ' < f(b) — f(a), with equality iff p = 0, which implies that f’ e L} O

loc*

Remark 1.4.4. Lebesgue’s differentiation theorem gives us a unique decomposition of every monotonic
function F' = Fac + Fy + Fy, where Fy¢ is absolutely continuous (and therefore continuous), Fy is
a jump function, and Fj is a continuous singular function with derivative 0 a.e.

It is immediately clear that (bounded) monotonic functions are of bounded variation. One now
aims to obtain a decomposition of a BV function.
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Proposition 1.4.4. F eBV iff F = (T + F) — 1(Tr — F), where Ty + F,Tr — F are increasing.

Proof. Note that Tr(b) — Tr(a) = |F(a) — F(b)| by the definition of 7. Conversely, the sum of two
BV functions is still BV. O

Remark 1.4.5. This is known as the Jordan decomposition of f.

Corollary 1.4.1. Since monotone functions are continuous except at most on a countable set, so
are functions in BV ([a,b]). In fact, BV functions are differentiable a.e. (with derivative in L').
One may ask whether the converse is true, but it is not. Indeed, adding a bunch of Cantor functions
alternating according to a conditionally convergent series convergent to 0 on intervals with rational
endpoints shows that there exists a function which is differentiable a.e. with derivative in L', but is
not BV on any subinterval.

Remark 1.4.6. On R, we see that BV functions are preicsely those functions whose derivatives are
signed Lebesgue-Stieltjes measures.

1.4.2 Absolute Continuity and FTOC

We want to develop a generalization of the FTOC to Lebesgue measurable functions. For that, we
first need to understand the properties of integrals of L' functions. For f € L1, Slf f(t)dt is easily
seen to be continuous, but it is in fact in a stronger class of so-called absolutely continous functions.

Definition 1.4.2. A function f is absolutely continuous (AC) on [a,b] if for any finite set of
disjoint open intervals (ag, by), ..., (an, by ), a; < b; < a;41, for every e > 0 there exists § > 0 such
that >\ | f(bi) — f(a;)| < € whenever > |b; — a;] < 0.

From the definition, we immediately see that AC < BV. Moreover, note that for ' € BV, the
corresponding signed Lebesgue-Stieltjes measure pup := uy — p—, where p,, u_ are the measures
corresponding to the Jordan decomposition of F satisfies up « m (where m is the Lebesgue measure)
iff the FTOC holds (since the singular part of the Lebesgue decomposition is trivial). We now claim
that this condition is precisely that of F' being absolutely continuous.

Lemma 1.4.1. pup « m iff F is absolutely continuous.

Proof. The forward direction is immediate by applying absolutely continuity to a disjoint union of
open intervals. Conversely, if m(E) = 0, by regularity there exist open U; > Uy S ... converging to
E, which are a countable union of open intervals. Then pp(U;) < € for large enough j in the limit
of taking N — oo intervals, so pup(E) = 0. O

Corollary 1.4.2. This argument directly shows that a continuous function F of bounded variation
is absolutely continuous iff m(E) =0 = up(E) =m(F(F)) = 0.

To answer the question of whether the two are equal, we first describe a generalization of the
classical FTOC for the Lebesgue integral.

Proposition 1.4.5. If f is everywhere differentiable and f' € L', then f is absolutely continuous,
i.e. the FTOC holds.

Proof. Find a lower semi-continuous g s.t. ¢ > f’ and {g < § f’ + €. Define

Fyfa) = | " g(t)dt — (f(x) — f(a)) +n(x — a).

a
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For t > x close enough to x, one can ensure that

f(t) = f(=)

— < ['@+n

g(t) > f'(x),

Then,
Fy(t) = Fy(x) > (t = 2)f'(z) = (t = 2)(f'(2) + ) + n(t —2) = 0.

Since F}, is continuous and 7 > 0 is arbitrary , this implies that F},(b) > 0, i.e. f(b) — f(a) < SZg <
§ f + €, and applying the same argument to — f concludes the proof. O

Remark 1.4.7. The Cantor function shows that differentiability everywhere cannot be weakened to
differentiability a.e. However, a nontrivial generalization of this statement lets one relax everywhere
differentiability to f being differentiable everywhere except on at most a countable set.

We now want to classify absolutely continuous functions in terms of BV functions. Clearly,
absolutely continuous functions are continuous. WLOG, suppose that for some F € L, Tp(—o) = 0.
Then, we have the following theorem:

Theorem 1.4.3. (FTOC, Lebesgue Version) TFAE:

(a) F is absolutely continuous.
(b) There exists f € L* s.t. F(x) = f(t)dt.
(c) F is differentiable a.e. with F' € L' and F(b) — F(a) = SZ F'(t)dt.

Proof. (b) = (a): This follows from the fact that integrals define absolutely continuous measures
w.r.t. to the Lebesgue measure.

(¢) = (b): Trivial.

(a) = (c): Since AC < BV, F has a derivative f defined a.e. Moroever, we have shown that
if F is absolutely continuous, then pur « m, and so by Lebesgue decomposition, the FTOC is
satisfied. O

To summarize, here are the properties of AC and BV functions:

(a) F e BV iff F is the sum of monotone functions iff there exists a Lebesgue-Stieltjes measure
ur, in which case F' is continuous except at most on a countable set and differentiable a.e.
with F’ € L'. The oscillating Cantor function shows that the converse is not true.

(b) F € BV is absolutely continuous iff up « m iff the FTOC holds iff F' is continuous and
m(E) = 0 = m(F(E)) = 0, as the singular part of the Lebesgue decomposition duy =
ﬁ‘—mde + d\ is zero. In particular, if F' is differentiable except on at most a countable set with

F'e L', F is absolutely continuous.
Theorem 1.4.4 (The Generalized Fundamental Theorem of Calculus). As a consequence of this
machinery, we have the following general characterization of the Fundamental Theorem of Calculus:

(a) If [ is differentiable everywhere, ' need not be (improper) Riemann integrable (see Volterra
function) or Lebesgue integrable (if ' is unbounded but is improper Riemann integrable).

(b) If ' is (improper) Riemann integrable, then the FTOC holds (by the standard proof). If [ is
Lebesgue integrable, then the FTOC holds. This is not true for a.e. differentiable functions f
(see Cantor function), but is true for functions differentiable except at most on a countable set.
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(c) If f is Lebesgue integrable, then by the Lebesque differentiation theorem, F(x) = SZ ft)dt is
differentiable a.e. with derivative equal to f a.e. In particular, it is equal to f at xqg iff xg is
a Lebesgue point of f, e.g. if f is continuous at xg. F' need not be differentiable except on a
countable set (see d(x,C) where C is the Cantor set). Thus, if L is the set of Lebesque points,
then L is dense and L€ has measure zero (but need not be countable).

Corollary 1.4.3 (Rademacher’s Theorem). Locally Lipschitz functions are differentiable a.e. and
satisfy the FTOC.

Remark 1.4.8. This theorem sounds a lot less nice than what could be easily remembered. In
particular, it requires some sort of integrability for f’. One approach to this is to generalize the
both the improper Riemann integral and the Lebesgue integral to the Henstock-Kurzweil (HK)
integral. If considering HK integrals, the FTOC can then be simply phrased as: If F' is differentiable
with derivative f, then

b
HK J F(@)dz = F(b) — F(a).

1.4.3 Holder Continuity
Definition 1.4.3. For an open bounded subset X < R™ and k£ € N, a > 0, define the Holder class
C*k(X) to be the space of C* functions with finite Holder norm

o8 —_ 08
fleka = Iflex +10% flooe = [flex +  sup 1@ =W
zFyeX,|B|=k HSL’ - yH

< o0,

for the Holder seminorm | - |co.a. If f € C% we say f is a-Hélder continuous.

Proposition 1.4.6. C*% only contains constants for o > 1, and C*' is the vector space of k-
times continuously differentiable functions with the k-th order derivative Lipschitz continuous. In
particular, for a <1 and X bounded C’k’a(X) is a Banach space.

Proof. The characterization of C%! follows immediately from the definition. Notice that C* = ¢’
whenever a > o/. WLOG suppose k = 0. Then,

|f(z) — f(y)] a-1
eyl < | fleoelr —y|* —0

as |z —y| — 0, so Vf is zero, i.e. f is constant. Clearly, the C*® norm is a norm. Finally,
since C*(X) is Banach, if f,, is Cauchy in C*, it converges to an element f € C*. Moreover, if
| flco.e > limy, | fr|co.a, there exists a sequence of pairs (xg, yx) such that

)~ fl)] _ 2%

lzk — el Joe — yil®

+ | fulcoe < limsup|fn|coe = lirrln | fl coas
n

which is a contradiction if that is the sequence of pairs that maximizes |f|co.o. Thus, f € C*® and
|flco.a < limy,|fn|co.a. Then, since |f, — fm|coa < €, taking the limit in C* yields |f — fiu|co.a <
lim,, | f, — fm|co.e < e Thus, we conclude that f, — f in C*®, so C* is a Banach space. O

Example 1.4.1. For 0 < 8 < 1, f(x) = 27 on [0, 1] is a-Hblder continuous for a < 3, but not for

o > 3, since
28— P
sup ———
e>y (¢ —y)P
for a < 8 - this can be seen since for fixed y, as  — vy, the function approaches 0, and z? grows
faster than (z —1)? since (z —)#~1 > 28~1. For y = 0 and o« > 3, as « — 0, one has |2°|c0.. — 0.

< 0
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Example 1.4.2. Absolute continuity does not imply Hélder continuity, as ﬁ (taken to be 0 at 0)
1

is absolutely continuous on [0, %], but 2z — oo for any o > 0 as x — 0.

Lemma 1.4.2. The inclusion C*® — C*FP for a > f is compact.

Proof. The inclusion is clearly continuous, as
[fleos <z = y|* 7P| flooe < diam(X)* 7| f|co.a.

Moreover, the sequence is uniformly equicontinuous, so by Arzela-Ascoli, there is a uniformly
convergent subsequence, and

8 1_8
|frn = fmlcos < |fn — fm’g@a“fn — fmloo © —0

as n,m — oo since f,, is bounded in C%?. O

Example 1.4.3. Holder continuous functions need not be of bounded variation. As an example,
consider the Weierstrass function

flx) = Z a" cos(b"mx)
n=1

forbodd, 0 <a<1,and ab> 1+ %77. By the Weierstrass M-Test, this function is continuous. Let
an € Z be the integer closest to bz, x, := b"x — «,, and construct sequences ar,i{ = (o, £ 1)077,
which one can check both converge to z. Then,

f($m> - f(x>

Top — T

is an infinite sum, where the first m terms are bounded in magnitude by at most

m—1
n_ _(ab)™
ﬂgl(ab) <T

using the fact that cosz has Lipschitz constant 1, and for the tail,
cos(b" Mt ) = —(=1)*" cos(b" T wag) = (—1)" cos(b T ma1),

so that

0

Z a"(cos(b"mx,t) — cos(bwxo) = (ab)

n

m 1+ cos(TTm1) -
I+ xmi1

)

Wl o

n=m

where we used the facts that the sum only has positive terms and took the n = m term and

Tl € (—%, %] These two inequalities show that

fxy) = f(@)

+ _
Tt —x

2 T
— (_1\&m m -
- ey (34 a )
for |e;| <1 and 7y > 1. An analogous argument for x,, shows that

f(a) — f(=)

Ty — T

= —(=1)""(ab)™n: (§ e ab7T— 1) '
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Given the condition on ab, we have that both sides have different signs and in fact diverge to +oo,
so f is not differentiable at x. Moreover, writing

falz) = i b~ " cos(b"mx),

n=1

one can show that f is a-Holder continuous for a < —11?1—‘;. In particular, Wj is an example of an

a-Holder continuous function for all & > 1 that is not Lipschitz.

Example 1.4.4. Holder continuity is a very "weak" definition of continuity. For example, the Cantor
function is a-Hoélder continuous with a = iggg As another example, take the space-filling curves.
Let C be the Cantor set, considered as a topological space, and h : C — [0,1] be surjective (for
example, take the restriction of the Cantor function C': C — [0, 1]). Then, since C is homeomorphic

to C x C, one gets a surjective map

C5CxC—[0,1] x[0,1],

which may be extended to a continuous function on [0, 1]. Note that such a map must necessarily
not be injective, as it would otherwise be a homeomorphism of a unit interval and the unit square.
It thus follows that space-filling curves derived from the Cantor function are Holder continuous.

We now have many different proposed types of continuity, related by the following inclusions on
R:
C! < Lipschitz continuous © AC < continuous and BV c differentiable a.e.

We provide a list of relevant examples:
(a) |z| is Lipschitz but not C* on [-1,1].
(b) y/z is AC on [0,1] since FTOC holds, but not Lipschitz, since its derivative is not bounded.
(

c¢) Cantor’s function is continuous and BV (since it is monotonic) but not AC (since its derivative
is zero a.e.).
ol
sin(=) x+0
(d) f(z) = 0 ) + 0 is differentiable a.e. on [0,1] but not BV. Similarly, zsin(1) is not
€Tr =

BV (as its envelope is given by z, and the harmonic series diverges).
(e) The Weierstrass function W) is Holder continuous for all & > 1 but differentiable nowhere.

(f) = is AC but not Holder continuous for any a.
Additionally, we may relate the notions of classical, weak, and distributional derivatives as follows:

(a) A function on R is weakly differentiable with derivative in L! iff it is absolutely continuous.
Thus, AC is the set of functions whose derivatives are also functions. In R™ for n > 2,
u is weakly differentiable iff u is absolutely continuous on lines (ACL). Moreover, if
ue BV(R"), v e L .

(b) If w € BV(R"™), then the distributional derivative «’ is a Radon measure. If n = 1, then v’
is classically defined a.e. and v’ € L', but the derivative is strictly weaker than the weak
derivative (since it is a measure, not a function). For example, the derivative of the Cantor
function is 0 a.e., while the weak derivative does not exist. However, by Radon-Nikodym, one
can write u = uge + uj + us, where ug. € AC,u; is a jump function (that is, a distribution
corresponding to a discrete measure), and ug is a singular continuous function with v}, = 0 a.e.
For n = 2, u need not even be differentiable a.e., even if u is continuous.

21



1.4.4 Exercises

Problem 1.4.1 (Fall 2013 Problem 12). Suppose f : [0,1] — R is continuous and absolutely
continuous on (0, 1]. Show that f is not necessarily absolutely continuous on [0, 1], but that if
it is of bounded variation on [0, 1], then it is absolutely continuous on [0, 1].

Proof.  f(z) = xsin i is continuous but not BV on [0, 1], and absolutely continuous on (0, 1]
since it satisfies the fundamental theorem of calculus. Now, if f is assumed to be of bounded
variation, then we can consider the total variation function Tr(;_s), which is by assumption
a monotonic bounded increasing function on [0, 1]. Thus, for any € > 0 there exists a 6 > 0
s.t. Tpa—y(1) = Tra—p(1 —d) < ¢, i.e. the total variation of f on [0,d] is less than e. Then,
considering F' on [0,0] and [4,1], we use absolute continuity on [d,1] to conclude that F' is
absolutely continuous on [0, 1]. O

Problem 1.4.2 (Fall 2016 Problem 1). Show that if f € L' and

. (fx+h) - f@)],
}fi%f h dz =0,

then f =0 a.e.

Proof.  The clever trick is to use the Lebesgue Differentiation Theorem. Namely,

Jd fath) = i@, _ 5" f@)de =55 f(@)de
. h

—0
h

as h — 0 implies that f(c) = f(d) if ¢, d are Lebesgue points of f. But a.e. point is a Lebesgue
point, so f is constant a.e., and since it is in L', f therefore is zero a.e. O

1.5 Convexity

Definition 1.5.1. A function f: X — R is convex if f(tz + (1 —t)y) < tf(x)+ (1 —t)f(y) for all
te[0,1],z,y € X.

Theorem 1.5.1 (Geometric Hahn-Banach). If X, Y are two closed convex disjoint subsets, then
there exists a hyperplane that separates X,Y.

There is a very deep fact that relates convexity to the weak topology.
Corollary 1.5.1. A convex set A is closed iff it is weakly closed.

Proof. If A is weakly closed and z, — z, then ¢(x,) — ¢(z) for all bounded functionals ¢, i.e.
x € A. Conversely, if A is convex and closed, we show that A€ is weakly open. Indeed, for a € A€,
by geometric Hahn-Banach there exists a separating hyperplane between a and A, which precisely
implies that A€ is weakly open. O

Theorem 1.5.2 (Jensen’s Inequality). If f is convez, then f(ﬁ Sy u(x)dz) < % (5 flu(z))dz.

Proof. Prove for sums by the definition of convexity, and pass to the limit into the integral. O
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Definition 1.5.2. The subdifferential of a function f : R” — R at zg is

Of(xg):={yeR: f(z) = f(xg) +y-(x —xz9) VaxeR"}.

Proposition 1.5.1. Given some regqularity, a convez function can be characterized by the following
statements:

(a) If f € C2(R™), f is convex iff D*f is everywhere positive semi-definite.

(b) If f € CY(R™), f is convex iff f(y) = f(x) + Vf(z)(y — ), i.e. its epigraph is conve.

(c) f:R"™ >R is convex iff for all x, 0f(x) + @.
Proof. We prove the third statement. If f is convex, Hahn-Banach guarantees the existence of
a supporting hyperplane, which defines a subdifferential. Conversely, taking g € 0f(z4), o =

ay + (1 — a)x, since
f) = f(xa) + 9 (y = 7a),

f(@) = f(a) + 9 (2 = a),

multiply the first equation by «, the second by 1 — «a and add to get

af(y) + (1 —a)f(z) = f(ya)-

Lemma 1.5.1. A convex function f attains a minimum. x is a minimum of f iff 0 € df (z).
Here is an important theorem regarding the regularity of convex functions.

Proposition 1.5.2. A convex function f : R"™ — R is differentiable except on at most a countable
set.

Proof. For brevity we show that the set of nondifferentiability has Lebesgue measure 0. We show
that convex functions are locally Lipschitz. We assume without proof that all convex functions on
R™ are continuous. First, suppose f is bounded above on B(xg,d). Then, f(xg) = f(%) <
3f(@) + 5f(2z0 — ), Le. f(x) = 2f(m0) — f(2z0 — 2), since 2z9 — x € B(z,0), so f is bounded.

Then, For z,y € B(wg, 3), set

1 n o
u .
ar1t T ar1?

Then,
a fw) = fly) _aM
— < — = "< —|z—Yy|.
F@) = ) € —F@)+ =21 0) — f) = T < S ey
Since f is locally Lipschitz, Rademacher’s theorem implies that f is differentiable a.e. O

Definition 1.5.3. A function f : X — R is lower (upper) semi-continuous if the epigraph
(hypograph) {(x,t) € X xR : f(x) = (<)t} is closed. Alternatively, f is lower (upper) semi-continuous
at zo if f(zo) < liminf, ., f(x) (f(z0) = limsup, ., f(z).)
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Remark 1.5.1. Think of upper-semicontinuous functions as functions with only discontinuities that
can jump up and lower-semicontinuous functions with discontinuities that can only jump down.

Proposition 1.5.3. (a) Indicator functions of open (closed) sets are lower (upper) semi-continuous.
(b) Sums/products of lower/upper semi-continuous functions are lower/upper semi-continuous.

(c) Arbitrary infima (mazxima) of upper (lower) semi-continuous functions are upper (lower)
semicontinuous.

(d) A lower (upper) semi-continuous function on a compact set K attains a minimum (mazimum,).

(e) (Baire’s Theorem) A lower (upper) semi-continuous function on a metric space X is the
monotone limit of an increasing (decreasing) sequence of continuous functions.

Proof. We prove Baire’s theorem. WLOG, suppose X is compact and f is upper semi-continuous.
Define

fu(@) = sup(f(y) — nd(z,y)).

yeX

Clearly, f < f, for all n. Note that x — d(x,y) is continuous, so f, is the supremum of a sequence
of continuous functions and therefore lower semi-continuous. Moreover, f, is upper semi-continuous
(since f is), as for x,, — z,

fnlx) = Stylp(f(y) —nd(Tm, y) + n(d(@m,y) — d(z,y)))

> lim sup sup(f(y) — nd(m, y)) = limsup fo ().

m Yy

Thus, f, is continuous. Clearly, f, is monotonic. Finally, as n — o0, it is easy to see that
fn(z) > 2. O

Remark 1.5.2. The main reason we care about semicontinuity is in the context of optimization
problems. Consider a function F': X — R on a Banach space that is bounded below. Does there
exist a minimizer of this functional? Even if the functional is coercive, i.e. grows at o0, we need
some kind of compactness to obtain a minimizer. If X is reflexive, a minimizing sequence has a
weakly convergent subsequence. Then, it suffices for F' to be weakly lower semicontinuous for a
minimizer to exist. Moreover, since F' is by assumption lower semicontinuous, if F' is convex, one
may then conclude that F' is weakly lower semicontinuous. This leads to the following lemma:

Lemma 1.5.2. If X is a reflexive space and F' : X — R is a coercive, convex, lower semicontinuous
functional, then there exists a minimizer for F.

In fact, there is a partial converse to this statement.

Theorem 1.5.3 (Tonelli). If ¢ is continuous, a functional F : u — §¢(x,u)dx is weakly lower
semi-continuous on LP(R™), 1 < p < o0, and weak-* lower semicontinuous on L*(R™) iff u — ¢(-, u)
s convez.

Proof. The backward direction is immediate from the lemma above. Conversely, pick u(z) to be
an oscillating function between a,b € R™ so that u,(z) := u(nz) = ta + (1 — t)b, the average of w.
Then, ¢(u,) = te(a) + (1 — t)¢(b), so on a finite measure set €,

p(@o(ta-+ (1= 0b) = [ olta+ (1= ) < u(@) limint [ olun)ds = u(@)(t6(a) + (1 - (8).

O
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1.6 Lebesgue-Radon-Nikodym Theorem

We know that f >0 e L'(X) defines a finite measure p on X by u(E) = {, fdz, and likewise an
arbitrary f e L' defines a signed measure. Turns out, the converse of this statement is true, and a
finite measure gives rise to an integrable function on a measure space.

Definition 1.6.1. Let X be a measure space, and let u, v be two measures. We say
w < v (uis absolutely continuous with respect to v)
if v(E) = 0 implies u(E) = 0. Moreover, we say
wl v (pand v are mutually singular)

if X = Au B, where A, B are disjoint, u is supported on A, and v is supported on B. A measure v is
said to be discrete with respect to p if v is supported on at most a countable set of elements, each
with positive measure, and v L p. One calls a measure singular /absolutely continuous/discrete
if it is singular/absolutely continuous with respect to the Lebesgue measure p.

Example 1.6.1. Any discrete measure is singular. The measure given by A — 4 Jdp, where fis
the Cantor function, is an example of a non-discrete singular measure.

Definition 1.6.2. An atom in a measure space (X, ) is a set A s.t. u(A) >0, and B < A implies
u(B) = 0. An atom defines an equivalence class [A] where any two sets differ by a null set. If a
o-finite measure space consists only of atoms, it is called atomic.

Lemma 1.6.1. In an atomic measure space, there are at most countably many atomic classes.

Proof. Each atomic class is disjoint and has positive measure, so since X is o-finite, we are done. [J

Example 1.6.2. A measure on [0, 1] that takes the value 1 on co-countable sets and 0 on countable
sets is atomic but not discrete, with one atomic class.

Lemma 1.6.2 (Absolute Continuity). If pu is a finite signed measure and v is a measure, then
w < v iff for all € > 0, there exists § > 0 such that |u(E)| < € whenever v(E) < 0.

Proof. The backward direction is trivial. For the forward direction, proceed by contradiction. Then,
for some € > 0, for all §; = 2%, there exists an Fj, such that |u(Ey)| = € but v(Ex) < dk. Then, by
the Borel-Cantelli lemma, v(limsup Fy) = 0 = p(limsup Ej) = 0. But this is impossible since

0
M(ﬂ U Ey) = M(U Ey) > e
n=1k>n k=n

O

Now, notice that f € L'(X) defines an absolutely continuous measure on X. Lebesgue-
Radon-Nikodym states that in fact all absolutely continuous measures arise in this way.

Theorem 1.6.1 (Lebesgue-Radon-Nikodym). Let (X,v) be a o-finite measure space. Then, if p is
a o-finite signed measure such that u < v, there exists f € L'(X) such that

we) = | fav

and such an f is defined uniquely a.e. % := f is called the Radon-Nikodym derivative of u
w.r.t. v, Moreover, if u is not absolutely continuous, then, u = @1 + po, where uy < v, e L v.

Additionally, pa = pq + ps, where g is discrete with respect to v and ps L v.
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Proof. In the case of positive measures, we define

f=sup{g: f gdv < p(E), E ¢ X measurable}.
E

Corollary 1.6.1.

If v « u < p, then % = j—z%
Corollary 1.6.2. If ] < uy,v9 < us, then

A ®@vs) _ di dvy
d(p ®@ p2)  dp dpp

Example 1.6.3. For a random variable X with an absolutely continuous distribution function F),

E[X] = JQXdP = J:}:dP* = JRxdj;*du = fof(x)dx,

where )
f f(z)dz = P(X € [a,b]).
is the pdf of X.

Example 1.6.4. Let X = ([0,1], ) and p be a Borel measure on X such that pu((a,b)) = v — a?
and 1({0}) = u({1}) = 0.5. Then,

p(E) = 0.5x1er + 0.5X0eE + f xdr,
E

SO

d
p=p1+p2,p1 <</L,di;=l’7p2=5o+51,

where ¢, is the Dirac delta measure at a.

1.7 Continuous Functions on a Compact Hausdorff Space

Here we list a number of important topological and measure-theoretic results that can be applied to
continuous functions on a compact Hausdorff space X. Sometimes, for sake of generality, we will
want to work over even more general types of sets.

Definition 1.7.1. Define a topological space X to be locally compact Hausdorff (LCH) if it is
Hausdorff and every point has a base of compact sets.

Example 1.7.1. Q with the usual topology is a separable Hausdorff metric space, but is not locally
compact.

Definition 1.7.2. A subset A ¢ C(X) separates points if for any x,y € X there exists f € A
such that f(z) + f(y).

Theorem 1.7.1 (Urysohn’s Lemma). Let X be a compact Hausdorff space. Then, for any two
disjoint closed subsets A, B of X, there exists f € C(X) such that f(A) =0, f(B) = 1.
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Corollary 1.7.1. If X is compact Hausdorff, C(X) separates points.

Definition 1.7.3. A subset A ¢ C'(X) is equicontinuous if for all € > 0, there exists 6 > 0 such
that for all fe A, |z —y| <0 = |f(x) — f(y)| <e.

Theorem 1.7.2 (Arzela-Ascoli). A subset of C(X) is relatively compact iff it is equicontinuous
and bounded.

Corollary 1.7.2. If A c CY(X) is bounded, A is relatively compact in C(X).

Theorem 1.7.3 (Stone-Weierstrass Theorem). If A ¢ C(X) is a unital C*-algebra (i.e. A is closed
under conjugation), A is dense in C(X) iff it separates points.

In fact, one has the following generalization:

Corollary 1.7.3 (Stone-Weierstrass). If X is a locally compact Hausdorff space, then a subalgebra
A c Cy(X) is dense iff it separates points and if there is no x € X such that A vanishes on .

Proof. Here is a sketch of the proof: you show that for f,g € A, |f| € A,min(f, g) € A, max(f,g) € A.
Then, you construct a sequence of functions g, that match f on certain points and are above it
otherwise and use local compactness to cover X with those functions. Then, do the same with those
functions from below to conclude. O

1.8 Riesz Represenation Theorem and Convergence of Measures

In this section, our goal is to connect the regularity properties of continuous and integrable functions,
which will require some restrictions on the spaces and measures that we're dealing with. Our goal is

to build up to the Riesz Representation theorem, which provides a direct description of the dual of
C(X).

Definition 1.8.1. A Borel measure p is called a Radon measure if p is finite on compact
subsets (f.o.c.s.), inner regular on open sets, i.e.

n(U) = sup  p(K)
KcU,K compact

for U open, and outer regular on Borel sets, i.e.

M(O) B OCUI,I(}fopen M(U)

for O Borel. If p is both inner and outer regular on Borel sets, p is called regular.

Remark 1.8.1. Note that a regular measure is a slightly stronger condition than a Radon measure.

Remark 1.8.2. A Radon measure p on a LCH space X is in fact inner regular on all o-finite sets.
Thus, a o-finite Radon measure on an LCH space X is regular. This shows that for o-finite measures
on LCH spaces, there is no difference between Radon and regular measures.

Theorem 1.8.1. If X is an LCH space s.t. every open set is o-compact, then every f.o.c.s.
Borel measure is Radon, and therefore also regular (since o-compact + finite on compact subsets
— o-finite).

Corollary 1.8.1. If X is a separable LCH metric space, every f.o.c.s Borel measure is regular.
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Corollary 1.8.2. If X is a complete separable metric space (i.e. a Polish space), every f.o.c.s.
Borel measure is reqular.

Remark 1.8.3. The condition that every open subset be g-compact is important, as there exists a
separable LCH o-compact space for which this does not hold.

Corollary 1.8.3. Every f.o.c.s. Borel measure on R" is regular.

Definition 1.8.2. The (total) variation of a signed measure p is given by the Jordan decomposition
|| (X) = pt(X) — p~ (X). More generally, if u is complex,

() = sup 7 lu(4),

T
Aer

where 7 is a countable partition of X.

Definition 1.8.3. If X is a topological space, define C.(X) < Cy(X) < Cp(X) to be the spaces of
compactly supported, vanishing at infinity, and bounded functions on X, all with the supremum
norm. A function f is said to vanish at oo if for all € > 0, |f| < € outside a compact set K < X.

Lemma 1.8.1. If X is an LCH space, then Co(X),Cy(X) are Banach spaces, and the closure of
C.(X) is Co(X).

Proof. The first two claims directly follow from the fact that X is locally compact. The second is a
simple consequence of Urysohn’s lemma. ]

Corollary 1.8.4. If X is compact, C(X) = Cy(X) = Cp(X) = C.(X).

Theorem 1.8.2 (Riesz-Markov-Kakutani). If X is an LCH space, then Co(X)* = My(X), the
space of complex Radon measures with finite variation on X (i.e. measures such that Re p, Im p are
Radon), under the equivalence

o(f) = L F(@)dug ),

and with ||¢|| = |pg|(X). Moreover, positive functionals on Co(X) are isometrically isomorphic to
finite Radon measures.

Corollary 1.8.5. My(X) equipped with the total variation norm is a Banach space.

Proof. By Riesz representation, since My(X) = Cp(X)*, and a dual of a space is always Banach,
we conclude. O

Corollary 1.8.6. If every open set in X is o-compact, then Co(X)* = My(X) = By(X), the space
of finite complex Borel measures on X with the total variation norm. In particular, this is true for
separable LCH metric spaces X.

Intuitively, we conclude that the necessity of working over a separable metric space is what
makes Radon and Borel measures equivalent, and the LCH property is what is required by the Riesz
Representation theorem itself.

Example 1.8.1. Any bounded linear functional on Cy(R™) is given by a finite Borel measure.

Proposition 1.8.1. If X is a compact Hausdorff metric space, C(X) is separable.
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Proof. Let A ¢ X be a dense countable subset and consider the countable unital Q-subalgebra
generated by 1 and hy(z) = d(a, ) for a € A. It clearly separates points, so by Stone-Weierstrass, it
is dense in X. O

Proposition 1.8.2. If u, is a bounded sequence of Borel measures on a compact Hausdorff metric
space X, there exists a Borel measure p and a subsequence i, such that

ffdunk - deu

Proof. Since C(X) is separable, by Banach-Alouglu, a bounded ball in C'(X)* =~ B(X) is weak-*
sequentially compact. ]

for all f e C(X).

Proposition 1.8.3. If X is a compact metric space, the set M1 of probability measures on X with
the weak-* topology is a compact metric space.

Proof. M is homeomorphic to the subset of positive linear functionals of norm 1 with respect to the
weak—* topology. Since C'(X) is separable, by Banach-Alaouglu, this subset is weak-* sequentially
compact and the weak-* topology is in fact metrizable. Thus, M is a compact metric space. [

While we have considered a lot of different kinds of convergence for functions, the equivalence of
functions and measures (due to Radon-Nikodym) suggests a number of definitions for the convergence
of measures.

Definition 1.8.4. One says that u, — p strongly or setwise if 11, (A) — p(A) for all measurable
A. One says that u, — u vaguely (or weak-*) if for all f € Co(X), { fdu, — § fdu. Similarly,
one says that p,, — p weakly of for all f € Cy(X), § fdpn, — § fdu.

Remark 1.8.4. Weak convergence is a misnomer, since Cy(X) + M.

It is easy to see that strong convergence implies weak and weak-* convergence. The following
theorem provides a partial converse.

Theorem 1.8.3 (Portmanteau Lemma). Given a metric space X, TFAE:
(a) pin — u.
(b) liminf 1, (O) = p(O) for all open O < X.
(¢) limsup p, (K) < u(K) for all closed K < X.
(d) liminf § fdu, = § fdu for all lower semicontinuous bounded below f.
(e) limsup § fdp, < § fdu for all upper semicontinuous bounded above f.
(f) lim pn, (A) = p(A) for all A with u(0A) = 0.

Proof. we show (a) == (c). For K closed, define K,, = {z : d(K,z) < 1}, and let Fj be a
continuous function that is 1 on K and 0 on K. Then,

lim sup pp, (K) < lim supkadun — kadu < uw(Ky).
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Taking n — oo completes the proof. By taking complements, one sees that (b) is equivalent to (c).
Using Baire’s theorem to monotonically approximate upper (lower) semiicontinuous functions yields
equvialence with (d) and (e). Together, (b) and (c) imply (d), since

lim sup 1, (A) < p(A), liminf p,, (A%) > p(A°).

To see that () = (a), note that by Fatou,

o0 1
liminf | fdu, = liminff nf{x > A} = J liminf p, {f > A} > ju{f >\ = deu
0 0

and replacing f with —f completes the proof. O

Definition 1.8.5. For f: (X, u) — (Y,v), the pushforward measure associated to f on Y is
pg(B) = p(f~H(B)).

Example 1.8.2. If f(x) = c is constant, pf is the Dirac measure on c.

Remark 1.8.5. The defining property of pushforward measures for g : Y — Z is

fg ofu= fgduf

Definition 1.8.6. We say f,, — f in distribution if puy, — py.
In fact, we have an analogue of Arzela-Ascoli for measures.

Theorem 1.8.4 (Prokhorov’s Theorem). Let S be a separable metric space, and M;(S) be the
space of Borel probability measures on S. Then, a subset A = M1(S) is weakly precompact iff it is
tight. Moreover, if S is complete, then the weak topology is completely metrizable.

Proof. If A is tight, the rougly speaking, one can pick a countable subsequence of sets and use a
diagonal argument to find a convergent subsequence on those sets, and extend it to a weak limit by
regularity of the measure.

Conversely, suppose A is weakly precompact. Note that K < S is compact iff

N; )
K = ﬂUB(xiaf-)a
j =1 J

where {z;} is a countable dense subset of S. If for every j we can find an NN; such that

N 1 1
m (L_Jl B(xi, j)) >1— (1= ;e

for all u € A, then K as above would satisfy u(K¢) < e for all p e A. If not, then there exists a j
such that for all N; there is a sequence of measures py, X v such that

N 1 1
me | | Blai, 3) <1-(1-5)e
=1
1

But picking N to cover S in the limit, we then get v(S) <1 — (1 — 55)¢, a contradiction. O
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1.9 Measure Theory
Lemma 1.9.1 (Borel-Cantelli). (a) If >, u(Ay) < o, then p(limsup 4,,) = 0.

(b) If p is a probability measure, Y, p(A,) = 0, and p(ArnA;) = w(Ag)p(A;), then p(limsup A,,) =
(X))

Proof. We prove (b). Indeed, it suffices to show that limsup,, u((),> 5 45) = 0, as

p(limsup A,,) = u (ﬂ U An> = liminf p ( U An) =1 —limnsupu ( ﬂ A%) .

N n>=N n=N n=N

Now, since the A, are indepenent, one can easily check that
u(Ay 0 AF) = p(X) — p(Ax U Aj) = p(X) — p(Ag) — u(A;) + p(Ar)u(A;) = (A7) (A7),

s0 (((Npzn A7) = [Tn=n (1 = 1(An)) — 0, since 3jlog(L — pu(An)) ~ = 3 u(An) = —0. O
Here are some common counterexamples used in measure theory:

Example 1.9.1. (a) The Cantor set C - it is a closed nowhere dense subset of [0, 1] of measure
zZero.

(b) The fat Cantor set C, - it is a closed nowhere dense subset of [0, 1] of measure o € (0,1).

(c) Define the Cantor function as follows - let ¢ : C — [0, 1] be defined by replacing all the 2’s
in the expansion of a number with 1’s and extending the function to be locally constant on the
remaining intervals. Then, f is monotonic uniformly continuous (in fact, Holder continuous)
but not absolutely continuous.

(d) If C(x) = c¢(x) + z, then C(x) is a homeomorphism between [0, 1] and [0, 2], as it is a bijective
continuous map from a compact to a Hausdorff space. In particular, f maps Borel sets to
Borel sets, and if N = C(C) is a nonmeasurable set, f~}(IN) = C is a Lebesgue measurable
set, but not Borel measurable set, as f(f~!(N)) = N is not Borel. Moreover, Xf-1(N) Is a
Lebesgue but not Borel measurable function.

(e) Every subset of a null set is Lebesgue measurable since the Lebesgue measure is complete.
Moreover, by an analogue of the Vitali set construction, every positive measure set contains a
nonmeasurable subset.

How does one formally construct a measure? That is the question answered by the Caratheodory
theorem.

Theorem 1.9.1 (Caratheodory Extension Theorem). Let A be an algebra (i.e. closed under finite
intersections and complements) of subsets of a set X. Then, a premeasure (that is, a measure on
the algebra) v extends to an outer measure p* on P(X), which restricts to a measure p on the
o-algebra of p-measurable sets, i.e. sets A for which

p*(E) = p*(En A) + p*(E n A9)
for all E € P(X). Moreover, if v is o-finite, u is unique.

Example 1.9.2. If y is the counting measure on R and v is the infinite measure, then they agree
on all cofinite sets, but not on the Borel o-algebra.
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If two measures agree on a set that generates a c-algebra, do they agree on that o-algebra?
Turns out the answer is yes under certain conditions. There are two theorems that allow us to relax
our hypotheses.

Theorem 1.9.2 (Monotone Class Theorem). If A is an algebra closed under countable increasing
unions and countable decreasing intersections, then it is a o-algebra.

Theorem 1.9.3 (Dynkin’s m — A theorem). If A is a m-system, i.e. a class closed under finite
intersections, then the o-algebra it generates is the same as its Dynkin class, i.e the class generated
by disjoint unions and complements in A.

Proposition 1.9.1. If two finite measures p,v coincide on a class C closed with respect to finite
intersections, then they coincide on the o-algebra B it generates.

Proof. The measures agree on a class generated by C generated by disjoint unions and complements.
O

Corollary 1.9.1. Two finite measures on a topological space that agree on all open (closed) sets
agree everywhere. In particular, the Lebesgue measure on R™ is unique.

Remark 1.9.1. One cannot relax the assumption to o-finite measures. As a counterexample,
consider

m(4) = [AnQl,n(4) = |[An (Qu {v2})|

with respect to the counting measure | - |. Since Q is countable, these measures are o-finite and they
agree on the algebra of half-open intervals, but clearly not on all Borel sets, since the restriction to
the half-open intervals is not o-finite. This is because

Theorem 1.9.4 (Disintegration Theorem). Let X,Y be two Radon spaces (i.e. spaces where
every finite Borel measure is Radon), € Mi(Y), 7 : Y — X be a measurable function, and
v=ponte My(X) be the pushforward measure. Then, there exists a family of probability
measures fip € M1(Y) for x € X such that p, is supported on 7 1(x) and

J, swan = | || st

Roughly, Y should be thought of as being "parametrized by X," with w being the projection map.

Proof. Note that for B c Y, A € X measurable, the disintegration formula should satisfy

f xBdp = J pa(B)dv.
m—1(A) A

Using the Lebesgue differentiation theorem, we can then extract p, by defining

1 1
e (B) = limf xBdp = limJ xBdp
B =00 ) M A s,
over neighborhoods A, that shrink to . O

Often times, we are interested in measuring the "dimension" of a set. We define the dimension
according to how scaling the object affects its measure. This motivates the following definition.
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Definition 1.9.1. Let X be a metric space. Define

0
H{(S) = inf ) (diam U;)*
=1

over all countable covers of S by sets with diam U; < §. We define the d-dimensional Hausdorff

measure to be the Borel measure obtained from the Caratheodory restriction of the outer measure
Hd(S) = SUPs>0 Hg(S).

Remark 1.9.2. Restricting to certain classes of sets U; (like open or closed) might change the
measures but does not change the dimension of a set.

Remark 1.9.3. For d € N one has A\? = 8;H%, where \¢ is the d-dimensional Lebesgue measure and
B4 is the volume of the d-dimensional unit ball.

Definition 1.9.2. For every set S c X, there exists a unique d € [0, 0] s.t. H*(S) = 0 for d’ > d
and oo for d’ < d. We call d’ the Hausdorff dimension of S.

1.10 Integral Transforms

Of particular interest are various objects defined in terms of integrals. In this section, we present
a few key example and how one may establish properties of these objects using real and complex
analysis techniques.

Definition 1.10.1. A integral transform is a map of the form

T(f)(x) = f K(2,9)f (4)dy,

where K (z,y) is called the kernel of the transform.

Typically, one wants to establish that a certain integral transform is well-defined, and then that
it is a bounded map between, say, LP spaces. To establish these kinds of general facts, one needs
the following lemmas.

Lemma 1.10.1 (Minkowski’s Inequality).

Hff(-,y)dy

< [1C.0lrandy
LP(dx)
Proof. By Holder,

[[] st s = [ [ st mistasds < [15¢nluanloluas

so the inequality follows from the fact that |h[, = sup { hkdz for k € L9, |k|, = 1. O

Example 1.10.1. (a) The Fourier/Laplace transforms are integral transforms with kernels e =27%# ¢~ts,

(b) The Poisson integral formula is given by an integral transform with the Poisson kernel
Po(0) = 75t

1—2rcos0+r2 "

(¢) The convolution f =g can be thought of as an integral transform with kernel f or g, respectively.
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1.10.1 The Gamma Function

Consider the gamma function defined by

0¢]
['(z) = f t*~le~tat.
0

First note that this integral converges for Re z > 0, since

0 0 1 0
zJ e tdt = f e tdt = J tPe tdt +J t*e tdt,
0 0 0 1

where the second term is bounded by Sic t"e~tdt < oo for n € N, and the first term is clearly bounded
as well. Moreover, one immediately sees that I'(1) = 1 and 2I'(z) = I'(z + 1). We thus note that
I'(z) = (z — 1)!. Now, interestingly, one may attempt to define I'(z) for Rez < 0 by the above

relation I'(z — 1) = F(Z) . Then, I'(z) is well-defined everywhere except at the nonpositive integers
—n,n = 0.

Lemma 1.10.2. I' : C — C is meromorphic with simple poles at —n,n = 0.

Proof. Since we are asked to prove holomorphicity, we use Morera’s theorem. Clearly, I' is continuous
everywhere where it is defined. Moreover, I' is holomorphic in the right half-plane by Fubini and
Cauchy’s theorem, since

o0 o0
f f e tdtdz = f e_tf eF=DInt g qr — 0
A JO 0 A

Then, we proceed strip by strip, as it inductively suffices to show I' is meromorphic in Re z > —1.
Any triangle A in Re z > —1 not containing 0 may be split into triangles contained in —1 < Rez < 0
and triangles contained in Re z > 0 with one of the sides within € of the boundary Re z = 0. The
contour integrals match on the boundary by continuity, and by Cauchy’s theorem the integral in the
strip and the right-half plane vanish, so by Morera’s theorem, we are done. To show the singularities
at —n are simple poles, notice that

< 4 TR
showing that the poles at —n are simple. O
Proposition 1.10.1. I'(z) =1 -1+ > (-1)" (W - ﬁ)
Proof. Mittag-Leffler. O
Proposition 1.10.2 (Reflection Principle). I'(2)['(1 — 2) = 7— for z ¢ Z.

Proof. By Fubini, if u =s+t,v = é,

0
F(z)F(l—z)zJ tz_le_tdtf s %e Sds-J J ( ) ~+ =L dtds
0 0

J f e “dudv =
1+ U sinmz’

where the latter integral may be evaluated by contour methods. Namely, if 0 < Rev < 1, the
integral converges absolutely, so we integrate along a keyhole contour with a branch cut on the
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z—1 _ _mi(z—1)

positive real axis. At —1, the residue is (—1) e = —e™*. On the large and small circles

z—1
61+e — 0 ase— 0.

of radii R, e > 0, the function is asymptotically like %_}%1 — 0 as R — o and
Finally, on the other side of the keyhole, the integral is

dv = —e*™],

© o(z—1)(log |v|+(i(0+2m))
L 1+

where [ is the value of the desired integral. Thus,

. o 271 s
I(1—e¥™2) = 27ie™ ™ — [ = — — = — :
ez — g— Mz sinmz

Corollary 1.10.1. I'(z) has no zeros, i.e. ﬁ is entire.

Corollary 1.10.2. F(%) =4/7.

Proposition 1.10.3 (Stirling’s Formula). I'(n) ~ v/27n(%)".

1.10.2 Hilbert Transform

Definition 1.10.2. The Cauchy principal value (p.v.) of a function f with a singularity at a
point b or at oo is defined as

b—e b+n

o0
p.v.f f(x)dx = lim lim f(z)dx + f(z)dz.
—0 e=>0n—0 b—n b+e

Note that p.v. Siooo f(x)dx = S(iOOO f(x)dx if f is Lebesgue integrable.

Definition 1.10.3. A function f with a well-defined Cauchy principal value over all smooth
compactly supported test functions defines a distribution p.v.(f) : C — R given by

pv.(f)(6) = pov. fR f(2)é(z)d.

Example 1.10.2. p.v.(1) e &, for

T

¢ oz
D g < 261

—€

and

J de & Clz¢|oo-
[z]>1 T

Proposition 1.10.4. For f,¢ € L' n C(R), even, ¢(0) = 1, we have

o (1) 1 - [ He)= 100,

Proof. Follows directly from definition. O
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Theorem 1.10.1 (Sokhotski-Plemelj Formulae). Let ¢ be a Hélder continuous function defined on
a closed curve C < C. Then, the Cauchy integral

o) .

C %~ 0

f(z0) =

defines a holomorphic function f € H(C\C), with limits f+ as z — C from inside/outside equal to

fo(2) = +26() + p. [ 1O

. dt.
2 21 Ct—Z

In particular, on the real line one has

lim (x)
e—0 ) x + 1€

dx = Finf(0) —l—p.v.ffgj).

Proof. Defining ¢ = 27if(0) yields the second claim from the first one. O

Definition 1.10.4. The Hilbert transform of « is defined as

0

H(u)(z) = ip.v.f u(y) dy :=u* —,

e T —Y T
where the convolution is taken in the sense of tempered distributions.
Proposition 1.10.5. H is Fourier multiplier with symbol —ix (o cx)-

Proof. O

It turns out that the Hilbert transform is a bounded operator on LP, but the proof technique
can be generalized to a much larger class of singular integral operators of convolution type.

Definition 1.10.5. An integral operator of convolution type with kernel K € L} (R") is said to be
of Calderon-Zygmund type if

KeL® K e C'(RM\{0}),|VK (z)| « |z|~™+D,
Theorem 1.10.2. A Calderon-Zygmund type operator is of strong type (p,p) and weak type (1,1)

for1l <p < 0.

2 Harmonic Analysis

2.1 Interpolation

We start with a review of some key results regarding interpolation in LP spaces. The overarching
idea is that if a function belongs to two different LP spaces, it actually belongs to all those in
between the two.

Proposition 2.1.1. Foralll <p<qg<r < w,
PNnL"— LI [P+ L"

are continuous inclusions, where LP ~ L" is a Banach space with norm | f|, + | f|l» and LP + L" is a
Banach space with norm infgip—rera | glp + [|1]r
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Proof. That all of these are Banach spaces is left as an exercise. Note that for some A € [0, 1],
q=Ap+ (1=,

so by Young’s inequality,

[ f1edo = [ 1prraNras < | Pop £ < RIS < ML + (3= N
Similarly, if f e L4, f

nt gl + Thll < o1/l + e f I < 1l

O]

The conclusion is that one may interpolate between intermediate LP spaces. We now considerably
generalize this approach by introducing interpolation between bounded operators.

Definition 2.1.1. f is in weak LP if

cr
pla s (@) > A} < S5

where the smallest such C' is the weak LP norm || f| ... We say a bounded operator T': LP — L9 is
of strong type (p,q), and a bounded operator T : LP — L%" is of weak type (p,q).

Remark 2.1.1. Clearly, if LP — LP'" is continuous with norm 1.

Theorem 2.1.1 (Riesz-Thorin Interpolation Theorem). Let T': LP0 — L9 [P' — L9 be a linear
bounded operator. Then, it is also bounded as an operator T : LP* — L% where 0 <t <1 and
1 1—t t 11—t t

T ng_tTt, 7:7_’_7’ -
Tl < 1T 1T, = te t, 2 o1ntyd

Remark 2.1.2. We call the Riesz diagram of an operator T to be the set of points (p, q) in the
unit square such that T is of type (%, é), and the theorem tells us that such a set is convex.

Proof. The proof requires the use of the following lemma:

Lemma 2.1.1 (Hadamard Three-Lines Lemma). Let S = {z: 0 < Re z < 1} and suppose F' : S — C
is bounded, analytic on the inside, and continuous on the boundary. Then, if My = supp, ,_g |F(2)|,
one has My < M0179M19.

Proof. Without loss of generality, suppose My = M; = 1 (otherwise, divide by appropriate powers).
2

Then, note that F,(z) = F(z)e% converges normally to F' and is bounded by 1 on the boundary,
so by maximum modulus, F' is bounded by 1. Note that F;, are needed to converge to 0 since one
can only apply maximum modulus on a bounded set. O

Corollary 2.1.1. One obtains the same result if one relaxes boundedness to boundedness on the
boundary and instead uses the estimate f(z) = e“" Y on the inside.

Corollary 2.1.2. By setting g(z) = F(e?), one obtains the Hadamard three-circles lemma,
which states that on an annulus, if M(s) = sup|,_s |9(2)|, then log M (s) is convez, i.e. log M(r)
s conver as a function of logr.
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We proceed with the proof of Riesz-Thorin. We may normalize all operator norms to be 1. By
Holder, we obtain that

JI(Tf)g < [ fllpollglgs J(Tf)gl < [ fllpr lglgs -

We claim that this holds for all || f|,, g4 on the right. Define

F(s) = j T(sign(f)| f**)sign(o)lgl%,

where pj, ¢ linearly interpolate in s between 2:(I) and BL(I), respectively. Clearly, F(s) is
holomorphic, satisfies the exponential estimate, and F(0), F'(1) are bounded on vertical lines in
the complex plane. Thus, by the Hadamard Three-Lines lemma, one obtains the claim, with the
estimate holding on functions of finite support. By standard density arguments one may pass to all

functions and use duality to conclude the operator norm estimates. O

Finally, we need a more powerful extension of the Riesz-Thorin interpolation theorem to weak
LP spaces.

Definition 2.1.2. A sublinear operator T satisfies |T(f + g)| < |T'f| + |Tg| and |T(f — g)| =
Tf =Tyl

Remark 2.1.3. Maximal operators, such as the Hardy-Littlewood maximal operator Hy, are suprema
of linear operators and thus sublinear.

Theorem 2.1.2 (Marcinkiewicz Interpolation Theorem). If T is a sublinear operator is of weak

type (po,qo) and (p1,q1), then T is of strong type (pg,qp) for

1 1-6 6 1 1—-0 0
= + =

pe  pPo Pide Q@ @

Proof. By density arguments, its enough to work with simple functions. Let f be a simple
function and let f = > fm = 3, fxom<|f<om+1 be a dyadic decomposition of f. By the layer-cake
decomposition, it suffices to show that

es}
|, s> e <
and by dyadic decomposition and normalizing the norm, this is equivalent to

3 alITS] = 2m2m < 1.

neZ

Note that | f|,, = 1 is equivalent to >, u(|Tf| > 2™)2%™ < 1. From sublinearity we have

N(|Tf| = 2n) < Z:u(|fm| = Cann)’ chm = 1

By applying our two hypotheses to u(|fm| = ¢nm?2™) and using the definition of each f,, one may
obtain the bound

95
(Tl > cam2™) < epl2 ™2™ pu(|f| > 275, i = 0,1,
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It thus suffices to show that

45
D120 3 min 2™ (| f] > 2™ < 1
n 9

Since p; < g; and Y, (| f| > 2™) < 1, we only need to find ¢, such that

Z min ¢-%9(nage—mpy)airi < |
i=0,1 "™

for 4 o p%, = Ty, i — % = ax;. But then, if ¢,,, is a sufficiently small multiple of the above power
of 2, the above sum is a geometric series, and we are done. O

Theorem 2.1.3 (Schur’s Test). If T is an integral kernel operator with |K(z,-)|q < Bo and
HK(.,y)Hp/I < By. Then, T is of strong type (ps,q:) with norm at most BYBi ™" for 0 <t < 1 with
po=1,q =0

Proof. The hypotheses and Minkowski show that T is of strong type (po,qo) and (p1,q1), so the
claim follows immediately from Riesz-Thorin. O

Remark 2.1.4. An application of Marcinkiewicz yields an analogous version of weak Schur’s test.

Proposition 2.1.2 (Hardy-Littlewood-Sobolev). If I,f = f = |x|™%, then I, : LP — L" for
1 «a 1

Lya_1yq

P n r

Proof. |x|7“ € La™, so one concludes by the weak version of Young’s convolution inequality. [

Remark 2.1.5. Note that I/o} = 0% f , S0 this yields a well-defined fractional differentiation operator
on the Fourier side.

2.2 Fourier Transform

Here are some key results about the Fourier transform that are tested quite frequently on the qual:

Definition 2.2.1. The Fourier transform f of f(x) is defined as
FUNO = Fie) = | fae e,

The inverse Fourier transform f of f(¢) is defined as F 7 {}(¢) = f(x) = iy §gn F(§)e* ¢ dar
(a) f(0) = {f(=).

(b)
()
(d
(e
(f
(g

f*g—fﬁ

f(a + m) = 2T (€).

FAHfHx) = f(—x), i.e. F* =1, so F has eigenvalues i, —1, —i, 1.
Fle-mlel?y = e-lel?,

)
)
)
) Riemann-Lebesgue Lemma: The Fourier transform is a linear operator F : L' — Cj,

where CY is the space of (uniformly) continuous functions vanishing at infinity.
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(h) Plancherel’s Theorem: F : § — § is an isomorphism and F : L? — [? is a unitary
isometric isomorphism. In particular, | f|2 = | fll2 and {f,g) = {f, 9).

Remark 2.2.1. One can also take the (inverse) Fourier transform on the torus T*, which is equivalent
to taking the transform of a periodic function. This is known as a Fourier series. In this case,

e}
]/C\(TL) e27rin-ac
—®

)= | @y rde, fla) =

for n € ZF. Then, the same theorems apply, except that now, F : L? — %> and F : L' — ¢.

Remark 2.2.2. While F : L? — L? is an isomorphism, it is not surjective as a map F : L' — C.
For if it were, it would induce an isomoprhism of the dual space F* : M, — L%, which is not
surjective since the Fourier transform of a measure is necessarily uniformly continuous. However, by
a standard application of Stone-Weierstrass, the range is dense in Cj.

Remark 2.2.3. Note that the Fourier transform interchanges derivatives and multiplication. Conse-
quently, regularity on one side implies decay on the other side and vice-versa.

Corollary 2.2.1 (Hausdorff-Young Inequality). By Riesz-Thorin, since F : L' — L* and F : L? —
L? is bounded, it is also bounded as an operator F : LP — L9, where 1 < p < 2,2 < g < 0, and

1

p

1t 1 1
=- = -4+ -=1,

=1—--,-=
q 2 P q

N | o+

ie. F:LP — LV for1l<p<2andp,p conjugates. In particular, applying to Fourier series yields
F:LP >0 and F71:1P - LP for1 <p<2.

Of particular interest are the Fourier transforms of certain compactly supported functions, which
can be holomorphically extended to the upper half-plane and are summarized in the following
theorems.

Theorem 2.2.1 (Paley-Wiener I). f € L?((0,0)) Zﬁf is holomorphic in the upper half-plane and
the L? norm of f is uniformly bounded over horizontal lines.

Theorem 2.2.2 (Payley-Wiener II). f e L*(R) is compactly supported in [—A, A] zﬁf is holomor-
phic in the upper half-plane and of exponential type A.

Proof. If f € L?*(R) has compact support in [—A, A], for all f(ﬁ’) is well-defined in the upper half
plane (as one has a decaying exponential). Moreover, by Fubini and Cauchy’s theorems, one may
check that f is holomorphic. Finally,

A
fla+ bi) = J fla)e2mie(atbi) go < CeAlatbil,
-A

as the exponential converges to 0 as b — 0. Conversely, if f is the Fourier transform, let fc(x) =
f(z)el=l. If one can show that f. is supported on [-A, A] and f. — f in L% we are done by
Plancherel. One may define a family of Fourier transforms ®, on rotated half-planes by angle 2«
through the origin, which one can also show are all analytic continuations of the Fourier transform
in the upper half-plane. Then, formally f(z) = ®q(iz) — ®,(iz), which can be made precise by the
e-scaling argument and concludes from ®q(e + 27it) — & (—e + 27it) — 0 by uniqueness of analytic
continuation. O
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Corollary 2.2.2. As a direct corollary of this, we can conclude that the Fourier transform of a
compactly supported continuous function is an analytic function decaying at infinity, and so is not
compactly supported by the mazximum modulus principle.

Here is an important generalization of these results.

Theorem 2.2.3 (Schwartz-Paley-Wiener). An entire function u is the Fourier transform of a
compactly supported distribution v supported on B(0,A) iff u < |z|NeA|z|. Moreover, u « |z]_NeA‘z|
for all N = 0 iff ve CF.

We know that the Fourier transform of a Gaussian decays like another Gaussian. The question is,
can we do better? Turns out, we cannot. This is a reflection of the so-called "uncertainty principle"
of Fourier transforms.

Proposition 2.2.1 (Uncertainty principle). For f € L*(R) differentiable, |f]2 = 1,

1
1672’

|z fl2l€f]2 =

with equality obtained only if f and f are Gaussians.

Proof. Integrating by parts,
1= [Iffde = - [2aRe (5T
SO R
1< 2z f|3 113 = 4xlefI31E 13,
and equality holds whenever zf = f’, which defines a Gaussian. O

Finally, it is worth mentioning the notion of Fourier multipliers/symbols. Define the Fourier
symbol St of an operator T to be

Sr{f} = (FT'TF){f}

whenever this is well-defined.

2.3 Fourier Series

By Holder, it suffices for f € L'(T*) to have a well-defined Fourier series f Moreover, by Hilbert
space theory, one deduces that F : L2(T") — [?(T") is a unitary isometric isomorphism, so one has
convergence of the Fourier series in L?. By Riesz-Thorin, we have F : L? — ¥ for 1 <p<2.

Definition 2.3.1. The partial sums of the Fourier series of f on T are given by S,f = D, = f,

where
n

Dn(JT) i Z 627rikx _

k=—n

sin((n + )z
sinx

is the one-dimensional Dirichlet kernel. On T", the Dirichlet kernel is D,, = Hi;v:l Dy (z;).

The Dirichlet kernel is unbounded in L! and so is not particularly nice to deal with, so we
introduce a smoothed version.

Definition 2.3.2. The Fejer kernel is defined as Ky := % > 1 Dn = (1=cos nz)

n(l—cosz) "
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Theorem 2.3.1. The Fejer kernel is an approximation to the identity.

Remark 2.3.1. The Fejer and Dirichlet kernels both converge as distributions to the tempered
distribution known as the Dirac comb ® = Y _, §(x —n). However, since the Fejer kernel is an
approximation to the identity, we have K, f — f for all f e LP(T™).

Lemma 2.3.1. S, f — f in LP iff sup,, |Sn|p < o0, where S,, : LP — LP.

Proof. One direction is immediate from Banach-Steinhaus, and the other follows from

[8nf = fllp = 1Sn(f = Knf) + Enf = flp < sup([Sullp + De.

Proposition 2.3.1. S, : LP — L? are uniformly bounded in LP iff 1 < p < co.

Corollary 2.3.1. Since S, is not uniformly bounded in L' or L®, we get that S,f — f iff
1l<p<oo.

Remark 2.3.2. By Baire Category, one sees that the set of functions that converge at a particular
point is meager in L'.
Note that one has the following bounds on the decay of certain Fourier coefficients.

. . N 1
(a) If f is absolutely continuous, f(n) « ..

(b) If f is a function with bounded variation K, |f(n)| < 5%

2m|n|*

(c) If f e C% with |f|eoa = K, [f(n)] < £

[n]o"
We now provide a list of results regarding different types of convergence of Fourier series. Note that
the proofs of these results are quite technical and are therefore omitted.

Theorem 2.3.2. (a) If1 <p <, f € LP, then S,f — f in LP.

(b) If f is of bounded variation, then S,f — f pointwise, and if f is continuous, Snf — f
uniformly.

(c) If f is a-Hélder continuous for a < 1, then Sy f — f uniformly.
(d) Knf — f a.e., uniformly if f is continuous, and in LP if f € LP.
(e) Carleson’s Theorem: Forp > 1, if fe LP, S,f — [ a.e.

Remark 2.3.3. (d) follows from the fact that the Fejer kernel is an approximation to the identity,
and (a) follows by Riesz-Thorin.
One may also ask about singly/doubly periodic holomorphic functions.

Proposition 2.3.2. An entire 1-periodic function has an absolutely convergent Fourier series
expansion

a0
f(Z) _ Z an€2m'nz
n=—00
iff lim sup,, ]anﬁ = 0. Moreover, every bounded entire 1-periodic function on the upper half-plane
has a Fourier series expansion with only positive terms iff lim sup,, ]anﬁ <1
Proof. Note that f(z) = F(e?™#) for some holomorphic function F : C\{0} — C. Thus, F has a
Laurent series expansion, which gives the Fourier series for f. The converse follows by completing
the argument in the opposite direction. For the half-plane, we note that F': D\{0} — C, so using

Riemann’s removable singularity theorem yields a bounded holomorphic function with a power
series expansion, which gives the Fourier series for f. O
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2.3.1 Exercises

Problem 2.3.1 (Fall 2020 Problem 6). Show that for all odd f € C'[-1,1],

[flze < 1N ze.

Proof.  Consider f as a periodic function and consider its Fourier series. By Plancherel,

[z = 1fle < linflie = 1122,

~

where the inequality holds since |nf(n)| = \f(n)] for n > 0 and f(()) = Sl_l f=0. O

Problem 2.3.2 (Spring 2015 Problem 4, Wiener’s Tauberian Theorem). Let f € L'(R).

~

Show that the translates of f, f(z — a), are dense in L!(R) iff f(£) # 0. Similarly, show that for

~

f € L?, the translates are dense iff f is nonzero a.e.

Proof.  This is a well-known result known as Wiener’s Tauberian Theorem. We first show it
in L2. By the properties of the Fourier transform, f(z — a) = > f(¢). Then, suppose that
g € L? is orthogonal to all translates of f, i.e.

ff(x —a)g(x) = 0.
By Parseval’s Theorem, this equals
| fla-a7@ = [ e fie)ae) - o
for all a € R. In particular, this implies that

Ff4l(a) = 0.

for all a, and is thus equal everywhere. Since the inverse Fourier transform is injective.
This implies that fg = 0, and since f is nonzero a.e., g = 0, i.e. g = 0 a.e. Conversely,
suppose that f vanishes on a positive finite measure set X. Since the Fourier transform
is an isometry on L2, note that the translates of f are dense in L? iff €2™€%f(¢) is dense
in L2. However, yx € L? is orthogonal to all functions of the form e?™%®, which is a contradiction.
We now prove the more difficult version of this theorem. Suppose f (&o) = 0 for some & € R.
Then, f,(&) = 0 for all a € R, so the Fourier transform at &, vanishes for all functions in
the span. However, the Fourier transform of a gaussian is everywhere nonzero, which is a
contradiction. The other direction is complicated and over 100 pages in length. O

Problem 2.3.3 (Fall 2014 Problem 4). Define X as the set of f € L2([0,7]) that admit a
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representation of the form
x) = Z cpcos(nz), [{n)cyl2 < co.

Show that if f,g e X, then fge X.

~

Proof. By Fourier series, note that X is the set of f € L2 such that f(n) = f(—n). and |[|(n)f]s < 0.
First, if f,g € X, then

Fg(n) = Z fn—k) 2 Flk=n)g(=k) = > f(~k—n)gk) = fg(—n).
k=—0o0 k=—00 k=—00

Moreover, [(n)fglz < [<n)] #Glla < [<n)fl2]G]2 < o0, since § & 12 for g € L2. O

2.4 Convolutions

Recall the definition of a convolution:

Definition 2.4.1. The convolution of f and g is defined as

w%z&f@—ywwwy

Here are some important properties of convolutions:
(a) frg=yg=f.
(b) (f)xg=17F*(g")=(f=*9)
(c) if fis C*, fxgis OF.
() If = gli = 1fllgl-
These properties provide for the following nice applications:

Theorem 2.4.1 (Approximation to the Identity). Let f € LP. Then, if ¢ € CL(R"),|o|1 = 1,
is such that ¢ := € "¢(£) — & as € — 0 (in the sense of distributions), then f * ¢ is smooth,
lime .o f * ¢ = [ a.e. normally if f is continuous, and in LY if fe L .

Proof. A.e. convergence follows from Radon-Nikodym and approximating by simple functions. The
other types of convergence follow from the continuity of translation operators on LP. O

The convolution of two functions measures their magnitude of intersection and has the following
nice properties:
Lemma 2.4.1 (Steinhaus Theorem). if u(A) > 0, A — A contains an open neighborhood of 0.

Proof. We in fact prove a stronger claim: if A, B are distinct sets of positive measure, there exists
an x such that (z — A) — B contains an open neighborhood of 0.
Consider the convolution of functions x 4 * xg. Note that

Ia* xali = j f e — 9)xsW)ldedy = [xalilxsl: = p(A)u(B) > 0,

and since x 4 *x p is continuous, there is an  such that on an open neighbor hood of x, x 4*xp5(x) > 0.
But this precisely implies that B n (y — A) + & for y € (x — 0,z + ¢), i.e. 0’ € (x — A) — B for
|07 < 4. O
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Corollary 2.4.1 (Young’s Convolution Inequality). Note that for an arbitrary g € LP, convolution
with g defines a bounded operator T : L' — LP and LY — L*, since by Minkowski,

71l = 11wl = | [ F0ate = )ty

<ff@Mﬂw@<lﬂﬂMb
)

Lp(dx

and
ITﬂm=mme@M@—yMy<fmwb-

Thus, Riesz-Thorin guarantees that T is bounded as an operator from L™ — L*, i.e.

1= glls < 1£ 19l

for

— L — T4 =14
p rp S

Sol-t+

t 1 1—-1 1 1 1
s qr

2.5 Layer Cake and Fubini

Often times, one wants to consider a different integration variable.

Lemma 2.5.1 (Chebyshev’s Inequality). For f € LP,

p
pla @) > A} < 0

Proof.
um>f P> ulle s 1F(@)] > ANV,
[f]>A

O
Lemma 2.5.2 (Layer Cake Decomposition). For f € LP,
Q0
|f|£:=‘[¥Lde17=:J; PP u{ | f ()] > ADdA.
Proof. By Fubini,
/] 0
‘[ |fPdx = J‘\f pAPTLdN = J‘ J‘ PX " X< )| (A)dAda
X x Jo x Jo (1)
X el R
= | 2| Ngeeat@dady = [ o3t @) > ADar
Note that if f € LP", then one ends up integrating %, which is almost in L. O

Remark 2.5.1. Intuitively, this states that the integral of a function can be approximated by
horizontal rectangles lying below the graph of the function of width A\ and height u{z : |f| > A}
at A.

Remark 2.5.2. For f € LP, the function A\ — p{z : |f| > A} is called a distribution function.
Namely, if p is a probability measure and f is a random variable, then this precisely corresponds to
the definition of a cumulative distribution function (cdf) in probability theory, equivalently defining
the pushforward measure v on R by E — u(f~!(E)). Then, the Radon-Nikodym derivative g—; is
the probability density function (pdf) of f.

45



Definition 2.5.1. Define the symmetric decreasing rearrangement A* of a finite measure
A < R” to be the ball in R" with the same measure as A. Given f > 0 € LP, the symmetric
decreasing rearrangement of f is the unique positive radial function f*(r) such that

£4(r) = jo Xiard s ()

Note that X (g fj>ax (1) = 1iff 7 € {z : |f| > A\}*, i.e. f*(r) is the largest height A of f for which
the radius of {z : |f| > A}* is greater than or equal to r.

Remark 2.5.3. Intuitively, one can think of slicing the peaks of the function f and putting them
into the center, so that the value of f*(r) is the value of A at which the volume of the peaks above
A of f exceeds the volume of the ball of radius r.

Remark 2.5.4. The defining quality of the symmetric decreasing rearrangement is that pu{x : f >
A =pfz s f* > A}

Lemma 2.5.3. |[f*|, = | fll,-

Proof. . .
1f1p = f PNl s f > NjdA = f PN Uz 5> ) = |,
0 0

2.5.1 Exercises

Problem 2.5.1 (Fall 2010 Problem 4). Let 7' : C.(R) — C.(R) be a linear transformation
such that
11

ITfleo < [flleo,  piz = [Tf(2)] > A} < 5=

Show that |Tf|2 < | -

Proof.  This is a consequence of the Marcinkiewicz interpolation theorem, and we reproduce a
sample proof below. For f € C.(R), write f = g + h, where g = fX|f|<A + %X|f|>&- Then,
2 =2

o 11> N o bl > 2o de:lol > 3),
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where the latter set is empty. Then, by the first bound, p{z : |Tf| > A} < pf{x : |Th| > 3}.
Writing the layer-cake decomposition, we now have

o0
ITS|E = fo PNz - |Tf| > AJdA
e A
<J pXN 1 u{a | Th| > 5}dA
0

e}
< J pAP~2 j |h|dyd\
0

Q0
A
< p—2 _ _
\J;) JPA |f fX\f|<% 2X|f|>%|al95d)‘
2|f] ) A
<JJ pAPT| f — = |d\dx
0 2

f FPYA + 1Pz < 1 F]E.

O

Problem 2.5.2 (Fall 2020 Problem 5). Suppose f € L' is such that {, |f| < /|E| for all
Borel E c [0,1]. Show that f € LP for 1 < p < 2, but not necessarily in L?.

Proof.  Note that | f||; <1, and moreover,
CHEEV N NV FR L
lFI>A
ie.

1
o s 11> NI < 57

Then, by the layer-cake decomposition, for p > 2,
Q0 Q0
I£15 < f | f|Pda +f PNz s |f] > AldA < 1 +J PAP3 < o0
Ifl<1 1 1

whenever p < 2. Moreover, ﬁ is in L*([0,1]) but not L?([0, 1]), and since v/z — \/y < /T — y
for all x > y, the inequality holds on open intervals, and therefore on all open sets, so by
regularity of the Lebesgue measure on [0, 1], it holds for all Borel sets E < [0, 1]. O]

2.6 Density Arguments

Density arguments typically rely on one of the following theorems or statements:

(a) Stone-Weierstrass: A *-subalgebra of C'(X) for compact Hausdorff X that separates points
and does not vanish at any point is dense in C(X).

(b) If p is Borel, characteristic functions of open intervals are dense in characteristic functions of
measurable sets, and the span of characteristic functions (of measurable sets) are dense in
LP 1 <p<oo.

47



(c¢) If X is an LCH space and p is a Radon measure, C.(X) is dense in LP(X, ) for 1 < p < c0.
In particular, this holds for every locally finite measure on R".

2.6.1 Exercises

Problem 2.6.1 (Spring 2020 Problem 4). Show sin(z") = 0 in L%([0, 2]).

Proof.  Note that sin(z™) — 0 on [0, 1), so by dominated convergence, S(l) fsin(z™) — 0. For
the interval [1,2], we appeal to a density argument, showing that the statement is true whenever
f is the characterstic function of a closed interval. Indeed, for 1 <a < b < 2,

b yl
[ antan

an

- 1 B 1 0
T (Q-n)vl (1—n)an!

Jb sin(z")dz| =

a

as n — 00, so by density, the argument is complete. O

Problem 2.6.2 (Spring 2020 Problem 1). Suppose f € C satisfies { flz)e ™ dx = 0, for
any t > 0. Show that f is odd.

Proof.  We first reduce the problem by defining the even function g(z) = f(x) + f(—z) and
showing that g is identically zero, given that {; g(m)e_th = 0 for all t > 0. By symmetry, this

implies that Sgo g(:L’)e_'””2 = 0 for all t > 0. Suppose f is supported on [—R, R]. Note that the

algebra generated by the functions {e~** : t > 0} on [0, R] is a unital algebra that separates
points, so by Stone-Weierstrass, it is dense in C'([0, R]) in the uniform norm. In particular, one
may take an element a in the algebra such that ||a — g[|c < €. Note that the assumptions of the
problem imply that §ga = 0, so

Q0
j ¢2dz < Relgly — 0
0

as € — 0. Thus, g is identically zero, i.e. f is odd. O

2.7 Oscillatory Integrals

Many times in harmonic analysis, one aims to asymptotically estimate the magnitude of an integral
of the form

f a(z)e™@) .

The theory of oscillatory integrals and the method of stationary phase are powerful tools for
estimating such integrals. First, one has the trivial bound

f SiA(@) g
J

This bound is achieved iff ¢ is constant, so the decay of this integral is linked to the noncostancy of
¢. One way to achieve this is to require |¢'| = ¢ > 0. However, that turns out to be not enough.
One additional assumption, for instance, is monotonicity.

I\ = < u(J).
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Lemma 2.7.1 (Van der Corput). If ¢ : R — R is smooth, |¢'| = ¢ > 0, and ¢’ is monotonic, then
[TN] < 2

Proof. Integrating by parts and using fundamental theorem of calculus on the second integral,

’ 1 d iA@(x) 1 ip(x) 1 (td 1 () 2 2
0= [ = e | i ] [ | 0w - 0o

a

O

3 Functional Analysis

3.1 Hilbert Space Theory

The following are main theorems and lemmas to be used from the theory of Hilbert spaces:

(a) Every Hilbert space admits an orthonormal basis e,.

(b) Parseval’s Identity: The orthonormal basis satisfies

0
2, anen
n=1

= [[(an)le2-

(c) For every closed convex subset W and any vector v ¢ W, there exists a unique w € W such
that v — w| = infyew v —w'|.

(d) For every closed subspace W of V| there exists an orthogonal decomposition of V' as V =
wWaowt.

(e) Riesz Representation Theorem: For any ¢ € V*, there exists a unique v € V' such that
d(w) = (w,v).

Proof. We prove the Riesz representation theorem. Let ¢ € V* and consider the decomposition
V = ker ¢ @ ker ¢. Pick x( € ker ¢ and notice that

’ <“” - > -

6@ N o e 0 200)
(o= Gaayomo) =0 = o) = o )

Then, uniqueness is easily checked. O

This implies that

3.1.1 Exercises

Problem 3.1.1 (Fall 2009 Problem 1). Find a closed subset in L?([0,1]) with no element
of smallest norm.

Proof. Let X = {f,}, where f, = v/n + 1X[0, . Then, |f.|3 = %L, and any subset of f,

n ’

converges to 0 a.e. Then, if some subsequence satlsﬁed fn — fin L? with | f|l2 # 0, it would
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have a subsequence that converges a.e., so the subsequence would have to converge to 0. But
that is a contradiction, since |02 # 1. Thus, X is a closed nonempty subset of L? with no
element of smallest norm. O

Problem 3.1.2 (Fall 2009 Problem 7). Define a unitary operator on a complex Hilbert
space, and show that if S is unitary, then S — AI is invertible for |A| < 1. Finally, show that if
one defines

h(X) = (S + XI)(S — M) 1v,v),

then Re h is a positive harmonic function.

Proof. A unitary operator S is one that satisfies {(Sv, Sw) = (v,w) for all v,w € V, or
equivalently, one such that SS* = S*S = I. In particular, |SS*| < |9]? = 1 so |[S] <
Clearly, if A = 0, S— AI is invertible with inverse S*. If A\ % 0, S is unitary and 37 > IS = |S*],
so I claim that

S_Ante Lt _g 3 AS*)"

S VA = ASl_ Z
is the inverse of S — AI. Indeed it is a well-defined operator, as the series converges absolutely,
since [[(AS™)™|| < [A]™[|S*|™ < (JA||[S])™, which is a geometric series that converges, and one can
formally multiply the series with S — AI to check that it yields the identity.
Finally, define h as above. O

Problem 3.1.3 (Fall 2010 Problem 6). Let V' be the Hilbert space of holomorphlc functions
f:D — C such that f(z) =, anz" and | f|| = [¢n)flla < o0, where (n) = v/ + n2. Show that
L: f — f(1) is a bounded linear functional on V, find the element g that represents L, and
f — Re L(f) achieves a unique maximum on the set X = {f : | f|| < 1, f(0) = 0} and find this
maximum.

Proof.  a) Clearly, L is a linear functional. Then, by Cauchy-Schwarz,
Dl = Z<n> (> F(n)) < Ky all £l < 111
b) We want to find g € V such that
FQ) =<fr9) = D n)fa.

In particular, note that B
Dlan = f(1) = D an(n)?g,
n n

so setting g(n) = (n)~2, we get that g = Y, §(n)z" € V represents L. Note that g € V by direct
computation.

c) To show that Re(f(1)) achieves its maximal value on X, we use the representatlon of the
linear functional. If ||f| < 1 and f(0) = f(O) =0, then Ref(1) < |f(1)] < ||<n>n>1\|2 Let Let

f=g—1. Then, |f(1)] = |f], f(O) =0, [f] =+/lg|? —1 < 1. One may use Cauchy-Schwarz

to show uniqueness, thus completing the proof. O
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Problem 3.1.4. Let E < L%([0,1]) be a closed subset such that E = C([0, 1]). Show that E is

finite dimensional.

Proof.  The proof roughly follows in 4 steps. First, notice that by Holder, || f|2 < || f]s for all
f € E. Next, consider the inclusion (E, |- |2) = C([0,1]). If f,, — f in L? and f, — g in L%, then
f = g a.e., so by the closed graph theorem, the inclusion is continuous, i.e. |f|o < C|f|2. Now,
for any f € F, evaluation at x € [0, 1] is a continuous linear functional, so by Riesz representation
on the Hilbert space E, for some g, € E, f(x) = {f,g.» and 50 g.(z) = |g[3 < C||gz|2, i-e.
lgz]2 < C. Then, for any orthonormal basis f; of E, by Bessel’s,

2@ = gl < €2,

so integrating on both sides yields |I| < C?, i.e. E is finite-dimensional. O

Here are some important results and problems from functional analysis.

Theorem 3.1.1 (Hahn-Banach). Let V' be a normed vector space and W < V be a subspace. If
¢ : W — C is a linear map (not necessarily bounded) that is bounded by a seminorm p:V — R on
W, then ¢ extends to a map ® : V — C bounded by p on V.

Corollary 3.1.1. (a) If W c V is a closed subspace and x € V\W, there exists ¢ : V — C that
vanishes on W, |¢|| = 1, and ¢(z) = 1.

(b) Every continuous functional W < V' extends to a continuous functional of the same norm on
V.

(¢) Geometric Hahn-Banach: If A, B are two closed convex disjoint nonempty subsets of V. then
there exists a linear functional ¢ : V- — R and some c € R such that sup 4 ¢(x) < ¢ < infp ¢(z),
i.e. A, B are separated by the hyperplane ¢~'(c).

(d) The map i : X — X** is injective and isometric.

Theorem 3.1.2 (Open Mapping Theorem). Let T : X — Y be a continuous linear map between
Banach spaces. Then, either T is surjective and open, or the image of T is a set of the first category

n V.

Theorem 3.1.3 (Closed Graph Theorem). If T': X — Y is a map between Banach spaces then if
{(z,Tz)} € X XY is closed, then T is continuous.

Theorem 3.1.4 (Uniform Boundedness Principle). Consider a family of bounded operators Ty, :
X — Y between Banach spaces such that for each x, |Toz| < Cy for all a for some constant
depending on x. Then, |To| < C for some C for all a.

Proof. Consider the sets X,, = {z : sup, |Tnx| < n}. By the Baire category theorem, one of these
sets X, contains an open ball B(zg,€). Then,

To(zo + eu) — Thxo
€

2n
<

sup ||Tou| = sup

Jull<1 lul<1

~

€
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Theorem 3.1.5 (Banach-Alaoglu). If B is a Banach space, then the unit ball in B* is weak-*
compact.

Proof. Define By := {z € C: [z| < |z|}, and consider A := [],cp( 1) Bz, which is compact as a
product of compact spaces by Tychonov’s theorem. Then, if B* is the unit ball in the weak—*
topology, the map ® : B* — A given by ®,(¢) = ¢(x) is a homeomorphism onto a subset of A. By
Hahn-Banach, the map is injective, and it it clearly continuous with respect to the weak—* topology.
Finally, it easily checked that the image is closed in A and f, — f weakly iff ®(f,) — ®(f),
so the map is a homeomorphism. Thus, B* is homeomorphic to a compact set and is therefore
compact. O

Often times, one wants to show certain types of compactness/weak compactness. Here we
provide an overview of the conditions necessary to obtain such result, namely, considering the
conditions of separability and reflexivity.

Definition 3.1.1. B is reflexive if the isometric embedding into the second dual i : B — B** is a
Banach space isomorphism, i.e. the weak and weak-* topologies on B* coincide. B is separable if
it has a countable dense subset.

Remark 3.1.1. The following is an extremely important remark: since the weak/weak* topology

is not necessarily metrizable, weak compactness and weak sequential compactness are
NOT EQUIVALENT.

Remark 3.1.2. Moreover, it is extremely important to distinguish the metrizability of the
entire space versus a compact set. For instance, we will show that the weak/weak® topology is
never metrizable on a space X, but the weak-* topology on the unit ball is metrizable if X is
separable. In particular, this implies that in general, if S is weakly sequentially closed, S is
not necessarily weakly closed. However, this is true, for example, on weakly bounded sets, since
in that case the topology is metrizable, or for separable reflexive spaces.

Remark 3.1.3. We will use the letter X to denote a general vector space and B to denote a Banach
space.

Lemma 3.1.1. (a) Y is Banach iff B(X,Y) is Banach.
(b) If X* is separable, then X is separable.
(c) X is reflexive iff X™* is reflexive.
(d) X is reflexive and separable iff X* is reflexive and separable.
(e) A Hilbert space is reflexive.
(f) X is separable iff the weak-* topology on the unit ball of X* is metrizable.

(9) X* is separable iff the weak topology on the unit ball of X is metrizable.

Proof. We prove (b) and (e). For (b), pick a dense subset ¢,, of the unit sphere in B*, and pick a
sequence x, on the unit sphere of X such that ¢(z,) > % Suppose that the Q-span of z, is not
dense in X. Then, by Hahn-Banach, there exists a nonzero linear functional ¢ € X* with ¢ = 1
that vanishes on the Q-span of x,,. But then, for any ¢,,

)

N

[V(2n) — Pn(zn)| =
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contradicting the density of ¢,,.
For (f), if x, is a dense countable subset of the unit sphere, it suffices to define the metric

(¢ — ) (@n)
L+ (¢ =) (zn)

p(d) = > 27"
n=0

It is then easy to see that ¢, — ¢ iff ¢p(2m) — ¢(zm) for all m, i.e. this metric defines the weak-*

topology. (g) follows similarly.
O

Lemma 3.1.2. The weak/weak—"* topology is never metrizable.

Proof. Suppose d is a metric for the topology, consider the U, = {z : d(x,0) < %}, these are
weakly open and therefore unbounded. But if x,, € Uy, |z,| = n, z, — 0, so z, is bounded, a
contradiction. O

Lemma 3.1.3. In an infinite-dimensional normed vector space, the weak closure of the unit sphere
is the unit ball.

Proof. One inclusion is clear - since a convex set is closed if and only if it is weakly closed, B is
weakly closed, and so S* < B. Conversely, recall that the weak topology is the coarsest topology
on H, such that the linear functional evaluation maps x — ¢(x) = (x, ¢) are continuous. Thus,
the basic open neighborhoods in the weak topology of some x € H are the sets U = {y € H :
{y—x,¢;) < e€,i=1,..,n}. For x € B, note that y — = € m?:l ker ¢;, and since kernels of linear
functionals have finite codimension and X is infinite-dimensional, the intersection of the kernels
is infinite-dimensional and therefore contains a line L = {tv : t € R,v € X} through the origin. In
particular, since ||z| < 1, if y —x € L, so y = x + L intersects S (since for ¢ = 0 one has |y| <1
and for ¢ large ||y|| — o00.) Thus, any basic open neighborhood of x € B intersects S, i.e. S is weakly
dense in B. Along with the other inclusion, it follows that S* = B. O

Lemma 3.1.4. If X* is separable, then there exists a sequence x,, € X, ||zy| = 1, such that z, — x
for any |z| < 1.

Proof. Since X™* is separable, the unit ball in X is weakly metrizable, so sequential weak closedness
agrees with weak closedness. O

Remark 3.1.4. Tt follows that the unit sphere is never weakly closed. If X™* is separable, the above
lemma shows that it is also not weakly sequentially closed. However, if X = [*, X* = [, which is not
separable, and since I has the Schur property, weak sequential convergence and norm convergence
are equivalent, so the unit sphere is weakly sequentially closed but not weakly closed.

Lemma 3.1.5. Given linearly independent functionals ¢; € X*i = 1,...,n of norm 1, and
leil < 1,1 =1,...,n, there exists x € X with ||z|| < 1 s.t. ¢;(x) = ¢;. In finite dimensions this becomes
a simple matriz problem.

Proof. Note that ¢;(z) = ¢; for ¢; + 0 is equivalent to (¢; — 5—;@)(:0) = 0,7 £ j assuming that
¢1(x) = c;1. Clearly, such an x exists, as it is in the kernel of finitely many linear functionals in an
infinite dimensional space and can be scaled appropriately to satisfy ¢1(z) = ¢;. O

Theorem 3.1.6 (Goldstine’s Theorem). The image of the unit ball under the embeddingi : X — X**
is weak-* dense in the unit ball of X**.
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Proof. Let y € Bx#x, so that |y(¢)| < ||¢|. Notice that {z € X** : |(y — z)(¢;)| < ei=1,..,n}isa
basic weak-* neighborhood of y in Bysx. Without loss of generality, one may take {¢;} to be linearly
independent. But by the above lemma, one can find x € Bx such that ¢;(z) = y(¢;),i =1, ...,n so
i(Bx) intersects every open weak-* neighborhood of y. O

Theorem 3.1.7. The following are equivalent:
(a) B is reflexive.
(b) Kakutani’s Theorem: The unit ball in B is weakly compact.

(c) Eberlein-Smulian Theorem: The unit ball in B is weakly sequentially compact.

Proof. If B is reflexive, then by Banach-Alaouglu, the unit ball in B is weak-* compact and therefore
weakly compact. Conversely, the image of the unit ball under the isometric embedding is weak-*
closed and and dense in the unit ball of B**, so it comprises the entire unit ball, i.e. ¢ : B — B** is
bijective and thus B is reflexive. O

Corollary 3.1.2. (a) If B is separable or reflexive, then the unit ball in B* is weak—* sequentially
compact.

(b) If B is both reflexive and separable, all unit balls are compact/sequentially compact in all weak
topologies.

Corollary 3.1.3. A reflexive Banach space is weakly sequentially complete, i.c. every weak-*
Cauchy sequence converges.

3.2 Unbounded Operators and Adjoints

Definition 3.2.1. An unbounded operator T': D(T) ¢ X — Y is a linear map defined on a
subspace D(T), called the domain of T. If D(T') is dense in X, T is said to be densely defined.
T is said to be closed if its graph {(z,Tx)} € X x Y is closed.

Proposition 3.2.1. T: D(T) € X — Y s bounded on D(T) iff D(T') is closed and T is closed.

Proof. A bounded operator is clearly closed and D(T) is closed. The converse follows from the
closed graph theorem. O

Corollary 3.2.1. Thus, closed unbounded operators are never defined on X. One typically works
with densely defined closed unbounded operators.

We now establish a correspondence between graphs and unbounded operators.
Proposition 3.2.2. There is a one-to-one correspondence

unbounded (closed) operators T on D(T) «— (closed) subspace C of X xY s.t. ((0,y)eC = y=0),n(C) =.

Proof. One direction is obvious. The other follows from defining Tz = y for (x,y) € C' and checking
that this is indeed linear. O

Definition 3.2.2. A closable operator T is an operator such that the closure of its graph satisfies
(0,y) e C = y = 0. The closure T is the operator corresponding to the closure of the graph of 7.
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Remark 3.2.1. Note that the closure T of a closable operator is an extension of the corresponding
graph. In general, there exists a (highly nonunique) extension of any operator. Additionally, the
condition of being closed is weak in the following sense: if T' is defined on a dense domain B and A
is a dense subdomain, then the closure of T'|4 and T'|p need not be equal (take, for instance, T' to
be identically 0 on A and nonzero somewhere on B). However, it turns out that this distinction
disappears for self-adjoint operators.

Example 3.2.1. The derivative operator - : C1([0,1]) = C([0,1]) — C([0,1]) is a closed, densely
defined, unbounded operator. To see this, let f, € C! be s.t.

(fn: ) = (f.9) € C([0,1]) x C([0,1]).

Then, by a classic result on convergence of derivatives, it follows that f € C! and f’ = g. This
implies that C'*([0, 1]) is not closed in C([0,1]). However, if we replace the domain by C®(][0, 1]),
the operator is not closed, since there is no guarantee that f e C®.

Example 3.2.2. The unbounded densely defined operator T : C([0,1]) — L?([0,1]) given by
Tf = f(0) is not closable.

Definition 3.2.3. For a bounded operator T': X — Y between Banach spaces, define the adjoint
T*:Y* - X* by T*(¢)(z) = ¢(Tx).
For an unbounded densely-defined operator T': D(T) € X — Y between Banach spaces, define
D(T*) ={y*eY*:3C = 0,|y*(Tz)| < C|z|x,z € D(T)}.

Then, one can uniquely define 7% : D(T*) < Y* — X* by T%(¢)(x) = qg(Tx), which is the
Hahn-Banach extension of T*(¢) to all of X. T* is called the formal adjoint of T.

Definition 3.2.4. An operator T is called symmetric (or formally self-adjoint) if 7* is an
extension of T, and self-adjoint if 7% = T. If T' is symmetric and its closure is self-adjoint, then T’
is called essentially self-adjoint.

Proposition 3.2.3. (a) T* is always closed.
(b) T closable == T* densely-defined, in which case T = T**.
(c) (Hellinger-Toeplitz): A symmetric operator T with D(T) = H is bounded.

Proof. If T* is densely defined, one can easily check that T** is the closure of T. Conversely, if T is
closable. The other direction is slightly more complicated.

The first and last statement are a direct consequence of the closed graph theorem and the fact
that if (z,, Tx,) — (x,y),

(2, Txp)y ={Tz,xn) > (z,y) ={Tz,2) = (z,Tx—y)=0 Vz.
O

Corollary 3.2.2. Since we can always pass from a closable operator to a closed operator, it follows
that T is closed and densely-defined iff T* is. Moreover, this implies that symmetric operators are
closable and densely-defined.

We have seen that closed extensions of operators need not be unique. What about symmetric
extensions of symmetric operators?
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Example 3.2.3. Take T = —02 on L?([a,b]) with Dy = {f € C* : f™(a) = f™(b) = 0,n > 0}. It
is easy to see that T is positive and symmetric. In particular, we can define the following extensions
on larger domains:

Tap={feC”: fla) = af(b), f(a) = Bf(b)}.

It turns out the extension is symmetric iff (o, ) = 1, and in fact, any two such extensions do not
have a common extension. This example shows the importance of boundary conditions in these
sorts of problems. However, there is a unique self-adjoint extension (which is given by the closure
T = T** of T), which occurs iff T is essentially self-adjoint.

Proposition 3.2.4. If T : X — Y is a bounded linear operator between Hilbert spaces,
ker T+ = ran T%, ran T = ker T,

Proof.
0=(Tx,y) =<z, T"y).

Corollary 3.2.3. T is injective iff T* has dense image.

Lemma 3.2.1. A bounded linear map T : X — Y between Banach spaces is injective and has closed
range iff T is bounded below.

Proof. If T is bounded below, then |Tz| > C|z|, so Tz = 0 implies = 0, i.e. T is injective.
Similarly, if T'x,, — y, then x,, is Cauchy, so x, — x, and y = Tx. Conversely, T : X — ranT is an
isomorphism, so by the open mapping theorem its inverse is bounded. ]

Lemma 3.2.2. If T is injective and has closed range, then T™* is surjective.

Proof. T : X = ranT < Y is an isomorphism, which induces an isomorphism 7% : Y* —»
(ranT)* > X*. O

Theorem 3.2.1 (Closed Range Theorem). TFAE for a closed densely-defined operator T : X — Y :
(a) ranT is closed.
(b) ranT™ is closed.
(c) ranT = (ker T*)*.
(d) ranT* = ker .
Proof. We remark that
T:A—>B—->C = T":C* > B* - A",

and
T:B—-B/A—>C = T":C*" - (B/A)* — B*.

It suffices to prove that (a) implies (d). Since

T:X —» X/kerT SranT — Y

is an isomorphism,
T*:Y* » (ranT)* 5> (X /ker T)* = ker T+ < X*

is an isomorphism, so ran T* = ker T'-. O
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Remark 3.2.2. The rough conclusion of this section is that T' surjective implies T* injective, and T
bounded below implies T* surjective.

Definition 3.2.5. A subspace W < V of a Banach space is said to be complemented if V = W@ Z
as Banach spaces, and the projections are continuous.

Remark 3.2.3. While it is true that V' = W @ Z as vector spaces (because of algebra), the additional
requirement that the projections are continuous makes the statement deeper for Banach spaces.
Note that in particular this implies that if W < V is complemented, then W < V is closed.

3.3 Spectral Theory

Definition 3.3.1. A Frechet-differentiable function F': U — Y between complex Banach spaces is
said to be holomorphic in U.

Definition 3.3.2. For an unbounded linear operator T': D(T') ¢ X — Y, the spectrum o(7') < C
of T is the set of \ for which (T — AI)~! : Y — D(T) exists and is bounded. p(T) = C\o(T) is
called the resolvent set of T, and (T — AI)~! is known as the resolvent operator of 7.

Remark 3.3.1. More generally, one may define the spectrum of an element a of a unital algebra A
over a field K as the set of A € K s.t. @ — A is not invertible.
Remark 3.3.2. By the closed graph theorem \ € o(T") iff T'— AI is not bijective.
Proposition 3.3.1. (a) If T is not closed, o(T) = C. Otherwise, o(T) < C is closed (possibly
empty), and if T is bounded, o(T) < B(0,|T|) is nonempty and compact.
(b) X\ — (T — M)~ is holomorphic on p(T).
(c) If T is invertible, A € o(T) == A1 e o(T71).
T

Proof. Note that (T'— A)~t = —=A~}(I — )7, which has a geometric power series expansion and
is therefore holomorphic whenever A > |T'||, so o(T') is bounded. Moreover, if A\g € p(T),

(T =N =((T=2) = (A=2)"" = (T =) (I = (A= 2)(T = o))",

which has a geometric power series expansion and is therefore holomorphic whenever |\ — X\g| <

m. Thus, o(T) is closed and bounded, i.e. compact. Finally, if o(7) is empty, then

A — (T — M)~! defines a bounded entire function (since (7' — \)7!| < ||T£>\H < |“T|‘£|A‘| for |A|
large, which by Liouville’s theorem implies that it must be constant, a contradiction. O

Remark 3.3.3. The version of Liouville’s theorem used here is that a bounded entire function with
values in a complex normed vector space is constant. This can be proven using the classical Liouville
theorem and composing with bounded linear functionals, using the fact that the latter separate
points.

Definition 3.3.3. By the open mapping theorem, the operator T'— AI may fail to be invertible for
three reasons:
(a) T'— I is not injective. Then, A is an eigenvalue of T', and thus belongs to the point spectrum
op(T).

(b) T — A is injective and its range is dense in Y. Then, (7' — A)~! is an unbounded operator and
A belongs to the continuous spectrum o, (7).
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(¢) If T'— A is injective but its range is not dense, A is said to belong to the residual spectrum
Ores (T)

(d) The essential spectrum o.s5(7") is the set of A for which 7" — AI is not Fredholm.
Proposition 3.3.2. X € 0,(T) <= X € 0,.c5(T*).

Proof.
ker T — A = ran(T* — X))+ + .

Example 3.3.1. (a) Consider the left-shift operator 7" : 2 — [?, i.e.

T((.Tl,xz, veny )) = (JZQ,IL’;J,, ceuy )

Note that |T'|| = 1. The point spectrum must satisfy

T(z1,...) = (A1, ..., ),

0 Tp, = A" laq for n > 2, which has a solution for any nonzero || < 1. Thus, 0,(T) = D.
Since A € 0,(T) implies A € o,.¢5(T*), it follows that 0.(T) = D and o,..5(T) = 2.

(b) Similarly, considering the right-shift operator
T((z1,...)) = (0,21, ...),

we get that 0,(T) = &, 0pes(T) = D, and o.(T") = ID.
(c) Consider —A : H?(R") < L?(R™) — L?(R"). Then, solving

(FA=XN)f=yg
equates to solving ~

(1€* =N f =3,
so since f € H2(R"),

2 ~
Ne p(—A) e w e L2(R"),
€17 = A

which is true whenever the multiplier is bounded, i.e. A < 0. Thus, p(—A) = (—0,0) =

o(—A) =[0,00).

3.4 Compact and Fredholm Operators
Definition 3.4.1. TFAE:

(a) A bounded operator T : X — Y between Banach spaces sends bounded sets to relatively
compact sets.

(b) If z, is bounded sequence, Tz, has a convergent subsequence.

In either case, T': X — Y is called a compact operator.
Proof. The equivalence of definitions (a) and (b) is immediate. O

Proposition 3.4.1. A compact operator T : X — Y sends weakly convergent sequences to strongly
convergent sequences. The converse holds true if X is reflexive.
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Proof. If x, — x is a weakly convergent sequence, then Tz, — Tx and there is some strongly
convergent subsequence T'z,, — y = Twz. Particularly, since every subsequence has a further
subsequence converging to y, Tz, — Tx = y. Conversely, if X is reflexive, let x,, be a bounded
sequence. Then, by Kakutani’s theorem, z,, has a weakly convergent subsequence x,, — . Applying
the same subsequence of a subsequence argument completes the proof. ]

Proposition 3.4.2. (a) A finite rank operator is compact.
(b) T:X —Y is compact iff T* : Y* — X* is compact.
(¢) Compact operators form a two-sided ideal in the space of bounded operators.

(d) If ranT is closed in'Y, T is a finite rank operator.

Proof. (a) and (c) are clear from the fact that one is dealing with bounded operators. If ran T is
closed in Y, T : X/kerT = ranT is an isomorphism of Banach spaces. Since T is compact, this
would contradict the fact that the unit ball in an infinite-dimensional space is not compact if ranT’
is infinite-dimensional.

Suppose T' is compact, and consider K = T'B(0,1) c Y. Let ¢, € By be a bounded sequence.
Then, ¢,|x is bounded and equicontinuous, so by Arzela-Ascoli, there is some Cauchy subsequence
®n,.- Then, T*¢,, is Cauchy, and so converges to some element 1) € X*. O

Definition 3.4.2. An operator T': X — Y is Fredholm if dim ker 7', codimranT" < co. dim ker T"—
codimran T is called the index of T

Lemma 3.4.1 (Riesz Lemma). If B is a vector space and V < B is a closed proper subspace, there
exists a unit vector v € B such that d(v,V) = « for a < 1. If B is reflexive, then one may take
a <1

If K is a compact operator, then K(B(0,1)) is compact, and we know that the unit ball is
compact only in finite-dimensional Banach spaces. One may thus ask to what extent are compact
operators different from operators that have a finite-dimensional image.

Lemma 3.4.2. For a Hilbert spaces H, the closure of the ideal F(H) of finite-rank operators
(i.e. operators with finite-dimensional image) with respect to the norm topology in B(H) is the ideal
K(H) of compact operators.

Proof. We will use the following characterization of compact subsets of a separable Hilbert space
H : asubset K ¢ H is compact iff it is closed, bounded, and given an orthonormal basis {ej}, there
exists an N such that for any u € K, one has >,y [{u, ex)|*> < e. With this characterization in
hand, one may simply define the sequence of finite rank operators Tr,u = >, <n<u, e ek, and the
tail condition then guarantees precisely that T, — T in norm. Conversely, one may note that if
T, — T is a sequence of finite-rank operators, then T;, B(0, 1) is totally bounded, and since T,, —» T'
in norm, 7'B(0, 1) is totally bounded, therefore precompact. ]

Remark 3.4.1. By the same arguments, one may conclude that the ideal K (H) is closed in B(H) in
the norm topology.

Remark 3.4.2. This is not true in general for operators T : X — Y between arbitrary Banach
spaces X, Y. Spaces that satisfy the conditions of the lemma are said to satisfy the approximation
property (AP).
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Lemma 3.4.3. If T : X — X is compact, T — M\l is Fredholm.

Proof. T is a multiple of the identity when restricted to ker(7T'— AI), so it has to be finite-dimensional
for its image to be compact. We show that T'— AI is bounded below if it is injective. If not, then
for some x,, such that (T' — A\I)z, — 0, z,, 0, Tz, — y + 0, one has (T' — \[)Tx,, —y =0,
which a contradiction. Thus, T'— Al is injective and has closed range. If T'— Al is not injective,
apply the argument on X /ker T and pull back on the image. O

Theorem 3.4.1 (Spectral Theorem for Compact Operators). If T : X — X between infinite-
dimensional Banach spaces is compact, 0 € o(T') — 0,(T), each eigenvalue has finite multiplicity,
o(T) is countable, with the only possible limit point being the origin.

Proof. We show o(T') = 0,(T). If not, T'—AI is injective but not surjective. Define Y, = ran(T'—\I)",
and notice that since T'— Al is injective, all these have closed range by the lemma. By the Riesz
lemma, pick a sequence y,, € Y, s.t. d(yn+1,Yn) > 1, and form a convergent subsequence T'y,, note
that

Tyn —Tym = (T - )‘I)yn - (T - /\I>ym + AYn — ym) € Ayn + Yni1,

a contradiction since this implies | Ty, — Ty | 4 0. By the exact same logic, if there are infinitely
many eigenvalues \,, with eigenvectors y,, outside a ball away from the origin, if ¥;, = span(yi, ..., yn),
then the same logic applies, s0 Tyn —TYm € An¥Ym +Ym—1, .. |Tyn—Tym| > §, a contradiction. [

Theorem 3.4.2 (Spectral Theorem for Compact Self-Adjoint Operators). If H is a (separable)
Hilbert space and T : H — H is a compact, self-adjoint operator, then there exists a (countable)
orthonormal basis of eigenvectors with real eigenvalues for H, i.e. T is unitarily diagonalizable.

Remark 3.4.3. The separability of H is needed for the basis of kerT" to be countable.

Proposition 3.4.3. T : X — Y is Fredholm iff there exists S : Y — X such that I —TS,1 — ST
are compact.

Proof. If T is Fredholm, let S be the composition of the projection from Y onto ranT" and the
isomorphism from ker T+ and ranT. Then, I — ST,I — T'S are easily verified to be finite rank
projections, hence compact. The converse follows since T'— Al for compact T is Fredholm. O

Corollary 3.4.1. If T is Fredholm and K is compact, T + K is Fredholm.

Proposition 3.4.4 (Weyl). Let T : X — X be self-adjoint and K : X — X be self-adjoint compact.
Then, oess(T) = 0ess(T + K).

Proof. This follows from the fact that being Fredholm is invariant under relatively compact pertur-
bations. O

3.4.1 Exercises

Problem 3.4.1 (Spring 2010 Problem 13). Suppose X,Y are Banach spaces, and X is
separable and X * is separable. Show that T': X — Y is compact iff for every bounded sequence
z, € X, there exists a subsequence x,, and a ¢ € X such that z,, = ¢ + r,,, where Tr,, = 0.

Proof.  For the backward direction, note that T'xz,, — T'¢, so T" is compact. Conversely,
note that since X* is separable, the unit ball in X** is metrizable with respect to the weak-*
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topology, i.e. weak-* compactness and weak-* sequential compactness are equivalent. Then,
by Banach-Alaouglu, X** is weak-* compact and therefore weak-* sequentially compact, i.e.
for any bounded sequence z,, € X, there is a subsequence ,, X Zin X**, where 2 = J(z)
for some x € X since X is reflexive. Then, ¢(z,,) — ¢(x) for all ¢ € X*, ie. z,, — z. Since
compact operators map weakly convergent sequences to strongly convergent subsequences, we
set ¢ = = and obtain T'(z,, —¢) — 0 in Y. O

Problem 3.4.2 (Problem 6 Fall 2014). Let X be a Banach space. Show that if X* is
separable, then X is separable.

Proof.  Let {¢,} be a dense sequence in the unit sphere of X*. Then for any ¢ € Q, there
exists an xq,, in the unit ball of X* such that ¢,(zyn) = q. Let S = spang(zy,,), which is
clearly countable. I claim that S is dense in the unit ball of X. Indeed, S is clearly dense in
spang (z4.r), so it suffices to show the latter is dense in the unit ball. Suppose it is not. Then,
by Hahn-Banach, there is a linear functional ¢ in the unit sphere of X* that vanishes on S
yet does not vanish for some x on the unit sphere. Then, for ¢, such that ||¢p — ¢, | < %,
|gb(a;%n) - qbn(a:%n)] = 3 > %, which is a contradiction. O

Problem 3.4.3 (Problem 5 Spring 2014). Prove that /! and /2 are separable but [ is not.
Moreover, show there is no bounded surjective map from 2 to I!.

Proof.  The Q-span of unit vectors in [' and [? is separable, for any a € !, one may pick
z = (x1,...25,0,...) such that |(an)y|, < € and X;_; |z — ax|? < e. However, [ is not
separable. Suppose it was. Then the unit ball in [ is separable. It suffices to show that one can
find uncountably many elements that are all at least one away from each other. But clearly, if
we take the subset of distinct binary sequences, it is uncountable and each element is a distance
of exactly one away from all others. Thus, [* is not separable.

Now, suppose there is a bounded surjective map T from [? to I!. Then, the adjoint T* is a
bounded map T* : I® — [2. Moreover, ker T*+ = im(T), i.e. T* is injective. However, [? is
separable while [®° is not, contradicting the existence of an injective continuous map % — [2.
Thus, there is no bounded surjective map from 2 to ['. O

Problem 3.4.4 (Problem 6 Fall 2014). Let a,, be a sequence of elements in a Hilbert space H
such that |a,| = 1 for all n. Show that if the span of {a,} spans H, then H is finite-dimensional.
Moreover, show that if a,, — 0, then 0 is in the closed convex hull of {a,}.

Proof. Note that if H was infinite-dimensional, it would have countable dimension as a vector

space. But a standard Baire category theorem argument yields that any Banach space has

uncountable dimension as a vector space. Thus, H is finite dimensional.

Now, suppose that a,, — 0. We want to show that for some t,,, + ... +t,, = 1, Zle tn,an; = 0.
O

61



Problem 3.4.5. Let L, € L%** be a sequence of functionals defined by L,(f) =
1 Sgo x"e " f(x)dx. Show that {L,,} has no weak-* convergent subsequence. Why does this not
contradict Banach-Alaouglu?

Proof.  This does not contradict Banach Alaoglu as the compactness of the weak-* topology
on the unit ball in L™* implies sequential compactness only when the topology on the unit ball
is metrizable, which is not necessarily the case (since L® is not separable).

We now show that there is no weak-* convergent subsequence by constructing a function f
such that L, (f) ~ (—1)". For sake of contradiction, suppose there is a convergent subsequence.
Let I, = [an,,bn,] be a sequence of disjoint intervals such that b,, < a,,,, where n; is a
subsequence of the chose subsequence, such that Ly, (x In]_) >1—e€and Ly, (xa) < € for some
€ > 0 for any A such that Anl,, = &. This is possible since f,, = rnﬁ,_ “ converges to 0 pointwise,
and it is monotonically increasing on [0, n] and monotonically decreasing on [n, ), so on any
interval [a,b], the sequence f,, is bounded by sup(a,b)x[q], i-e. by dominated convergence
theorem, Ly, (X[q,4)) — 0 as n — oo. Particularly, since | L, | = 1, it implies that the mass of f,, is
concentrated further away from the origin as n — o0, so it is possible to find such a sequence of
intervals by taking an appropriate subsequence ng. Then, f = Zle(—l)kx In, € L*™ has norm 1

in L™, so

Ly (f) = (=1)™[ < e+ L, (f = X1, )| < 26,

so we get a contradiction. O

3.5 Banach Algebras
We are now interested in introducing an algebra structure on Banach spaces:

Definition 3.5.1. A (real/complex) Banach algebra A is a Banach space that is given the
structure of an algebra over R or C, where the multiplication map (x,y) — xy is continuous, or
(which can be seen by uniform boundedness and rescaling to an equivalent norm) equivalently,
satisfying |zy| < |z||y| for all z,y € A.

Remark 3.5.1. Without loss of generality, one may assume the algebra is unital, as for a nonunital
algebra A, the algebra A x K with multiplication given by (a, 2z1)(b, 22) = (ab + aza + bz1, z122) is
Banach algebra with unit (0,1), with A — A x K being an isometric embedding.

Example 3.5.1. The space B(X) of bounded operators 7' : X — X on a Banach space is the
prototypical example of a unital Banach algebra.

With the additional structure of an algebra, the spectrum of A now has additional useful
properties.

Definition 3.5.2. A character is an algebra homomorphism ¢ : A — K. The space of characters
of A is denoted as A(A).

Proposition 3.5.1. A(A) is a weak-* compact subset of the unit sphere in A*.

Proof. Note that b being invertible implies a(b) is invertible with inverse a(b=1). If |a # 1, there
exists b s.t. [b—1| <1 but a(b—1) = a(b) —1 > 1 (or vice versa). Then,
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but the element inside is invertible since the ratio (up to flipping the fraction) has norm less than
1, which is a contradiction. It is easy to check that it is weak—* closed and therefore weak-*
compact. ]

Proposition 3.5.2. Fvery maximal ideal of A is closed. Moreover, if A is a commutative, then
there is a bijection between the mazximal ideals of A and A(A).

Proof. Recall that the set of invertible elements is open (by power series expansion). If m is a
maximal ideal of A, its closure is easily shown to be a maximal ideal containing m, so by maximality
it equals m.

We briefly prove an important lemma:

Lemma 3.5.1 (Gelfand-Mazur Theorem). If a normed algebra A (over R/C) is a division algebra,
then A=R,C,H (or A=C).

Proof. The general case is complicated, so for simplicity, we suppose that A is a complex Banach
algebra. A classic result is that the spectrum of an element in a complex Banach algebra is nonempty.
But a — Al is noninvertible iff a — A\ = 0, i.e. a = AI. O

Now, if A is commutative and I is a maximal ideal, then A/I is a field over C, so by the
Gelfand-Mazur theorem, A/I = C. Finally, we note that by the first isomorphism theorem, if
a € A(A), ker v is a closed maximal ideal of codimension 1. Consequently, for commutative Banach
algebras, we have the following bijection:

A(A) <= MaxSpec(A)
a — kera

a:(a—am)«—m

O

Recall that for any Banach space E, we have an embedding F — C(X), where X is the unit ball
of E* and is therefore weak-* compact. Motivated by this, we consider the map A — C(A(A4)). In
general, this may not be injective, surjective, or isometric. However, it turns out that if we restrict
ourselves to a special class of Banach algebras, this map turns out to be an isometric isomorphism.

Definition 3.5.3. A *—algebra is an algebra equipped with an anticommutative involution *

satisfying (zy)* = y*2*. If A is a Banach *—algebra satisfying |z*z| = |z|? for all x € A, then A is
called a C*—algebra. A homomorphism preserving the involution is called a *-homomorphism.

Remark 3.5.2. Since |zy| < |z||y]|, the last condition is equivalent to |zz*| = |z|/|z*| for all z € A.

Example 3.5.2. The prototypical example of a C*—algebra is that of B(H), the space of bounded
linear operators on a Hilbert space H.

The map ® : A — C(A(A)) defined earlier is known as the Gelfand transform.

Definition 3.5.4. The spectral radius of a is rq = SUp,ey(q) |2]-

Lemma 3.5.2 (The spectral radius formula). r, = lim,_,4 Ha”H%
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Proof. Note that the the power series for (a—AI)~! = A7} ($—1I)~! converges whenever [A\™!| < ||a~*
and diverges whenever |A\7!| > limsup,,_, ., Ha”H_%. This means that the spectral radius is at least

rq = limsup,, Ha”H% Conversely, by factoring a™ — A", one sees that A € o(a) = A" € o(a"™),
so rp < |a™||, and by taking the liminf on both sides, the claim follows. O]

Corollary 3.5.1. If a is normal in a C*-algebra, then

2

1 1
r2 < al? = |a*a| < lim [a*"|= a7 = r2,

n—aoo
i.e. rq = |al.

Corollary 3.5.2. Since ||a|? = ||a*al| = rqx4, there is a unique norm on a *-algebra that makes it
into a C*—algebra.

Lemma 3.5.3. If a is self-adjoint, o(a) < R.
Proof. One easily verifies that if a is self-adjoint, then €@ is unitary. Then, for \ € o(a),
el _ ei)\ _ (ei(a—)\) o 1)61')\ _ (a o )\)bei)\

n(, __y\n—1 . . . . . : . . .
forb=>"_, % b commutes with a and a — X is not invertible, so e* — ¢ is not invertible.

If w is unitary, [u|? = |u*u =1, i.e. r, = 1, and since A € o(u) = A ! € o(u™!), we have that
o(u) = S'. Since €' is unitary, we thus have |[¢”| = 1, i.e. A e R. O

We are now ready to state the main results of this section.

Theorem 3.5.1 (Gelfand Representation Theorem). If A is a commutative C*-algebra, the Gelfand
transform is an isometric *-isomorphism.

Proof. Recall that ®(a)(a) = a(a). By the identity

a+a*  (—ia)+ (—ia)*

a = 5 +1 5 )
it suffices to show ® is a *-homomorphism on self-adjoint elements, i.e. ¢(a*) = ¢(a) for ¢ €
A(A), a € A self-adjoint. But this follows from the fact that o(a) = o(a*) = Im ®(a) < R.
By the C* identity, we have that |a|| = Ha2"H2% — re = ||®(a)]sw, so @ is an isometry and is

therefore injective. Note that Im ® clearly separates points, since if aj(a) — ag(a) = 0 for all a,
then a3 = a. Then, by Stone-Weierstrass and the fact that the image of an isometry is closed, @ is
surjective and therefore an isometric *-isomorphism. O

Corollary 3.5.3. This shows that every ¢ € A(A) is in fact a *-homomorphism.

Corollary 3.5.4. Ifa € A is normal, then ® : C*({a}) — C(o(a)\{0}) is an isometric *-isomorphism
s.t. ®(a) = idy(a)\ (0. This is because ¢ € A(A) is uniquely determined by the image of 0 £ A\ =
¢(a) € o(a) (by the *-homomorphism property of A(A)), i.e. A(A) = o(a)\{0}, and ®(a)(¢) =
®(a)(¢p(a)) = ¢(a), showing that ®(a) is the identity map.

Definition 3.5.5 (Continuous Functional Calculus). For f € C(o(a)), define f(a) to be the element
corresponding to f in the above isomorphism. Note that by the *—homomorphism property of
A(A), f(a) = p(a) for all polynomials p(z). Additionally, since ® is an isometry, f,, — f uniformly
implies that f,,(a) — f(a).
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Corollary 3.5.5 (Spectral Mapping Theorem). If a is a normal element in a C*—algebra and
feC(o(a)), the corollary above implies that Im®(f(a)) = f(o(a)), i.e. o(f(a)) = f(o(a)).

Proof. Note that
A € o(a) <= a — Al not invertible <= ®(a — AI) not invertible <= \ € Im ®(a).

This implies that o(a) = Im ®(a), and the rest follows immediately from the Gelfand representation
theorem. O

We now list some applications of the continuous functional calculus.
Proposition 3.5.3. TFAE:
(a) a is self-adjoint and o(a) < [0, 00).
(b) a = b% for some self-adjoint b.
(¢) a is self-adjoint and |\ — a| < |A| for some/any X = |al.

Proof. The forward direction is immediate by applying the spectral mapping theorem to f(x) = /x
and the fact that the continuous functional calculus commutes with the * operation. The backward
direction is immediate by applying the spectral mapping theorem to f(z) = x2. Finally,

IAN—a| = sup |A—z| <A

z€o(a)
for o(a) c [0,0), and the converse can be established similarly. O

Definition 3.5.6. If any of these hold, a is called a positive element, denoted a > 0. We denote
A, as the cone (i.e. a vector space closed under positive scalars) of positive elements. Note
that this is indeed a cone by part (c) of the above characterization and the triangle inequality.

Example 3.5.3. If |a| := Va2, ay := 1(|a| £ a), then ay,|a| > 0 and aya_ = a_ay = 0.
Lemma 3.5.4. If0 < a <b,|a| < |b]. If a,b are also invertible, then 0 < b~! < a1l

Proof. Note in general that if a,b commute, and f,, f, are the continuous functions corresponding
to a,b, a < b <= fo < fp. Then, fi, < fjp as functions on C*({b}), so a < b < [b], i.e. fu < fip,
so |all = |fallo < [0]]. For the second property, note that a < b = c*ac < c*be, since
A, ={a*a:ae A}. Thus, a < b implies b=3ab~3 < 1, so

lazb~taz| = |20 |? = b~ Zab~ 7| < 1,

. 1,41
i.e. az2b~'az < 1. Thus,
—1

N

b= a_%(a%b_la%)a_ <a

O

The main theorem of C*-algebra states that the canonical example of a C*—algebra is in fact
the only possible case, up to isomorphism.

Theorem 3.5.2 (Gelfand-Naimark-Segal (GNS) Theorem). Every C*—algebra is isometrically
*-isomorphic to a closed subalgebra of B(H) for some Hilbert space H.

Another important class of algebras are the so-called von Neumann algebras.
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Definition 3.5.7. A von Neumann algebra (or a W*—algebra) is a C*—algbra A s.t. there
exists an algebra B s.t. B* = A, i.e. A has a predual. Equivalently, A is a weakly closed subalgera

of B(H).

Theorem 3.5.3 (Von Neumann Bicommutant Theorem). If A ¢ B(H) := G is a *-subalgebra, then
the von Neumann algebra generated by A, i.e. the weak closure of A, is equal to the strong closure

of A and is equal to A” = C(Cg(A)), the bicommutant of A.

Proof. Note that A < A”. If T ¢ A’, there exists an operator S and a weak neighborhood where
(T'Sx,yy —{(STz,y) + 0, i.e. A’ is weakly closed. Thus, the weak closure of A is contained in A”.
Since strongly closed implies weakly closed, it follows that the strong closure is a subset of the weak
closure. Finally, it suffices to show that any open neighborhood of T'€ A” in the strong topology
contains an element of A. Note that for h € H, the norm closure H; of Ah is a closed subspace of
G, and let P be the corresponding projection.

Lemma 3.5.5. Pc A'.

Proof. For x € H, let O,h — Pz. For S € A, we thus have SO,h — SPx € Hy, so PSPz = SPz,
i,e. PSP = SP for all S e A. Finally, using the fact that A is a *-subalgebra, we get that

{x, SPy) = {x, PSPy) = (PS*Px,y) = (x, PSy),
so PS =8P, ie. Pe A O

Then, Th = TPh = PTh € Hy, so by the definition of Hy, |[Th — Sh| < e for some S € A for
any € > 0. Thus, there exists a sequence S, — T in the strong topology, so T is in the strong closure
of A. O

3.6 Borel and Holomorphic Functional Calculus

We have seen that for a C'*—algebra, we can define a continuous functional calculus. We are
interested in defining a more restrictive functional calculus on a more general class, namely, just
Banach algebras.

Definition 3.6.1. A function f : U < C — B with values in a Banach space B is ana-
lytic/holomorphic if lim,_,,, %ﬁém) exists for all z € U. f is weakly analytic if ¢ o f is
analytic for all ¢ € B*.

Remark 3.6.1. If f is continuous, weakly analytic <= analytic.

Definition 3.6.2. For a function f : X — B with values in a Banach space B, one may define the
Bochner integral the same way one defines the Lebesgue integral on R. In particular, if s,, — f is
a sequence of simple functions, one may define { f = lim { s,,, which can be shown to be Cauchy and
independent of the chosen sequence. The Bochner integral satisfies {T'f = T'{ f for any bounded
linear operator 7', and one has all the classic complex and real analytic results (DCT, Monotone
Convergence, Fatou, Cauchy’s Theorem /Integral Formula).

Remark 3.6.2. Radon-Nikodym property.

Definition 3.6.3 (Holomorphic Functional Calculus). For f : U — C holomorphic, a € B, where B
is a Banach algebra and a € B, and o(a) < U, define

fla)y = o [ 1,
Y

where v = B(0,7, + 1) encloses o(a) and Zfla is the resolvent mapping.
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Proposition 3.6.1. (a) The integral is well-defined and independent of the choice of ~y.
(b) (fg)(a) = f(a)g(a), i.e. f— f(a) is a homomorphism.
(¢) If fr, — f normally, then fn(a) — f(a).

(d) id(a) = a and the calculus agrees with the continuous functional calculus on a C*—algebra.

Proof. The well-definedness is a consequence of Cauchy’s integral formula for the Bochner integral.
The fact that the map is a homomorphism follows from Fubini. Indeed, if we assume that v is in
the interior of the region bounded by ~s,

1 —1
dz1dzo

1 (21 —a)™" — (22 —a)
f@)sfa) = G j | segten 2

22—z

L 22 2ok
1 f(z1) [ 1 J 9(22) d@} 1 [ f(z1)g(21)

21 w2l —a

21

dz1 = — ————"dz; = (fg)(a),

, 72 — 21 211 v Rl

where the second term vanishes since z;y2 is outside the region bounded by 7. Normal convergence
implies convergence in norm immediately by definition, and

1 1
— i dz=2a”fdz=a
27 v Z—a 5 2"

n=0

by basic properties of complex integrals. Finally, for continuous f, let p, — f be a normally
convergent sequence of polynomials. Then, since the holomorphic and continuous calculi agree on
polynomials, by the uniform convergence property, p,(a) — f(a), which is the same element in both
functional calculi. O

Remark 3.6.3. Note that the proof requires that f be holomorphic on o(a) as well, so one cannot
apply the calculus to, for instance, meromorphic functions with poles in o(a).

Notice that the curve v encloses the entire spectrum. If it did not enclose any of the spectrum,
the resolvent would be analytic and the integral would evaluate to 0 by Cauchy’s theorem. But
what if we include only part of the spectrum?

Definition 3.6.4. For a curve v avoiding o(a) and enclosing some compact subset K < o(a), define

the Riesz projector

1 1
g = —
K 211

dz.

,YZ—CL

Proposition 3.6.2. (a) Ilx is a projection that commutes with a, and if a is self-adjoint, Ik is
an orthogonal projection (i.e. self-adjoint and s.t. 13, = Iy ).

(b) If a is a bounded operator on a Banach space, Im g, Im(I — IIg) are disjoint a-invariant
subspaces with o(almy) = K, 0(almr-1x)) = o(a)\K.

Proof. (a) Following the calculation in Proposition 5.12 with f = g = 1 and 7 being a perturbation
containing v, we obtain that g(z2) = 1, so II% = k. If a is self-adjoint, then ((z —a)™!)* =
(Zz—a)~!, so letting ~y be a circular contour and reparametrizing to go in the counterclockwise
direction yields I}, = IIx. The fact that IIx commutes with a is analogous to proof of the

homomorphism property of the holomorphic functional calculus.
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(b) The commutativity implies that Im I, Im(/ — IIx) are a-invariant, and it is easy to check
that they are disjoint. Note that p(A) < p(Allg), since the resolvent of A restricted to Im g

is the resolvent of Allx. Applying the same claim to I — I yields p(Allx) < p(A).
O

Remark 3.6.4. This suggests that the Riesz projector is to be interpreted as a projection onto the
corresponding part of o(a).

Of particular interest is then the case whenever a is a compact operator, since the spectral
theorem yields a discrete spectrum in this case.

Theorem 3.6.1. If T : X — X is a self-adjoint operator with discrete spectrum (e.g. when T
is compact), then one may write X = @ ImIIy,, where Il, are the projections onto ker(T — \;),
yielding the spectral decomposition

X = @ker(T — i)

Corollary 3.6.1. This immediately yields the decomposition into invariant subspaces for finite-
dimensional spaces, which is known as the Jordan canonical form.

Now that we have developed two functional calculi, we are ready to formalize the most general
functional calculus for Banach algebras, known as the Borel functional calculus. For this, we need
the most general version of the spectral theorem.

Theorem 3.6.2 (Spectral Theorem, General Version). The Gelfand embedding ® : C(o(A)) — B(H)
for a C*—algebra A < B(H) may be extended to a *—homomorphism L*(c(A)) — B(H).

Proof. We sketch the proof. Define ¢, ,(f) = (®(f)z,y) = § fdpa, for f € C(c(A)), where piz, is
the measure given by the Riesz-Markov representation theorem. Moreover, f — § fdp, , is bounded
and bilinear for f € L®. Thus, there exists a unique Ay s.t. § fduy, = (Asz,y). One may then
arduously verify that f — Ay is a n injective *-homomorphism. O

Remark 3.6.5. Given T' € B(H ) normal, the spectral theorem corresponding to the Gelfand embedding
of C*({T,T*}) yields the the maps v¢ : E — (A&, &), which are collection of measures called the
spectral measures of T associated to £. For ||£| = 1, these are probability measures.

Definition 3.6.5 (Borel Functional Calculus). The embedding L*(c(A)) — B(H) is called the
Borel functional calculus, defining f(7") € B(H) for a normal operator 7.

Example 3.6.1. Recall that A : H?> — L2. Consider the Schrodinger equation
iug = —Au, u(0) = ug € H?.

We may formally define the solution ‘
u(t) = ePuy,

where we may now rigorously define the unbounded densely-defined operator e : L2 — L? as

ety = j 7eit2 dz,
5 (2= A)—1

which may be equivalently expressed in terms of the Fourier transform as

i —1(it€2 1 ila—ul?
(@) = FEER) = e | A
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By dominated convergence, one may see that for ug € L' n L?, u is continuous and satisfies the
dispersive estimate
luoll1

u(t < -
et < <0

3.7 Baire Category Theorem
Recall the Baire Category Theorem:

Definition 3.7.1. A subset X of a topological space is meager or of first category if it is a
countable union of nowhere dense sets. Otherwise, X is called nonmeager or second category.
The complement of a meager set is called comeager or residual.

Remark 3.7.1. The closure of a nowhere dense set is nowhere dense.

Theorem 3.7.1 (Baire Category Theorem). TFAE:

(a) A topological space X is nonmeager.
(b) A comeager set is dense.

(c) A countable intersection of open dense sets is dense.

If any of these conditions hold in a topological space X, X is called o Baire space. Moreover, every
complete metric space and locally compact Hausdorff space is a Baire space.

Proof. We prove the equivalences. Note that the complement of an open dense set is a nowhere
dense set. Then, the last statement implies that the union of nowhere dense sets cannot be the
entire space. A countable intersection of open dense sets is a comeager set. Conversely, if A is
comeager, A ¢ A is the countable intersection of open dense sets, and is therefore dense.

Now, suppose X is a complete metric space, U; a collection of open dense sets, and let x1 € A < X
be an open set. Then A n U; contains a closed ball. Proceeding inductively, we choose a sequence
of balls B(z;,€;) € B(xi—1,€i—1) n Uj—1 for ¢, — 0. Then, the sequence is Cauchy, converging to
zeAn(); Ui, so();Uis dense in X. O

Remark 3.7.2. It is very important to note that even though meager sets are countable unions of
nowhere dense sets, meager sets can still be dense. For instance, Q < R is meager and dense, and so
is C1([0,1]) = C([0,1]). Meanwhile, comeager sets are always dense (in a complete metric space).

Example 3.7.1. (a) Q is an F;, but not Gy set, for if Q = ("), U;, for some enumeration g; of the
rationals, (U;\{¢;} = &, contradicting Baire category theorem. Similarly, R\Q is G but not
F,.

(b) A Banach space must have uncountable dimension as a vector space. Otherwise, it is the
union of finite-dimensional subspaces, which are nowhere dense, which contradicts the Baire
category theorem.

(c) Consider the subspace X < C([0,1]) of functions differentiable at some point . Define

1 x)— f(t
Apm={feX :3z,|z—-t| < — = M‘gn}
m r—t
By Bolzano-Weierstass, one can verify that A, ,, is closed. One can also show that A, ,, has
empty interior and so is nowhere dense, so by Baire category, we conclude that X < |J Apm

is meager in C([0, 1]). Thus, "most" continuous functions are in fact nowhere differentiable.
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(d) (*) If f e C*([0,1]) is such that f(™(z) = 0 for each z for large enough n dependent on z,
then f is a polynomial. Indeed, by way of contradiction, consider the sets

X, = {f™(z) =0},S = {z : f not a polynomial on any open interval containing z}.

Note that S is nonempty and closed. Applying the Baire category theorem to X, we get that
(a,b) nS < X,, n S for some n. at least one of them must have nonempty interior. Now, on
any open subset of (a,b)\S, by the definition of S and X,,, f has to be some polynomial of
degree d < n. But then (a,b)\S < X, so f is a polynomial of degree at most n on (a,b), a
contradiction.

The real power of Baire category theorem is to provide an elementary proof of the Open Mapping
Theorem from functional analysis.

Theorem 3.7.2. If T : X — Y is a bounded linear map between Banach spaces, either T is
surjective and open, or its image is of first category in Y.

Proof. If T is surjective, the we note that by the Baire category theorem T'B(0,n) has nonempty
interior for some n € N. In particular, it must contain an open neighborhood of the origin, which
completes the proof. ]

Remark 3.7.3. Thus, the approach is as follows. If V< W is a closed proper subspace, as long as
the inclusion map is continuous, the above theorem implies that V is of first category in W. If V' is
open, one must describe V' as a union of closed subspaces, each of which is meager.

3.8 Borel Sets

Remark 3.8.1. Recall that the product topology (as opposed to the box topology) is the topology
generated by rectangles with finitely many nontrivial components (and is more useful since it satisfies
Tychonoff’s theorem, which says that any product of compact topological spaces is compact).

Definition 3.8.1. The product o-algebra on a product of measurable topological spaces is the
smallest o-algebra that makes the projection maps m;, measurable, i.e. the o-algebra generated by
cylinder sets - products of at most finitely many nontrivial measurable sets. If the product is
countable, then the product o-algebra is in fact generated by arbitrary rectangles, that is, products
of elements of the respective o-algebras.

Proposition 3.8.1. If B(R), L(R), are the Borel and Lebesgue o-algebras of R, respectively, then
B(R)®" = B(R"),

but
L(R)®" < L(R™).

Proof. B(R™) is generated by definition by the open sets in R™, which are by definition at most
countable unions of products of open sets. Thus, B(R") = B(R)®". Conversely, a rectangle A x B
can be written as the intersection A x X n X x B, where both sets are measurable since the projection
maps are continuous. We thus conclude that B(R)®" = B(R") (and an analogous argument holds
for the Lebesgue measure). Finally, if V' < R is unmeasurable, V' x {0} is Lebesgue in R since it is
null, but since the inclusion i : * — (x,0) is measurable, it is not in the product o-algebra. O
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Remark 3.8.2. In general, since the projection maps are continuous in the product topology, they are
measurable. Thus, any cylinder set is a finite intersection of preimages under projections of Borel
sets, and is thus Borel measurable on the product space, which shows that X) B(X;) < B([ [ Xi)-
Conversely, note that not every open set is a cylinder set (since one can take unions of cylinder
sets), so equality does not necessarily hold. However, if each space is second-countable (i.e. has
a countable base) and the product is countable, then each open set is a union of cylinder sets, so

B(ITX:) =« @B(X

Example 3.8.1. Take X x X with the discrete topology, where X has cardinality greater than
R. Then, the diagonal is a union of open sets and is therefore measurable. If the diagonal was
measurable in the product o-algebra, it has to be the union of at most uncountably many sets, so
at least one set has two points (u,u), (v,v), implying (u,v) is in the diagonal, a contradiction.

A popular type of question is to show that a certain subset of a set is Borel, i.e. a countable union
and intersection of open or closed sets. The typical approach in these problems is to convert between
logic-based definitions and the corresponding countable unions and intersections of open/closed sets.

Lemma 3.8.1. The set of points of continuity of a measurable function f : R — R is Gs.

Proof. First, since we want to avoid talking about individual continuity points (as there are
uncountably many of them), we rephrase continuity as a property on an open set. In particular,
notice that f is continuous at c iff

Ve > 030 > 0,Yy,z€ (c—d,c+9) = |f(y) — f(2)| <k,

We thus define
1
A, = {x:5|6> 0,YVy,ze (z—d,x+9) = |f(y) — f(2)] < n}

Then,
(An={z:¥e>036>0,Vy,2€ (z— 0,2 +0) = |f(y)— f(2)| <e},

which is in fact the set C(f) of continuity points of f. It remains to show that A, is open. But if y
is sufficiently close to z € A,,, taking J, = 1‘% suffices, and we are done. O

Remark 3.8.3. This proof immediately generalizes to f : X — R for an arbitrary metric space R.

Lemma 3.8.2. On R, the converse holds - for every Gs set X < R, there exists a function that is
continuous precisely on X.

Proof. Let X = (), U; be a G5 set. WLOG, suppose that U;y1 & U;. First, note that the function
xu; + % XUEAQ is continuous on the open set U;, and discontinuous everywhere else, since if it was
continuous at x € Uf, it would be close to 0 or % in some open neighborhood of x, and so it would
have to be 0 or £ on some open neighborhood of . But that is impossible since f is 0 or 1 on a

2 2
subset of the rationals/irrationals. We now define the function

l\’)\»i

[es}
1
Z i (s + XUCmQ)
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Note that the function takes the following values:

1 X € ﬂl UZ',

1—2 1272 e (U,\Uns1) N Q,
flz)y=<1—-2""1 x e (U\Uns1) N Q°,
3 reU§nQ,

L0 x e U§ n Qe

Now, if x € (), U;, for any x — x, xj € U,, for any large enough n, so
flzp)=1—2""t 22,

as xp — x and n — 00, so f is continuous on X. If x € U§ n QF, then f is continuous at x iff f is 0
on an open neighborhood of x, which is impossible since it is only 0 on a subset of irrationals. If
x € U§ n Q, then f is continuous at z iff all irrational points around it are in Up\U; and all rational
points are in U§, which contradicts the fact that Uy is open. Finally, if « € U, \Up+1 is rational,
then it can be approximated by a sequence xj, of irrational points in at least U, so

f(xk) =>1- 2—n—1 >1-— 2_71_1 _ 2—'!7,—27

which shows that f is not continuous at x. If z € U, \Up+1 is irrational, then if x is a limit of point
of U1, there is a sequence xy — x such that

f(xk‘) 2 1 _ 2—71—2 _ 2—n—3 2 1 _ 2—71—1’

and if z is not a limit point of U,,;1, there exists a sequence xj, of rationals in U,\U,+1 converging
to x, so that
flzp) =1—27""1 27772 < f(z),

which shows f is not continuous at x. Thus, the constructed example is continuous precisely on the
set X.
O

Corollary 3.8.1. There does not exists a function continuous precisely on Q.
We now consider a much more involved question of differentiability with this technique.

Proposition 3.8.2. The set of points where a measurable f : R — R does not possess a finite
derivative is Gsq, i.e. the set of points of differentiability is Fyys.

Proof. Similarly, we rephrase nondifferentiability as a local property. Define G(a,b) = W.

Then, notice that a function is not differentiable at c iff lim,_.. G(a, ¢) does not exist, i.e.
Je > 0,6 > 0,3y,z€ (c—d0,c+ ) = |G(y,c) —G(z,0)| <e.
We thus define

1 1 1
A — { Ty, ze (x— Loy ) e |Gy 1) = Gzya))] > }
n n m

We claim this is an open set. Indeed, if [/ — z| < 6 := 1 — max(|z — =|, |y — z[), where y, z are

chosen to satisfy the condition above, then for |z’ — x| < %,

1
|G(y,a:/) - G(Z,I‘/) > —

m
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and y,z € (2/ — %,x’ + %) . Thus,

UﬂAn,m ={r:Ve>030 >03y,z€ (x — 6,2+ 9) : |G(y,x) — G(z,z)| > €}

is precisely the set of points where f is not differentiable, and since A,, ,, is open, this is a G, set.
Thus, the set of points A(f) of differentiability is G§, = Fis. O

Corollary 3.8.2. There is no function that is differentiable precisely on the Vitali set.

Corollary 3.8.3. The set of points where the derivative is continuous is a Gg subset of an Fjs set,
i.e. a countable intersection of sets that are themselves an interection of an open set with an F,5 set,
i.e. C(f') is also an Fys set. Recursively, this implies that C(f™)), A™(f) are at worst Flosyn sets.

In fact, one can say something stronger about C'(f’) for an everywhere differentiable function f.
Proposition 3.8.3. If f is differentiable, then C(f') is a dense Gy subset of R.

Proof. The previous corollary implies that the set is G. To show that it is dense, note that f’ is
1y
the pointwise limit of continuous functions f,(x) = M Define

n

Dy(f) = {x : limsup f(y) — lim inf f(y) >

y—x

and note that since C(f’) = (D5 (f"), it suffices to show that D¢ is dense for all n, as C'(f’) is then
an intersection of dense open sets and therefore dense by the Baire category theorem.
For sake of contradiction, suppose D¢ n I = @& for an open set I. Now, define Ej = ﬂl > e

b

S|

| fi(z) — fj(2)| < £}, and note that since fn converge pointwise, i.e. | J, B = X, and Ej are closed,
by Baire Category there exists k s.t. Ej n I has nonempty interior. But since each f; is continuous,
taking the limit i — oo implies that on that interior, |f(z) — f(y)| < 2 < %, contradicting the fact
that Dy nI = @. O

Corollary 3.8.4. If f is everywhere differentiable, then the set of points where f' is continuous is
uncountable.

Remark 3.8.4. Despite this, there exist everywhere differentiable functions whose derivatives are
continuous only on a measure zero set. For example, consider the construction of the Volterra
function: take the function 2?sin(1) on [0,a], cut it off at the largest value of = where the
derivative is zero, mirror across x = «, and extend it to be a constant. Then, translate it to the first
interval removed from the fat Cantor set Cg of measure 0 < 3 < 1. Repeat this process for each of
the subintervals removed in the fat Cantor set. Then, the resulting function V,, has the following
properties: since the complement of Cjs is open and dense, the function is in fact differentiable
with bounded derivative on C3. On the fat Cantor set, the function identically vanishes, and is
in fact differentiable with derivative 0, since x? sin(%) is differentiable with derivative 0 at x = 0.
However, V, is discontinuous on Cj, since there is a sequence of endpoints (at which the derivative
is discontinuous) converging to every point of Cz. In particular, V,, is not Riemann integrable. Now,
in each of the interval removed, we can put another copy of the Volterra function, e.g. if V. is
discontinuous on a fat Cantor set of measure %, we can cover half of the remaining measure by copies
of the function. Repeating this countable process countably many times yields the Volterra function
V' (x), which is differentiable everywhere but the derivative is discontinuous a.e. In particular, this a
counterexample to the Fundamental Theorem of Calculus if the derivative is not assumed to be
integrable.
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3.8.1 Exercises

Problem 3.8.1 (Problem 1 Fall 2014). Show that L3(R) n L?(R) is Borel in L3(R).

Proof.  The idea is to break up the problem into smaller pieces that are more manageable and
where we have known results. In particular, note that we have a relation between the L? and
L3 norm on a finite measure set A, stating that | f]a < ||f]3. I claim that

Apg:={fel’: HfHL2 kk)<n}

is open in L3. Indeed, suppose f € L3 and |f|3 < n. Hélder implies that for all € > 0, there
exists a 0 > 0 such that ||f — g|2 < € whenever ||f — g||3 < d. In particular, this implies that for
any values of | f|3 < n, we can choose § > 0 such that ||g|3 < (| f — gl2 + ||f]2)? < n whenever
|f — glls < &, showing that A, j is open in L3. Then,

L3R) A L*R) = | [ Anks

neN keN

ie. L3 N L? is a Gy set. O

Problem 3.8.2. Show that L?(R) n L®(R) is Borel in L*(R).

Proof.  The issue with applying the same method as for the last problem is that the Holder
bound gives us the reverse direction, i.e. |fll2 < | flleo- Thus, we instead attempt to prove that
the sets

Bujp = {f € L® | fI T2 iy <1

are closed in L. Indeed, suppose f, € By, fn — f in L®. Then, by Fatou, |f|3 <
liminf | f,|2 < N, and so f € By, i.e. By is closed in L*. Then, as before,

L2(R) A L°(R) = | J [ Buk:

neN keN

i.e. it is a F, set. ]

Problem 3.8.3. Let f: R” — R be measurable. Show that the set of points of continuity of f
is Borel.

Proof.  Again, the idea is to construct an intersection or union of open/closed sets. Here, one
has to specifically rely on the fact that contuinuity is "local": it tells you something about the
oscillation of a function in a neighborhood of a point. Particularly, we will use the following
definition of continuity, which avoids talking about continuity "at a point."

f continuous at x <= Ve > 030 > 0,y —z| < 4§, |z —z| <d = |f(y) — f(2)] <e.
Then, define
={z:30>0:|y—z|<d|z—z|<d = |f(y) — f(z)| <€}
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Note that C¢ does not parametrize by 4§, as that would be too weak to state openness or
closedness. I claim that ¢, is open. Indeed, if |2’ — z| < %, then |y — /|, |z — 2'| < g satisfies the
conditions of C.. Thus, C¢ is open, and

o) =(\c¢
neN

Y

3=

ie. C(f) is a Gs set. O

Problem 3.8.4. Let f: R™ — R be continuous. Show that the set of points of differentiability
of f is Borel.

Proof. We attempt the same approach, yet as always, we want to use the right definition of

differentiability. In particular, let us rely on the previous result, defining the continuous function
F(z,h) = f(?Hh}z*f(I).

f differentiable at ©z <= Ve363Y : |h| <§ = |F(z,h) — Y| <e.

Now, define
D.sy ={z:|h|<d = |F(z,h)-Y| <e}
Then,
p(H=U N UPL1w
keQ meN neN
which is a Gs,5 set. For general measurable functions, note that D(f) < C(f), so D(f) is Borel
is Borel on C(f), i.e. it is Borel in R. O

Problem 3.8.5. Let T : C.(R) — C.(R) be such that |Tf|e < |[flleo and pf{z : [T f(z)] > \} <
U1y Show that |Tf], < £l for all 1 < p < o.

3.9 Sobolev Spaces

We have seen that often times, we are able to take derivatives of functions in some sense. For
instance, BV functions are precisely those whose derivative is a measure. But what if the derivative

itself is a function?

Definition 3.9.1. Let 2 < R” be open. A function ¢ : 2 — R is the a-th weak derivative of f if
§o [D% = (1)l §, Dg¢ for all ¢ € CX(Q).

We now consider the spaces of functions whose weak derivative is integrable.

Definition 3.9.2. For £ € N and 1 < p < o0 The Sobolev space Wk’p(Q) is the space of functions
whose first k derivatives are in LP, i.e. the space of functions with finite norm

B =

[flwes = | 25 IDSfIE

la|<k
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for p < o0 and

| lwree = D 1Dco-

lo|<k
Proposition 3.9.1. W*?(Q) is a Banach space.

Proof. If f, is Cauchy is the W*P? norm, then the candidates for the limit f and its derivatives
D f are clear. It remains to show that

| D26 =t [ 5,070 = (1) tim, [ D26 = (-1 | Do,
which shows the claim. The case p = o0 can be handled similarly. O

Since WP can be thought of as a collection of LP spaces, Sobolev spaces inherit many properties
from LP. For instance, W*P is separable iff p < o0, reflexive with dual W*#' for 1 < p < o0, and
Wk2 .= H* is a Hilbert spaces. As always, we have density results, such as the following:

Proposition 3.9.2. For p < o0, C¥ is dense in W*P in the W"P norm.

Proof. Take an approximation ¢ to the identity. Then, since D(f * ¢.) = (D f) * ¢, if & € CF is
1 on B(0,1) and 0 on B(0,2), then ®(ex)(f * ¢¢) is a sequence of compactly supported functions
converging to f in W*P, O

But really, why do we care about Sobolev spaces? This is true mainly because of a wide number
of so-called Sobolev embedding theorems, which trade regularity for higher integrability. We begin
with the simplest case of WP,

Definition 3.9.3. For p < n, define the Sobolev conjugate p* > p of W*P by
1 1k
p* p n

Theorem 3.9.1 (Gagliardo-Nirenberg). If Q is bounded, then WP(Q) — L*(Q) is a continuous
embedding, i.e.
lu] o < Cllufwie.

ol = [
o= 2 /n =
j|u|nnld:€1 < JH <J|Vu|dyz> dzry < <J|Vu|dy1> (H JJ Vu|d:n1dyi> .
i i=2

Next, we pull out the yo factor, integrate with respect to xo, and use generalized Holder again to get

Proof. Note that

< f |Vuldy;.

Thus, by generalized Holder,

2

n n—1 ﬁ
f|u]nldac1d:c2 < <JJ \Vu|da:1dy2) H (Jff |Vu]dx1da:2dyi> i
i>3

Continuing in this fashion, we get

n [
f\u|"—1dx < <J|Du|dm> ,
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which yields the estimate for p = 1. For p > 1, apply the estimate to v = |u|?” and use Holder to get

that if v is chosen so that
m p
(y—=1

n—1 p—1’
then
n np #
n—1 n-—p
This yields the general Gagliardo-Nirenberg inequality. O

The way to interpret Gagliardo-Nirenberg is that for one derivative in LP, you get an extra % in
integrability.

Now, what happens if p > n? Surprisingly, it then turns out that the function is Holder
continuous.

Theorem 3.9.2 (Morrey’s Inequality). The inclusion W1P(R™) — C%Y(R™) is continuous for
y=1-2.

Proof. O

Thus, we have that for a function with one derivative in LP, we get % of integrability if p < n
and 1 — % of Holder continuity if p > n. We can now generalize these statements to WP,

We may now generalize this to having k derivatives in LP, which is known as the general Sobolev
embedding theorem.

Theorem 3.9.3 (General Sobolev Inequalities). (a) Sobolev Embedding Theorem: Let p*, ¢*
be the Sobolev conjugates of WP Wha, respectively. Then, if p <mn and q > p,k > 1, if

* *

p* =~
then one has a continuous embedding
WkP(R™) € WhI(R™).
(b) Rellich-Kondrachov Theorem: If k > 1 and
Pt >q,
then on a bounded open set U, then the embedding is compact.

(c) If pk > n,r e N, and
pk —n {pk—n}
T=[ J,OL: ,
p p

then one has a continuous embedding
Wk,p(]Rn) — CT’Q(RH).

Remark 3.9.1. How do we interpret the inequality above? First of all, if we embed a Sobolev space
into another Sobolev space, we will lose derivatives and gain integrability, so ¢ > p, k > [. Then, we
need p < n as in the proof of Gagliardo-Nirenberg. The case p* = ¢* represents a critical case of the
inequality, and the if the two are not equal, then we have enough regularity to establish compactness.
Finally, the last part is a generalization of Morrey’s inequality, which tells us that if our derivatives
are very integrable, then that is as good as the function being continuous differentiable.

77



Corollary 3.9.1. If pk > n, then WFP(R™)  C(R™), and thus consists of continuous functions.
For example, for n = 1, WHY(R) = AC(R) is the space of continuous functions. For n = 2,
H?(R?) = O(R?).

Here is the proof of the Rellich-Kondrachov Theorem:

Proof. Let u,, € W*P be a bounded sequence, and let us,, be the corresponding mollifiers. The goal
is to show that uf, — u,, uniformly in m as e — 0, as then, by applying Arzela-Ascoli on uf,, one
may obtain

. o .
limsup g, — 1ty = 0, [y =ty < 5 = Timsup fum, — un] <6

and finish with standard diagonal argument. To show uniform convergence, we can easily show that
u, — U, uniformly in L, and since ¢* < p*, by interpolation, we can bound the L7 norm by L'
and LP" norms, where the latter may then be bounded by Gagliardo-Nirenberg. O

Now, recall that the Fourier symbol of the derivative operator is £€'. What if we take noninteger
powers of £7

Definition 3.9.4. For k € R, p < o0, the Bessel potential space H*?(Q) is the space of functions
with finite Sobolev norm

1flmm@) = IFHEPF Flp,
where (£) = (1 + \§|2)% is the Japanese bracket.

Finally, we may attempt to generalize the Holder condition to the LP setting to attain yet
another possible definition.

Definition 3.9.5. For s € (0,1), define the Sobolev-Slobodeckij space W*? as the space of
functions with finite norm

1
u(z )P P
fubwen = [+ [0 )

Define WkP for k > 1 as the sap
Turns out that such spaces are equivalent to WP,
Proposition 3.9.3. H*P = W*P whenever k is a nonnegative integer.

Proof. Tt suffices to show equivalence of norms. Suppose f € WP, We appeal to the Mikhlin
multiplier theorem, which says that if m is a smooth bounded function s.t. |z|*|V*m| is bounded
for 0 < k < § + 1, then m is an LP multiplier. O

3.10 The Laplacian: A Case Study

One of the most important linear operators in analysis is the Laplacian operator —A, which
represents the negative sum of the second partial derivatives of a function. We do a brief, yet in
depth summary of the operator and its spectral and analytic properties.

Since not every function is differentiable, we first want to clearly define the domain of —A. Since
we want an inner product structure, for now we consider —A : A ¢ L*(R") — L?(R"). Natural
choices of domain are A = C¥(R"), H?(R"), for k > 2. The next proposition shows that one of these
is considerably more natural than the others.
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Lemma 3.10.1. For A = CF(R"), —A is closable with the closure (—A, H*(R")).

Proof. Tt suffices to show that for (f,, —Af,) — (0,g) in L?, one has g = 0. By Fourier transforms,
lgll2 = limp_e0 |||€[2Fn]l2 and |[fn]2 — 0. But we in fact know that f,, is in the Schwartz space, so
we immediately see that |g[2 = 0. To see that the closure contains H?, we note that C{° is dense
in H? in the H2-norm. Finally, the fact that H?(R") is closed as a domain follows from the fact
that if f, — f,—Af, — g € L?, then on the Fourier side, \§|2}’; — |§\2f= g in L? (as can be easily
checked on compact subsets) and the claim follows. O

We now want to show that the Laplacian is self-adjoint. But in fact, our definition of self-
adjointness is quite tricky to demonstrate, so we need a simpler criterion first.

Lemma 3.10.2 (Criterion for Self-Adjointness). A closed symmetric operator T is self-adjoint iff
ker(T* +4) = 0 ¢ff Im(T + i) = H.

Proof. Note that a closed operator has closed kernel and image, so the equivalence of the last two
statements is equivalent by the orthogonal decomposition of a Hilbert space. To show D(T™*) < D(T),
let fe DT*),¢p=(T*+1)f, and g € D(T) s.t. ¢ = (T +i)g. Then, since T*g = Tg, we get
(T* +40)(f —g) =0,ie. f=ge D(T). O

Corollary 3.10.1. A closed symmetric operator T is self-adjoint iff o(T) < R.
Remark 3.10.1. The same proof applies on a bounded open subset of R™.

Proposition 3.10.1. The Laplace operator is self-adjoint —A : H*(R") = L*(R") — L*(R") with
essential spectrum o(—A) = 0ess(—A) = [0, 00).

Proof. Notice that the Laplace operator is the Fourier multiplier of |£]2. We borrow from the
theory of multiplication operators, which states that the spectrum of a multiplication operator is
its essential range, i.e. the support of the pushforward measure f,u, where eigenvalues A are s.t.
u(f = A) > 0. Since the range of |£|? is [0, c0), so is the spectrum of —A, which is easily seen to
be purely continuous. Moreover, since the spectrum is real and the operator is easily seen to be
symmetric, the operator is self-adjoint. O

Remark 3.10.2. This method easily allows us to construct eigenfunctions any (generalized) function
supported on {z : f = A} is the Fourier transform of an eigenfunction. For instance, we identify the
plane waves e*** as "eigenfunctions" of the Laplacian with eigenvalues \.

We can now generalize our approach to the Schrodinger operator —A + V(z) : H?(R") <
L?(R™) — L?(R"™). In general V may not be bounded, so the multiplication operator of V' might be
an unbounded operator.

Proposition 3.10.2. —A + V essentially self-adjoint on H*> n D(V') for Ve L2,V > 0.

Proof. The same argument as before shows that the operator is closable on C°. The same argument
as before shows that H? is contained in the closure. Finally, the same argument as before shows
that —A + V is closed on L2.

For multiplication by V' to be symmetric, V clearly has to be real-valued. Finally, we get that
the spectrum of the operator depends on V- namely, oess(—A + V) is the essential range of —A+ 1V
and eigenvalues are values A where p(|¢|2 + V = A) > 0. O
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3.11 Ergodic Theory

Several questions on the qualifying exam pertain to ergodic theory. We briefly review the main facts
here.

Definition 3.11.1. A measure-preserving transformation 7 : X — X on a probability space
is a map such that u(T~1(A)) = u(A) for all measurable A.

Definition 3.11.2. A measure-preserving transformation is said to be ergodic if (T~} (E)AE) = 0
implies u(E) =0 or p(E) = 1.

Lemma 3.11.1. For a« € R\Q, {an mod 1:n € N} is dense in [0, 1].

Proof. By pigeonhole principle, subdividing [0, 1] into N intervals, there are j, k € N such that
(j — k) mod 1€ (—=,+). The rest follows by adding this number to itself at most N times. [

In fact, there is a much stronger definition for a subset.
Definition 3.11.3. A sequence in [0, 1] is said to equidistributed if lim,,_, u(a, € [¢,d]) = d—c.

Proposition 3.11.1. A sequence is equidistributed in [a,b] iff limy, 0 + 27]:[:1 flan) = = SZ f(x)dx
in the Riemann integral sense.

Proof. Equidistribution is equivalent to the Riemann integrability of indicator functions. Conversely,
approximating f by step functions below and above by linearity yields Riemann integrability. [

Theorem 3.11.1 (Weyl’s Equidistribution Theorem). A sequence is equidistributed in [0, 1] iff

1N
li - 27ian =0.
Nl—r>noo N Z ¢
n=1
Proof. If a sequence is equidistributed, thiis follows immediately by the Riemann integrability
criterion. Conversely, if the criterion holds, it holds for every trigonometric polynomial, and by
Stone-Weierstrass, for (almost) every continuous function. Then, approximating step functions by
continuous functions as before, the proof concludes. O

Example 3.11.1. Let a € R\Q. Then,

1

1 N

2mian
— = — 50
DI

so multiples of an irrational number are in fact equidistributed in [0, 1].

The importance of ergodic theory are the so-called ergodic theorems, which state that for ergodic
transformations, the average in space and in time are identical.

Theorem 3.11.2. Let T : X — X be a measure-preserving transformation on a finite measure
space and let f € L'. Define the time and space averages

) = tim = 3 f@a. T = - [ g
)= Jim, 5 5 11 0.7 =~ | fan

Then fe L', and if T is ergodic, f: f a.e., with § fdu = Sfdu and f: ]?o T.

80



4 Complex Analysis

4.1 Holomorphic Functions
The following are the equivalent definitions of a holomorphic function:

Definition 4.1.1. (a) A holomorphic function f : U — C is complex differentiable, i.e.
()~ ()
-
exists.

(b) A holomorphic function f : U — C is a complex function given locally by a power series
n)
fiz)y =7, M(z — 2p)" that that converges normally to f on |z — z9| < R, where R is

n!
the smallest distance to where f is undefined.

(¢) A holomorphic function is one satisfying the Cauchy-Riemann (C-R) equations: if f = u+iv,
Uy = vy and uy = —v,.

To prove this, we first need to prove a fundamental result known as the Cauchy-Goursat theorem.

Theorem 4.1.1 (Goursat Theorem). If f is complex differentiable in the sense of (a) on an open
region U, for any triangle A contained in U, SA =0.

Proof. For contradiction, suppose not, i.e |§, f(z)dz| > e. Iteratively subdivide the triangle
into subtriangles and by pigeonhole principle, pick a point z* in a sequence of triangles where
|§ A, z)dz| = 4. But since each triangle has half the diameter and perimeter of the previous one,

Uf(z)dz — (f(2*) + f(z%) (2 — 2*))dz E/diamif())AO’,

< €,J|Z — 2¥|dz < diam(A,)|A,] =

which is a contradiction for small enough €. O

Corollary 4.1.1. Approximating an arbitrary simple curve by polygons, which are further subdivided
into triangles, and approzimating null homotopic curves by simple closed curves implies Cauchy’s
Theorem: for f : U — C complex differentiable and v a closed C' curve inside U homotopic to a

point,
[ECZE
¥

Theorem 4.1.2. (Cauchy’s Integral Formula and Estimates) If f is holomorphic on U and 7 is a
circle of radius R in U,
n! f(z)

(n) S NP P S
f (ZO) i (Z _ ZO)TL-’:—l dz
0l
and A

Proof. WLOG, suppose v is a circle. For n = 0,

fﬁf f(zo +f(20)dz

—2mif(z0)| = O,
Z— 20
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as the left part is bounded (since f is differentiable) and the right part can be evaluate to be
27if(20). Then, by the geometric series formula

L e [ w_znzzoow_zﬂ fe)
= 2m';£nz_]0 (Z—Zo)"H( o'dz = ), ) fﬁ(z—zo)”ﬂd ’

n=0 Y
where the change in integral and sum is justified by taking a small enough circle ~. O

Corollary 4.1.2. This argument shows that a holomorphic function f has a power series expansion
that is locally uniformly convergent in any circle that the singularities of f. Moreover, any formal
power series is a sequence of holomorphic functions that converges locally uniformly, and thus defines

a holomorphic function on its radius of convergence R = . 1| I . This, along with a simple
1M Sup |an n

calculation showing that the C-R equations are equivalent to complex differentiability, shows that the
three definitions of a holomorphic function are equivalent.

Remark 4.1.1. Introducing the Wirtinger derivatives
. 1 .
0. = =(0y —i0y), 0z = 5((%5 + 10y),

C-R implies that f is holomorphic iff dzf = 0, and f'(z) = 0, f(2).

Remark 4.1.2. On the boundary of the disk of convergence, the power series for a holomorphic
function f can converge in any way possible - absolutely, conditionally but not absolutely, or it may
diverge at any subset of JD. For example,

(a) liz = Y0 , 2" diverges everywhere on the boundary.
(b) —log(l—z) =Y ;% converges everywhere conditionally except at z = 1.

(c) 22X, Z—Z converges everywhere on the boundary absolutely.

If f: U — C is holomorphic, we write f € H(U). One can check that a given function is
holomorphic using Morera’s theorem:

Theorem 4.1.3 (Morera’s Theorem). If f : U — C is continuous and SA z)dz = 0 for every
triangle A < U, then f e H(U).

Proof. Define F(z) S f(2)dz, where v starts at a fixed point a and ends at zg. The conditions,
along with a polygonal approx1mation argument, imply that F' is complex differentiable and so is
holomorphic. By the fundamental theorem of calculus, since £’ = f and analyticity of F it follows
that f is holomorphic. O

Corollary 4.1.3. The proof shows that a holomorphic function f on any domain U has an
antiderivative F' iff §,y f = 0. In particular, every holomorphic function locally has an antiderivative.

The necessity of the zero integral condition follows from the fact that by the Fundamental Theorem
of Calculus, § f(z) = F(z0) — F(z0) = 0.

The following are main results and theorems that frequently appear on the analysis qual:

Theorem 4.1.4. (Mazimum, Minimum Modulus and Mean Value Formulae) If f is holomorphic
on U and v is a circle of radius R in U,

560 = g § Lt = L (7 s v mean = L s - ff f(re®)yrdras.
20 727‘(‘2 7 — 20 2727'(' 20 e VARS 7TR2 7'6 T r
5 B(0,R)
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If | f| attains a (local) mazimum on U, f is constant. If |f| is bounded below on U by a positive
constant, then if | f| attains a (local) minimum on U, f is constant. Moreover, if f is continuous on
oU, |f] attains its mazimum and (if f has no zeros in U) minimum on OU.

Proof. Mean value formulae follow immediately from Cauchy’s integral formula, and directly imply
the maximum and minimum principles. O

When discussing convergence of complex functions, the most natural setting is that of locally
uniform convergence:

Definition 4.1.2. A sequence f, : U — C converges normally to f: U — C if f,, — f uniformly
on compact subsets of U.

Proposition 4.1.1. If f, € H{U) and f, — f normally, f € H(U) and fr(bk) — &) normally.

Proof. The first part follows from Morera’s theorem. The second part follows from Cauchy’s Integral
Formula. ]

The following is a fundamental characterization of holomorphic functions.

Theorem 4.1.5 (Open Mapping). Every nonconstant holomorphic map is open, i.e. the image of
an open set is open.

4.2 Exercises

Problem 4.2.1. If f € H(D) has a pole at z = 1, then the Taylor series for f diverges
everywhere on the boundary.

Proof.  If not, Y} a,2" = c for some |z| = 1, so a,, — 0, so considering the series b,, = a, —an-1,
we see that > b,2" = (1 —2) > anz™ = (1 —2)f(z). But as z — 1, by Abel’s theorem the former
converges to 0 and the latter cannot converge to 0 because of the pole, which is a contradiction.

O

Problem 4.2.2 (Fall 2014 Problem 9). Let < C be an open connected set. If f, is a
sequence of injective holomorphic functions on 2 that converges normally to f, then, if f is
nonconstant, f is injective.

Proof. Note that f is injective iff f does not vanish on U. In particular, since f,, converges
locally uniformly to f, f! also converges locally uniformly to f’. Suppose f’ is not injective.
Then, f'(z9) = 0 for some 2 € U. In particular, by the argument principle, over a sufficiently

small circle of radius v around zg on which f’ does not vanish, %mg f—/,l =1, but L S f—:, =
8l f 2me Y fn
for all n. But this is a contradiction, since | f’| is bounded on +, so for € < inf, | f’|, for sufficiently

large n one has that f—*:{ — J}—l,/ uniformly, contradicting the difference in the integral values. O

Problem 4.2.3 (Spring 2014 Problem 9). Prove that if f,, — f normally on an open
connected set Q2 < C, f,, f holomorphic, f,(z) % 0, then either f is either identically zero or
vanishes nowhere.
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Proof.  Essentially a special case of the last problem. O

4.3 Zeros and Poles

Lemma 4.3.1 (Isolated Zeros). The zeros of a nonzero holomorphic function have finite order and
are tsolated.

Proof. Since a holomorphic function is defined locally by a power series, f(z) = zFg(z) where g is
analytic and ¢g(0) # 0. This shows that the zero has finite order and is isolated. O

Corollary 4.3.1 (Identity Lemma). If f,g € H(U) agree on a set with a limit point in U, f = g.

Definition 4.3.1 (Poles). A complex function with isolated singularities has three types of singu-
larities:

(a) A singularity zo is removable if lim,_,., f(z) = f(20)-

(b) A singuarity z is a pole of order k if lim,_,. (2 — 20)"|f(2)| = o for 0 <n < k — 1 but not

for n = k.

(c) An essential singularity if neither is true.

Lemma 4.3.2 (Riemann’s Theorem on Removable Singularities). If zo is an isolated singularity
and f is bounded in a neighborhood of zy, zg is a removable singularity.

Proof. Note that f(2)(z—20)? is holomorphic at zg, since it has zero derivative. Thus, f(2)(z—20)? =
h(z), where h(z9) = h'(29) = 0. We thus have that f(z) = M) = ag + as(z — z0) + ... O

(z—20)%2 —

Definition 4.3.2. A meromorphic function f : U — C is a function holomorphic outside a
discrete (that is, closed countable) set of poles.

Lemma 4.3.3. Every meromorphic function on C is a ratio of two entire functions.

Proof. Given a meromorphic function f with poles a,, by Weierstrass’s Theorem, there exists a
function ¢ that has zeros a,. Then, fg = h is holomorphic, so h = g. O

Here are three important results that explain the behavior of meromorphic functions near
singularities:
(a) Little Picard’s Theorem: The image of an entire function misses at most one point of C.

(b) Casorati-Weierstrass: The image of a function in a neighborhood of an essential singularity
is dense in C.

(¢) Great Picard’s Theorem: In a neighborhood of an essential singularity, a holomorphic
function takes on all except at most one value of C infinitely many times.

(d) Generalized Great Picard: Any holomorphic map M\{w} — CP attains all except at
most two values of CP infinitely many times in any neighborhood of w.

Some important corollaries follow when considering the singularity of a function at co.

Proposition 4.3.1. If f is entire and has a removable singularity at oo, then f is constant. If f
has a pole at oo, then it is a polynomial.
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Proof. The first claim follows immediately from Liouville’s theorem. For the second claim, we see
that f extends to a meromorphic function on CP, so it is rational and has no poles in C. Thus, it is
a polynomial. O

Remark 4.3.1. If f is entire and a polynomial, then by the Fundamental Theorem of Algebra it
attains every value. If not, then it has an essential singularity at oo, so since f never attains the
value 0 of CP\{w0}, we see that the generalized Great Picard theorem implies the Little Picard
Theorem.

4.4 Infinite Products

Recall that by the Weierstrass M-Test, the power series for a holomorphic function converges normally
on the disk of convergence. In latter sections, we are interested in considering the convergence of
infinite sums and products for meromorphic functions.

Definition 4.4.1. Given a countable subset X = {a, } = C and a branch of logarithm with a branch
cut that avoids X, we say [[~_; an converges iff > | log(a,) converges. If the sum converges to
—00, the infinite product is said to diverge to 0.

Remark 4.4.1. Note that if a,, = 0 for all n, since

Zan < H(l +a,) < e,

then [ (1 + a,,) converges iff >, a,, converges.

Corollary 4.4.1. A product [[7_,(1 + ay) is said to converge absolutely if [/ (1 + |an]|)
converges. Then, the remark implies that ), a, converges absolutely if and only if H;’lo:l(l + ap)
converges absolutely.

Lemma 4.4.1. The Cauchy criterion for convergence of products is as follows: the product converges
if for any € there exists a K s.t. | ar — 1| <€ forn,m > K.

Proposition 4.4.1. If a product converges absolutely, then it converges. In particular, if a, = 0,
[1(1 = ay) converges iff >, a, converges.

Proof. The first statement follows from the Cauchy criterion and the inequality

H(1+ak -1 ﬁ1+|ak|
n

n
Then, if ] a, converges, [ [(1 — a,) converges absolutely and therefore converges. Conversely, if
Y ay, diverges and [ (1 — a,,) converges, a,, — 0 so since (1 + a,)(1 —a,) < 1—a2 >0, we get that
[T1(1 —an)(1 +a,) <1,s0]](1—a,) — 0, which is a contradiction. O

Remark 4.4.2. The examples a,, = LJ (where the product diverges to 0, but the sum converges)

L5
and a9, = %’%1, aon+1 = \/% (where the product converges, but the sum diverges) show that
when we have both negative and positive terms, the convergence of [ [(1+ a,,) and )] a,, is unrelated.

Corollary 4.4.2. An infinite product ]_[;O:l(l + fn) of holomorphic functions converges to a
holomorphic function if > | fn| converges.
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4.5 Weierstrass, Hadamard, Laurent, Mittag-Leffler, Jensen

We are often times interested in seris/product expansions for holomorphic/meromorphic functions.
Their existence is provided through the following theorems:

Theorem 4.5.1 (Laurent Series). There exists a unique annulus at zo on which a function f with
an isolated singularity at zg has a Laurent series of the form

0
1) = 3 an(z— 200",
n=—oo
where a, = %m %dz that converges normally on the annulus. If infinitely many negative

terms of the Laurent series are nonzero, f has an essential singularity at zg. Otherwise, if a_p, is
the first nonzero coefficient, f has a pole of order m, and if the expansion has no negative terms,

f has a removable singularity. Moreover, RT = . 1| T are the inner and outer radii of the
imsup |a4n|™

annulus. Z:}D an 2" is called the principal part of f. Moreover, if if f is a holomorphic function
in an annulus, then its Laurent series converges normally to f on that annulus.

n

Proof. First, consider a formal Laurent series with R* defined as in the proof. Then, by the
Weierstrass M-Test, the partial sums converge locally uniformly and thus define a holomorphic
function on the annulus R~ < |z — z9| < R*. Conversely, if f is a holomorphic function in the
annulus, one applies Cauchy’s formula on the inner part of the annulus and the upper part of the
annulus, on the intersection, f is given by its Laurent series, with the partial sums converging
normally. O

Example 4.5.1. Consider the function ex — ;12 This function has two Laurent series - one in the
annulus 0 < |z| < 2, given by

n=0 n=0
and one in the annulus |z| > 2, given by the Laurent series for e* — ;% at 0, which is
0 __n 0
z
n
IR NES
n=0 n=0

Arguably the most fundamental result regarding meromorphic functions is that of the residue
theorem:

Definition 4.5.1. Let f be meromorphic, and zy be a singularity of f. Res(f, z9) = a—1 = Sv f(z)dz
is called the residue of f at zg, where « is a curve around zy with no other singularities in the
interior. If f has a removable singularity, the residue is 0, and if it is a pole of order n, the residue
may be computed as

Res(f,29) = lim #dni_l
T Sk (n—1)!dzn1

(z —20)" f(2).

Theorem 4.5.2 (Residue Theorem). Let f be meromorphic. Then, for any simple contour 7

oriented counterclockwise,
J f(z)dz = 271'2 Res(f,a)
v a

where a ranges over all singularities of f inside .
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Definition 4.5.2. A holomorphic function f is said to be of exponential order n if n is the
infimum of a such that f(z) « el*l".

Theorem 4.5.3 (Weierstrass/Hadamard Factorization Theorems). If f is an entire function with
nonzero zeros a, and a zero of order m at 0, there exists an entire function g and a sequence of

integers n such that
ee}
z
f(z) = 2" [ ] By (),
n=1 n

where
z'n.

Ep(2) = (1 — z)ei=1 7,

where the convergence of the product is normal on C. Moreover, if f is of order n, then it suffices to
take g(z) to be a polynomial of degree n and py = p, where p is the smallest integer such that

2 ‘a ’p—&-l

converges.
Remark 4.5.1. Note that the convergence of the product is guaranteed since |Ej,(Z) — 1] « |£\”+1.

Theorem 4.5.4 (Mittag-Leffler Theorem). Any meromorphic function f : U — C with a set of
singularities B without a limit point in U can be written as f = g+ h, where g is holomorphic on U
and for any a € E, h — py(2) has a removable singularity at a, where py(z) is the principal part of h
at a. In particular, every function has the normally convergent expansion

f(z Zpan + gn(2),

where gn(z) are polynomials chosen to make the sum converge. Particularly, if f only has simple
poles, is defined at 0, and is uniformly bounded on a sequence of circles with radii tending to oo, then

fG) = £0)+ 3 2

n=1 n

where b, is the residue of f at a,.

Example 4.5.2. (a) sinz is a entire function of order 1 with a zero of order 1 at 0. Since the
zeros are +nm, and thus are asymptotic to the harmonic series, clearly p = 1 suffices. Thus,
by Hadamard,

2,2

o0 a0
sinz = ze®*? H(l - i)enzTr(l + i)e*ﬁ = a2t H(l -
n-i nm nm el n4m

),

and using the fact that sin z is odd and dividing by z and substituting 0 yields a = b = 0, i.e.

e0] 22
SiIlZZZH (1—2>
nmw

n=1
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(b) By the same exact logic,

o 22
az+b
cosz =¢€ || 1—7122 ,
(n—3)2m

n=1

where plugging in 0 and using the fact that cos z is even yields

& 22 x 472
COSZZH(l—(n_W>=H<1—(2n+1)2W2>.

n=1 n=0

(c) e — €'* is an entire function of order 1. It has zeros whenever e*(!=) = 0, i.e. z = 2% Then,

1—3
Z_ ¢ iz __ az+b _
€ - H 27rn) )
1 A

and by standard techniques we conclude that b = In(1 — i) = v/2 — T and since e*~%% — ¢#~ 9%
isodd, —2(1—a) =z2(i—a),ie.a—1=i—a = a=1+1,so0

0 2
eF — ei* — 1+z )z+(1—1 H )
n=1 1—1,)

Example 4.5.3. (a) tan z has simple poles at z = 7(+n + %) for n > 0 and satisfies the uniform
boundedness condition, so by Mittag-Leffler, with residue —1 at every pole, one has

1 - 8z
tan z = - - = .
Z z—mn+3) z—m(-n—3) §0ﬁ2(2n+1)2—4z2
Alternatively, one may use the Hadamard factorization for cos z and the fact that tan z is the
logarithmic derivative to conclude

0

—8z
—t —
anz Z (2n + 1)272 — 422’
n=0

which yields the same expansion.

o 8(m%(2n+1)2+422)
n=0 (72(2n+1)2—422)2"

(b) Doing term by term differentiation of the above series yields sec? z = >’
4.6 Montel and Runge
We now define a version of compactness for families holomorphic functions.

Definition 4.6.1. A family F < H(U) is said to be normal if every sequence in F has a uniformly
convergent subsequence.

Montel’s theorem provides a simple description of normal families:

Theorem 4.6.1 (Montel’s Theorem). A family F < H(U) is normal iff it is locally uniformly
bounded.

Proof. The forward direction is essentially an application of Arzela-Ascoli, using the bounds on the
derivative f’(z) from f(z). The converse follows since precompact sets are bounded. O
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An interesting parallel to Montel’s Theorem is the following statement:

Theorem 4.6.2 (Fundamental Normality Test). A family F < H(U) of functions all omitting the
same two values a,b e C is normal.

Finally, we want to provide an analogue of such convergence for meromorphic functions, provided
in the form of Runge’s theorem:

Theorem 4.6.3 (Runge’s Theorem). If f € H(U) and A is a set with at least one value from each
connected component of C\K, where K < U is compact, then there exists a sequence of rational
functions with poles in A that converge uniformly to f on K.

4.7 Automorphisms of Riemann Surfaces

Recall the construction of the Riemann sphere as CP = C u {o0}. We are interested in studying the
structure of simply-connected Riemann surfaces (complex manifolds). This is made extremely easy
with the following theorem:

Theorem 4.7.1 (Uniformization Theorem). Every simply-connected Riemann surface is conformally
equivalent to CP,C, or D.

Thus, it suffices to understand holomorphic/meromorphic maps and automorphism between
each of these three Riemann surfaces. We first focus on CP.

Definition 4.7.1. A Mo6bius transformation is a map of the form

az+b
cz+d’

f(z) =

satisfying the following properties:

(a) The Mobius transformations form a group isomorphic to PGLy(C) according to
a+ bi a b
— .
c+di c d
(b) A Mobius transformation is uniquely defined by three points.

(C) If f(Z) = ij_s7f_1(z) = —Cljzfa

Proposition 4.7.1. Let f : CP — CP be meromorphic. Then, f is a rational function.

Proof. Since CP is compact, any nonconstant f has finitely many zeros. Moreover, f has finitely
many singularities, and each singularity is a pole (otherwise f is not meromorphic on C, i.e.
holomorphic on CP). Multiplying by the poles and dividing by the zeros yields a bounded function
on C, so by Liouville it is constant. Thus, f is rational. O

Corollary 4.7.1. All diffeomorphisms (that is, complex automorphisms) of CP are Mobius trans-
formations.

Proof. We know that f has exactly one zero and one pole and is rational. O

Proposition 4.7.2. The diffeomorphisms of C are linear functions.
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Proof. Note that by Casorati-Weierstrass, f does not have an essential singularity at co, since the
image of f in a neighborhood of oo is not dense in C by the open mapping theorem. Thus, f is a
polynomial. The only injective polynomials are linear functions. The result then follows. O

Proposition 4.7.3. The automorphisms of D are the Blaschke factors f(z) = e =%

l1-az"
Proof. Suppose f(0) = 0. Applying the Schwarz lemma to f, =1, we get that |f/| = 1,50 f(z) = 2.
Otherwise, map the zero a of f to 0 using a Blaschke product. O

Remark 4.7.1. Blaschke factors are very special because they replace a zero at % with a pole at a,
and also have magnitude 1 on the unit circle, so multiplying by them does not change the magnitude
of the unit circle.

Proposition 4.7.4. There are no holomorphic maps CP — C,C — D.

Proof. CP is compact and C is not. The latter is the statement of Liouville’s theorem. O

4.8 Jensen’s Formula and Bounds on Zeros

Since complex functions are so well-behaved, it is natural to ask if one may obtain certain bounds
on their growth as it relates to the number of zeros. One first needs the following absolutely
fundamental lemma.

Lemma 4.8.1 (Schwarz Lemma). Let f : D — D be holomorphic and f(0) = 0. Then, |f(z)| < |z],
and | f'(0)| < 1. If equality holds in either case, f(z) = €?z.

Proof. Define g(z) = @ Then, lim|,, [g(2)| = 1, so by the maximum principle on {|z| = r}
and sending » — 1, we can conclude that |g(z)] < 1, i.e. |f(2)| < |2]| and [f/(0)] = |g(0)| < 1. If
equality holds, then by open mapping theorem/maximum principle, f has constant magnitude and
so f(z) = ez. O

Lemma 4.8.2 (Schwarz-Pick Lemma). If f : D — D is holomorphic,
f(z1) — f(z2)

1 — f(21)f(22)
with equality holding iff f is a Blaschke factor, and
FEE
2 2°
L=-fz)P 11—z

21— 22

S 5

1 —7Z12

Proof. Consider the Blaschke factors 7o, 72 sending 0 — 21,0 — f(21), respectively. Then, 50 f o
[ 1(2) satisfies the assumptions of the Schwarz lemma, so replacing z — 7(22) yields the desired
inequality, and sending z; — zo yields the latter inequality. ]

zZ—w

Definition 4.8.1. The pseudohyperbolic metric on D is defined as p(z,w) = ’1_%} . The

Schwarz-Pick lemma implies that with respect to this metric, analytic functions on ID are Lipschitz.

Theorem 4.8.1 (Borel-Caratheodory). An entire function is bounded by its real part according to

2r R+r
su < M + 0
|z|<pr‘f| - 710

for M = sup,<gRe f.
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Proof. If f is nonconstant, the idea is to apply the Schwarz lemma. Suppose f(0) = 0, and note
that since Re f is a harmonic nonconstant function, M > 0. Then, the image of f lies in the shifted
half-plane Re z < M, which can be mapped to the disk of radius R using

Rz
Thus, Schwarz lemma yields that for |z] <r
Rf(2) 2r
———— | T = su <
‘f(Z)—QM |z|£‘|f| R—r
In the general case, just apply the proof to f(z) — f(0). O

One of the most important functions is the complex logarithm, defined as log z = log |z| +iArg(z).
The issue is that the argument of a complex number is not well-defined up to multiples of 27,
requiring a branch cut where log 2z is undefined. The standard choice is to make the branch cut at
the negative z-axis and let Arg(z) € (—m, ), which corresponds to the Log z. However, one may
shift the branch cut as is necessary, as long as the domain does not contain a curve around 0.

The key theorem that relates the zeros of a holomorphic function to its growth is known as
Jensen’s formula:

Theorem 4.8.2 (Jensen’s formula). For a meromorphic function f on U and 7 a circle of radius
R centered at zg and contained in U,

log |f(z0)| = 21 flog]f ]dz—l—Zlo Zl

where ag and by, are the zeros and poles of f in the interior of 7, respectively.

Proof. By scaling and shifting, one may assume that v = dD, i.e. z9 = 0, R = 1. Multiplying f by
appropriate Blaschke factors makes f nonzero holomorphic on D at no cost on the right, since the
Blaschke factors have magnitude 1 on the boundary and log1 = 0, and a cost of log |p| on the left
(since the Blaschke product is evaluated at 0). Thus, the problem reduces to showing

1

— 1 dz =1

3 | oglfla= = 1og(£(O)).
which follows since log|f| = Relog f is a harmonic function and thus satisfies the mean value
property. ]

Corollary 4.8.1. The most useful version of Jensen’s formula is that for holomorphic functions,
which states

flog|f )|dz = log | f(20) |+Zlog an — ol

Crucially, this formula relates the number of zeros to the growth of an entire function.

Proposition 4.8.1. If f is entire of order A, if N is the number of zeros of f in B(0, R), then
N « RA.
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Proof. Consider Jensen’s formula applied to a circle of radius 2R. Then,

1

2R
— | 2R)"dz = log | £(0)| + ) log —.
g | 20 2 10817 0) + Stog 4

For every zero in B(0, R), the term in the sum is at least log 2, and for all other zeros the term is
nonnegative, so
Nlog2 « RA.

O]

Example 4.8.1. There is no nonzero entire f such that f « e?l and f(n%) = 0 for all » > 0. This
is because N » R? » R', and 1 is the order of f.

4.9 Phragmen-Lindelof

Often times, one wants to bound a holomorphic function defined on some unbounded region in the
complex plane. For bounded regions, one may appeal to the maximum modulus principle, and for
unbounded ones, the argument of the Hadamard three-lines lemma motivates the following set of
propositions.

Proposition 4.9.1 (Phragmen-Lindelof). If f « eem|1m2| 18 holomorphic in the strip a < Rez < b,
bounded by M on the edges of the strip, then it is bounded by M everywhere, i.e. [ satisfies the
maximum principle.

Proof. Multiplying by e~“¢", using the maximum modulus principle, and sending € — 0 concludes

the proof. O

Corollary 4.9.1 (Phragmen-Lindelof for Sectors). If f is holomorphic in the sector a < 0 < 3 and
of exponential type at most ﬁ, then f satisfies the mazximum principle.

Proof. Apply Phragmen-Lindelof to f(e'?). O

4.10 Injective, Proper Functions, and Blaschke Products
Proposition 4.10.1. If f : U — V is holomorphic injective, then f' does not vanish on U.

Proof. WLOG, suppose zy = 0. Then, write f(z) = apz® + ... = 2Fh(z) for some analytic function h
such that A(0) # 0. This implies that locally, h has a holomorphic k-th root, so f(z) = (zg(z))*. But
the image of zg(z) contains a neighborhood of zero by the Open Mapping Theorem, so there exist two
distinct angles 0y, 0y such that g(z1) = re'1, g(20) = 7¢%2, and 219(21)* = 229(22)* contradicting
the injectivity of f. O

The Inverse Function Theorem guarantees that if f : U — V is holomorphic and bijective, then
the derivative of f~! satisfies C-R and so f is conformal.
To analyze the zeros of holormorphic functions, we have two very powerful tools:

Theorem 4.10.1 (Argument Principle). For f meromorphic in U and -y a simple closed curve, the

value of ﬁ §,Y J;/((j))

Theorem 4.10.2 (Rouche’s Theorem). If f,g € H(U) n C(U) and and |g| < |f| on oU, f and
f + g have the same number of zeros in U.

dz = number of zeros - number of poles inside U.
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Definition 4.10.1. A map f : U — V is proper if the preimage of any compact set in V' is compact
in U.
Theorem 4.10.3. (The Fundamental Theorem of Blaschke Products)

(a) A map f:D — D is proper iff it is a finite Blaschke product.

(b) Given a sequence a, € D such that Yo (1 — |an|) < oo, there exists a function f =

I lan] z=an ¢ H (D) that vanishes precisely on {ay}.

n=1 a, l—anz

Proof. Suppose f is proper. Then, f~1(0) is finite, so f has finitely many zeros. Moreover,
f7H(B(0,7)) for r < 1 is compact, and so avoids the boundary of the D. Thus, lim, 1 |f(z)] = 1.

Divide by the Blaschke factors corresponding to those zeros to obtain a map f that does not vanish
on the unit disk and extends to a function of constant modulus on the boundary. The image of a
function of constant modulus is a subset of a circle, so by the Open Mapping Theorem, the function

is constant. Thus,
n
f=e H B;,
i=0

where B; are the Blaschke factors of f. Conversely, if f is of the above form, for any compact set
K < B(0,r),r <1, f~1(K) avoids the boundary, and so is closed and bounded, i.e. compact.
Finally, for a function f € H(D) with zeros {a,}, define the partial products as above. The

4.11 Harmonic Functions and Laplace’s Equation

Definition 4.11.1. Let U < R" be open. Then, f: U — C is harmonic if Au =0 on U.

Lemma 4.11.1. If f is holomorphic on U, then Re(f),Im(f) are harmonic on U. Conversely, on a
simply connected subset of C, every harmonic function is the real/complex part of a holomorphic
function, unique up to a constant.

Proof. One direction follows easily from C-R. Conversely, for u harmonic, define f = u, —iu,. Then,
f has a primitive F(z) = f(z0) + Sjo f(¢)d¢ for some zy € U. If U(z) = Re F, F'(z) = U, — iU, =
Uy — Ty, s0 U(z) = u(z) for all z. O

Remark 4.11.1. This does not necessarily hold for non-simply connected regions. As a counterexample,

log v/22 + y? is harmonic in the punctured plane but is not a real part of an analytic function. If it

did, then L | would have a primitive. But this function is not path-independent and
N N

therefore not conservative.

Corollary 4.11.1. If f is nonzero holomorphic on a simply connected open U, log|f| exists and is
harmonic on U.

Proof. Take the real part of the antiderivative of fTI O

Theorem 4.11.1 (Analytic Continuation). If f : U — C is holomorphic and U < V, then, there
exists an analytic continuation of f

Harmonic functions enjoy most of the same properties as holomorphic functions.
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Theorem 4.11.2. (a) A function f: U — R is harmonic iff for any ball B(a,r) < U,

1 1
W(Bla,r)) JB(Q,@ Heyde = B ) LBW) fle)de = f(a).

(b) A harmonic function on R™ bounded above or below is constant.

(c) (Strong Maximum Principle) If U is connected and f : U — R achieves a local mazimum or
minimum, then f is constant.

(d) (Weak Mazimum Principle) If U is bounded, connected, and f is harmonic and continuous up
to U, f achieves its mazximum and minimum on oOU.

(e) (Identity Theorem) Two harmonic functions f : U — R that agree on V- U open agree on U.

(f) A harmonic function is smooth.

Proof. Note that it suffices to prove the mean value property for spheres. WLOG, suppose a = 0.
Then, by the divergence theorem, we compute

1 1

d 1
B0 oo “”)dm] = TBOT ooy ¥ = wEE T

dr

f Af(rz)de =0
B(0,1)

if f is harmonic. Conversely, the mean value property implies that A f vanishes on arbitrarily small
balls, and so Af = 0. Since at r = 0, this function approaches f(a), the claim follows.

WLOG suppose a harmonic function is nonnegative. Then, for x,y € U, pick Ry, Ro such that
Ry = Ry + 2|z — yl, i.e. so that B(x,r1) < B(y,r2). Then,

B 1 w(B(y, Rz)) 1 _
1@ = B m) JB@,RI) Dt < Ble, Rr) n(By, Ra)) JB@,RQ)f (t)dt = Fv).

and as Ry — 00, the ratio of the volumes tends to 1, i.e. f(x) < f(y). By symmetry, f is constant.
The identity principle can be proven by showing that the set of points where an analytic function lo-
cally vanishes is both closed and open. If U is connected and f achieves its local maximum /minimum
inside U, then f is locally constant, so by the identity principle, it is globally constant. O

Remark 4.11.2. Note that the mean value formula immediately implies that a normally convergent
sequence of harmonic functions is harmonic, and by the monotone convergence theorem, that a
decreasing sequence of harmonic functions is harmonic.

Remark 4.11.3. Note that the maximum of two harmonic functions is not necessarily harmonic.

4.12 Subharmonic Functions

If we relax the equality in the mean value formula to an inequality, we obtain so-called subharmonic
functions.

Definition 4.12.1. TFAE for an upper semi-continuous f : U — R u {—o0}:

(a) For all B(a,r) c U,
1

fla) < W(Blar) fB(a,r) f(z)dx.
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(b) For all B(a,r) c U,
1

o) < @B LBM flw)de.

(c¢) If U is a bounded open set, for every harmonic h on V < U continuous up to the boundary
one has flov < h|ay, then f < hin V.

(d) If fis C?, Af = 0in U.

If any of these hold, f is called subharmonic. The negative of a subharmonic function is called a
superharmonic function.

Proof. For (b) = (c), suppose f|oy < hlov but f(a) > h(a) for some harmonic function h and
a € B. Then, the set where f — h is positive is open and nonempty. Suppose x is the maximum of
f — h. Then, the sub-mean value property implies that f — h is constant in a neighborhood of z,
implying that the set where f — h achieves its maximum is open and closed, i.e. f — h is constant,
which is a contradiction. For (¢) = (b), take a harmonic function h such that h|sp = f|sp (Which
can be done by Poisson’s formula). Then, f(a) < h(a) = m SaB(a,T) f(x)de.

(b) = (a) follows by integrating on both sides, and (a) = (b) by continuity.

Finally, if f is C2, the argument in the properties of harmonic functions directly proves the
equivalence of (a) and (c). O

Remark 4.12.1. The set {x : f(x) = —oo} for a subharmonic function f has measure zero. This
follows from the following facts:

(a) If f is subharmonic, f € Llloc, since the set of points where f is locally integrable is both open
and closed.

(b) If f is subharmonic, Sa g fdx > —oo if B < U. This is true since the integral over a sphere of f
can be bounded by the value of f at any point of inside the ball, which implies the integral is
finite, for otherwise f = —o0 on an open set.

Corollary 4.12.1. From the third definition, one obtains the maximum principle for subharmonic
functions: if f: U — R is subharmonic and achieves a global maximum in U, it is constant.
Moreover, if U is bounded and f is continuous up to oU, f achieves its mazximum on OU. As a
counterezample to the local mazimum principle, max(x,0) is subharmonic, yet has local mazima in
the left half-plane.

Proposition 4.12.1.  (a) Subharmonic functions form a positive cone, i.e. if u,v are subharmonic,
a,b =0, then au + bv is subharmonic.

(b) If uy,...,up are subharmonic, max(uy, ..., uy) is subharmonic.

(¢) If ¢ is convex harmonic and u is subharmonic, then ¢ o u is subharmonic. In particular

e, ut = max(u,0), and uP, p = 0, are subharmonic functions.

(d) Since it suffices to check that Au = 0 to show u is subharmonic, log(1 + | f|?) is subharmonic
for f holomorphic.

(e) From the sub-mean value property, it is clear that a normally convergent sequence of sub-
harmonic functions is subharmonic, and by monotone convergence, a decreasing sequence of
subharmonic functions is subharmonic.
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Note that if f is defined on a simply connected domain (possibly with zeros), then log |f]| is
subharmonic if we define log 0 = —oo. This is because subharmonicity is a local property, i.e. being
subharmonic in a neighborhood of every point implies global subharmonicity.

Here is an important analogue of Liouville’s theorem, which now cruically holds only in R2.

Proposition 4.12.2. A subharmonic function u on C that is bounded above is constant.

Proof. Consider a perturbation of u defined by u.(z) = u(z) — elog|z|. This perturbation agrees
with u on 0D, and u(z) < ue(z) on |z| > 1. Moreover, by construction,

sup |ue| < sup |ue| = sup |u| = sup |u],
|z|>1 |z|=1 |z|=1 D

where we can use the maximum principle on u, since it goes to —o0 as |z| — 0, so

u(z) = ue(2) + €log |z| < sup |u| + elog|z|
D

on |z| > 1. Sending ¢ — 0 yields u(z) < supp |u| on C, which violates the maximum principle, a
contradiction. Thus, u is constant. ]

Subharmonic functions enjoy very nice properties when discussing their means.
Lemma 4.12.1. A radial function f is subharmonic iff f is a conver increasing function of logr.

Proposition 4.12.3. Let u : C — R be subharmonic and and define L,(r), Ju(r), My(r) to
be the spherical mean, ball mean, and mazimum value of u for B(0,R) respectively. Then,
Iy, Ju, M, are convex increasing continuous functions of logr, and w(0) < Jyu(r) < I,(r) and

u<0) = Ju(o) = Iu(o) = M(O)

Remark 4.12.2. Note that I, J, are well-defined since subharmonic functions are locally integrable
by Remark 6.9.

Proof. We first prove the statement for M,,. We use the following characterization of convex functions
f R —> R - fis convex iff for any linear function I, f — [ attains its maximum on the boundary.
Then, for any a,b € R, note that

v(z) :=u(z) —alog|z| — b

is subharmonic in an annulus around 0 (since log |z| is harmonic), and so by the maximum principle,
if My (r) —alogr —b < 0 on the boundary, then v < 0 on the boundary, and therefore also on the
annulus, and since My(r) = sup|.|_, v(z) — alogr — b, we conclude that M, (r) —alog|z| —b < 0 on
the annulus, showing that M, is convex as a function of logr.

To prove the claim for I, J,,, we first assume u € C2. Then, since A = 0, + %071 + %2699, and I,
is radial, we have that §{ Au = A {u > 0, which implies

1
I"(r) + =1 (r) = 0 = (rd,)* L(r) = 0 < t — I,(¢') is convex,
r
since r = e implies 70, = ¢;. In the general case, we construct

e = f[(x — 62)¢(2)dz,
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where ¢ is a smooth nonnegative radial function with {¢ = 1 that equals 1 on ¢D. Then, u,
decreases to u by the sub-mean value property, so I, := I,,, decreases to I, so monotone convergence
implies convexity of I, in logr for arbitrary subharmonic u. One can also easily see that I,
is increasing as follows: find a monotone sequence of continuous functions g decreasing to wu.
Then, for r; < ro, pick h harmonic so that w < h = g on |z| = ry, then u < h everywhere and
I,(r1) < In(r1) = Ip(re) = Iy, (12). Sending gy, to infinity and using monotone convergence completes
the proof, and the same argument applies for .J,,. The fact that J,(r) < I,(r) follows from the fact
that J, is obtained by radially integrating I,,, which is increasing, and continuity for all functions
follows from convexity. O

Corollary 4.12.2. If f € H(D), then Dog 11> Diog+ m(et) are increasing continuous function convex
mt, so Ilog\f|7 Ilog+ Kl — 0.

Corollary 4.12.3. If u is harmonic in an annulus, then I,(r) = Jy,(r) = alogr + b since +1,, are
convezx in logr.

Corollary 4.12.4. Note that by setting u = log|f|, the convezity of M, directly implies the
Hadamard three-circles lemma.
1

Remark 4.12.3. The same exact argument shows that the radial L” averages I, , := (So pd9>

are increasing continuous functions convex in logr.

We are now ready to state our main result.

Theorem 4.12.1 (Fundamental Theorem of Subharmonic Functions on C). Let u : C — R be

subharmonic. Then, if liminf, Aﬂ‘é(:) = 0, then u is constant.

Proof. This follows immediately from the following lemma.

Lemma 4.12.2. If liminf, ., f( ) =0 and f is convex and increasing, then f is constant.

Proof. By convexity, for x < y < z,

Fy) < 22 p(ay + WD) SE)

zZ—XT zZ— T z

Taking a subsequence such that @ — 0 as z — oo yields f(y) < f(z), so f is decreasing and
therefore constant. O

Since M, (logr) < M,(r) for large r, the conclusion then immediately follows. O

Remark 4.12.4. In this proof, you have to be careful to ensure that r — oo to say logr « r.

4.12.1 Exercises

Problem 4.12.1. Suppose f € H(D) and f(0) # 0. Then, if inf,_, |f(2)] > 0, then
= §log |f(re?)|dd > log|f(0)|, and moreover, if f is continuous up to the boundary, the
f cannot vanish on ¢D on a set of positive measure.

Proof.  One can prove the first fact in two ways - either using Jensen’s formula (which actually
lax]

shows that Ij,gf(7) is linear in logr) and the fact that ZakeB (0,108 5 < 0, or using the
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subharmonicity of log |f|. The second fact follows from the fact that I}, is increasing, so by
Fatou’s lemma,

—o0 < limsupf log | f(re®)|do <J lim sup log | f (re)|do =f f(re®)ds.
|z|=r lzl=1 r—1

r—1 |z|=1

4.13 Poisson Kernel and Conformal Mappings

An important and absolutely fundamental question in PDE is that of solving Laplace’s equation, i.e.
finding a harmonic function u such that

Au=0in U,

u = g on 0U,
for some open U < R? and real function ¢g. How can we utilize complex analysis techniques to
solve this? First, we consider U = B(0,1) to take advantage of symmetry. If f(2) = Y7 an2" is

holomorphic in U, since every harmonic function is the average of a holomorphic function and its
conjugate, making the substitution z = re?? yields

u<z) _ %(f(z) (Z anrn m9 Z rn —mG)

Setting r = 1, we may solve for the coefficients by setting a,, = g(n). Now, the partial sums are
harmonic, and converge normally to g whenever, for example, g is continuous. This gives an explicit
solution

u(z) = i(f(z) + f(2) = B Z el 2 g(nyrre=m")
n=0 n=0
which can be rewritten in terms of the Poisson kernel
0 2 0
; 1 1 1—7r 1+re
P.(0) = |n| ind _ A 1= _ -
(6) n;wr ° R p—" 1 —2rcosf +1r? 1T et
as
N S B inO—intd ind-intd L (" Il in(0—t)
( _ n mo—in —1n wm _ n| n\v—
u(re”) = g Z r - g(t)(e +e )dt = o J_W g(t) Z ri™e dt
n=—w n=—0o0
1 (7 .
P 0 — “)dt.
= | B0
Ok, but what about R™? There, the Poisson kernel is
r? — |z|?
P (z,0) = ——,.
for ¢ € S~ 1. Then, the Poisson integral formula becomes
1
uw) = | PO,
wn,1 Snfl

where w, 1 = u(S™"!). What are the regularity conditions on g that allow you to use the Poisson
integral formula?
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Proposition 4.13.1. If g € C(dD), then the P.[g] — g uniformly asr — 1. If f € L*(dD), then the
Poisson kernel P|g] is harmonic in D. Moreover, if g € LP(dD), then | P:[g]|, < |g|p and Plg] — g
in LP.

Proof. That the integral formula is harmonic follows directly from Morera’s theorem and the
fact that holomorphic functions are harmonic. By the maximum principle, |P[g]]w = [|g]w, sO
approximating ¢ by trigonometric polynomials g on the disk yields that P[gx] — P uniformly.
Note that this implies that P,[g] — ¢ uniformly as » — 1. Using Jensen’s and approximating by
continuous functions then yields that P.[g] — ¢ in LP. O

These results yield the following theorem:

Theorem 4.13.1. If u is harmonic in D and sup, ||u,|, < 0, then if p = 1, u|ap is a complex Borel
measure, and for 1 < p, u|sp € LP.

Consequently, g € L? iff P[g] is harmonic with radial norms uniformly bounded in L? (except
for p = 1, when g might be a measure).

Theorem 4.13.2 (Harnack’s Inequality). If f is harmonic on B(0,1) and continuous up to a

boundary, then . .
T O < @) < g 5= 0)

on 0B(0,r) < B(0,1). More generally,
sup f «q inf f,
Q Q

independent of f.

Proof. Using Poisson’s formula and the fact that 1 —r < |z — &| < 1 + r (since z € B(0,7)), the
kernel satisfies

1—r - 1—7r? - 1+7
T+t S fo—gfn = =T
and the rest follows from the mean value property. O

We have obtained an explicit solution to the Laplace equation on the unit disk. But what about
arbitrary domains? There, one has to use conformal mappings.

Definition 4.13.1. A conformal map is a biholomorphic bijective map between two regions.
The existence of such maps is a fundamental result of complex analysis:

Theorem 4.13.3 (Riemann Mapping Theorem). Every simply connected open proper subset U
of C is conformally equivalent to the open unit disk, with a unique map f : U — D such that

f(20) =0, f'(20) > 0.
Proof. We first need a quick lemma:

Lemma 4.13.1 (Hurwitz’s Theorem). If f, € H(U) is a sequence of injective functions converging
normally to a nonconstant f, then f is injective.
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Proof. Suppose f is not injective. Then, f — a has at least two zeros in U for some a € C. Find a
curve v encompassing at least the two zeros and avoiding any other zeros. Then, by the argument
principle,

z2=2

2m fn — a = omi ff;
O

Now, for an arbitrary simply connected open proper U, consider the family F < H(U,D). For
a ¢ U, note that log(z — a) € F exists and is injective. Moreover, note that log(z) — log(zp) — 273 is
bounded away from 0 by continuity of log. Now, consider
1
log(z) — log(zo) — 2mi’

f(z) =

which is a bounded injective holomorphic function. After scaling and applying a unit disk transfor-
mation, one may assume that f : U — D. By Montel and Hurwitz, one may take the supremum of
|f'(20)| over f € F, which is still a bounded and surjective holomorphic function. Now, suppose F is
not surjective and misses some « € D. If ¢, is the corresponding disk automorphism, G = y/¢pq 0 F’
is injective, G(zo) = 0, and |G'(z0)| > |F'(20)|, since by an application of the Schwarz lemma to
d = ¢ 1022 o¢ 20)» One gets F'(z9) = ®'(0)G'(20) and |®'(0)] < 1.

O

Finally, we need a lemma regarding the preservation of the harmonic properties of functions:

Lemma 4.13.2. If f is a (sub)harmonic function on U and g : U — V is a conformal map, then
fog is (sub)harmonic on V.

Proof. )
1A(fog) = 2:0:(f o g) = (Af o 9)lg'",

and the conclusion follows from the Laplacian characterization of (sub)harmonic functions. O]

Thus, to solve Laplace’s equation on an arbitrary domain, one just needs to first map it
conformally to the unit disk, solve the Dirichlet problem on the disk, and map it back onto the
desired domain. Here is a list of commonly used conformal maps:

(a) Upper Half-Plane (Second Quadrant) to Unit Disk z — 2.

z—1
z+1°

(b

Quarter-Plane to Half-Plane z — 22.

(
(

)
¢) Horizontal Strip 0 < Imz < 7 to Upper Half-Plane z — ¢*.
d)

)

(e) Rotation by # degrees z — ¢'2.

(f) Unit disk to complement of unit disk z — 1.

Remark 4.13.1. The inverses of these maps give the reverse conformal maps.

Remark 4.13.2. To show that a region is mapped to another region, it is sufficient to show that the
boundaries and one interior point are mapped to each other.

Remark 4.13.3. Note that since Mdbius transformations are automorphisms of the Riemann sphere,
they are conformal maps of regions in the complex plane where they are defined.
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Another common type of qual problem is to evaluate a particular contour integral. Here are some
general guidelines on which contours one should use:

JP() P(x)
. Q(x)d”“"’f o8 o

for P, @ polynomials and |a| < 1 can be evaluated with a keyhole contour with a branch
of logarithm defined away from the positive real axis. Note that at the bottom edge of the
contour, one has to use z = e>™¢ to get a factor of e2™“. Additionally, note that one has to
use the appropriate choice for re51dues based on the branch cut - for instance, a

T

pole at —1 has to take the form e =n ,not e” 2.

(a) Integrals of the form

(b) Trigonometric integrals of the form

P(sin 6, cos )
- Q(sin 0, cos )

for P,Q polynomials may be evaluated by making the substitution cos6 = 3(z + %), sinf =
L(z— 1), 2 = ¢ and using residue theorem.

23
[t i

for P, polynomials may be evaluated by taking them as the imaginary (real) part of a
complex integral.

(c) Integrals of the form

Theorem 4.13.4 (Sokhotski-Plemelj Formula). If f is holomorphic, then

. f(y) f(y)
lim 7ydy — j' AUV

. dy = Fmif(xg).
e—0 Jp (;UO + ’LE) — zo—y|=e TO — Y ( )

Proof. Consider rectangular contours around xg that goes to Im z = t+¢e. Then, by Cauchy’s integral
formula,

, 1
| 1) ay - | demf f(Fee™)do = F2if(xo),
| \ 0

zo—y|=e L0 — Y zo—y|=e LO — (y * ZE)

where -~y is a semicircular arc around z( of radius €. As ¢ — 0, the value on the semicircular arc
approaches F f(zg). By the partial Fourier transform property, the second term on the left tends as
e — 0 to

_|._
f(y 16 f f 27rzx0§d£ J f + Z€ 27rz(a:0+ze)§d£ _ J fe(y) dy,
Rmo—(y+ze r (o £ i€) —y

where fc(z) = f(z + ie). Thus,

fe() _ FO) g i
wady f dy = Fmif(zo),

xo ti€) — zo—y|ze T0 — Y

and since fe — f uniformly as ¢ — 0, this completes the proof. O
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4.14 Hardy Spaces and Nevanlinna Class
1
Definition 4.14.1. For f € H(D), define the norms | f|, := (% Sgﬂ |f(rei9)|pd9) " . Then, since
|f|P = ePlelfl is a subharmonic function, | f|, is increasing in  and convex in logr.
Definition 4.14.2. Define the Nevalinna class N of all f € H(D) such that

1 27 )
lim %L log™ | f(re?)|df < 0.

Lemma 4.14.1. If f € N, then the zeros of f satisfy the Blaschke condition Y}, 1 — |ap| < 0.

Proof. WLOG suppose f(0) £ 0. By Jensen’s, f € N implies
r
| £(0)] H Tan] <C,

so sending r — 1 yields [],, |an| = |f(0)]71C > 0, 50 3, (1 — |an|) < 0. O

Definition 4.14.3. The Hardy space H? for p > 0 is the subspace of f € H(D) such that
If |z 2= lim || f], < oo,
r—1

with H* being the space of bounded holomorphic functions on the unit disk.

Remark 4.14.1. One can show that if p > 1 and f,, is Cauchy in H?, using Cauchy’s integral formula
that it converges locally uniformly, i.e. H? is a Banach space.

Remark 4.14.2. One easily sees that H*® < HP < H? < N for 0 < g < p.
Lemma 4.14.2. H? < H(D) n LP.
Proof.
1 p2n " 1
g = || e rards < 2 [ ol f1fdr = 11
0 Jo 0
[

Proposition 4.14.1. If B is the infinite Blaschke product corresponding to the zeros of f € HP,
then f = Bg for g e HP.

Proof. B is well-defined since the zeros of f € HP satisfy the Blaschke condition, and the partial
products converge monotonically on D, so one concludes by monotone convergence. O

Lemma 4.14.3. For f € HP, lim,_,; f(re’) = f(e) is well-defined a.e. and in LP(dD). Moreover
f(re?®y — f in LP.

Proof. Define ¢(g) = §, gfr on L9 for f,(x) = f(rz). Then, by Banach-Alaouglu, one can showing
that there is a weak—* convergent subsequence f,, — f € LP, which can be then be shown to
converge pointwise a.e. Moreover, f,. < Hf (the maximal function of f), and H f is bounded in
LP, so by dominated convergence theorem, f, — f in LP. O

~

Definition 4.14.4. Define HP(0D) := {f € LP(dD) : f(n) = 0,n < 0}.
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Lemma 4.14.4. The mapping HP(D) — HP (D) given by f — lim,_; f(re') is an isomorphism
of Banach spaces.

Proof. By properties of the Fourier transform, it is easy to see that HP(dD) is a closed subspace of
LP(0D), therefore it is also a Banach space. One notes that lim,_,1 f(re) = 3, _; ane™’, so this
is indeed a well-defined map. Moreover, we have already shown that this map is an isometry, so it
is injective and continuous. Finally, one can use the Poisson kernel to show that it is surjective, and
conclude by the open mapping theorem. O

A List of Symbols

R Real numbers

C Complex numbers

N Natural numbers

Z Integers

Q Rational numbers

K The field of real or complex numbers

Re z Real part of a complex number z

Im 2 Imaginary part of a complex number z

z Complex conjugate of a complex number z
B(a,r) An open ball centered at a of radius r

§ fdu Lebesgue integral of f with respect to a measure p
§ Contour integral over a closed contour

F{f}, 7 Fourier transform of f

F YT Inverse Fourier transform of f

0A Boundary of a set A

sign Signum function

X* T Continuous dual of a Banach space X /Adjoint of an operator T’
B(X,Y) Space of bounded linear operators T : X — Y
& Japanese bracket of £

HP Sobolev space, Hardy space

A Laplacian

o(T) Spectrum of an operator T

0 Dirac delta distribution

P.. Principal value distribution
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