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The following is a collection of notes and exercises intended to help prepare for the UCLA
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1 Category Theory

1.1 Equivalences of Categories

Definition 1.1.1. Category C and D is equivalent if there exist a functor F : C Ñ D and
G : D Ñ C such that two natural isomorphism ϵ : FG Ñ 1D and η : 1C Ñ GF exist.

An alternative equivalent definition of the categorical equivalence.

Definition 1.1.2. A functor F : C Ñ D yields an equivalence of categories if and only if it is
simultaneously:
full, i.e. for any two objects c1 and c2 of C, the map HomCpc1, c2q Ñ HomDpFc1, F c2q induced by
F is surjective;
faithful, i.e. for any two objects c1 and c2 of C, the map HomCpc1, c2q Ñ HomDpFc1, F c2q induced
by F is injective; and
essentially surjective (dense), i.e. each object d in D is isomorphic to an object of the form Fc,
for c in C.

Theorem 1.1.1. The two definition given above is equivalence under the axiom of choice.

Lemma 1.1.1. Any morphism f : a Ñ b and fixed isomorphism a – a1 and b – b1 determine a
unique morphism f 1a1 Ñ b1

Proof. This is the diagram chasing

Proof. First suppose we have F,G, η, ϵ. For any d P D the component of the natural transformation
ϵd : FGd – d demonstrate F is essential surjective. Consider the two morphisms

c c1f

g

inside of the category of C. If Ff “ Fg then both f and g define an arrow c Ñ c1 making the
diagram

c GFc

c1 GFc1

ηc

forg

ηc1

GF f“GF g

but by the above lemma, we should have the unique arrow to c and c1 so f “ g. That gives
faithfullness. By the symmetry it gives the faithfullness of G as well. Fullness can be proven by
taking the morphism k : Fc Ñ Fc1 so that rise a morphism h : c Ñ c1. Then again apply the
functor GF so that there is a commutative diagram that h correspond to the Gk and GFh. By the
faithfullness of G,GFh “ Gk. Ñ Gh “ k so this is essentially surjective.
Conversely, suppose F is a full and faithful and essentially surjective. Using the essentailly surjective
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and the axiom of the choice, we can chose for each d P D an object Gd P C and an isomorphism
FGd – d. For each l : d Ñ d1 we can construct a commutative diagram

FGd d

FGd1 d1

ϵd

l

ϵd1

Since F is a full and faithful there exist a unique map Gd Ñ Gd1 with image under F. This define a
Gl.
Next two things to prove is show Gl is functorial and construct a natural transforamtion η : 1 Ñ GF..
Functoriality can be prove by applying Gp1q and two things commute same diagram. Define
η : c Ñ GFc by speficying isomorphisms Fηc : Fc Ñ FGFc and define Fηc as ϵ´1

F c

The first definition is similar to the adjoint/ unit and counit. Indeed adjunction is a weaker
version of the categorical equivalence, If F,G is the equivalence HompFc, d1q – HompGFc,Gd1q by
the full and faithfullness, and this is also equal to Hompc,Gd1q because of the isomorphism. On the
other hand when unit is isomorphism then F is a faithful functor.

For using the Morita equivalence, we can see the inclusion is preserved under categorical
equivalences. Let h : c Ñ c1 is a monomorphism in C we want to show that F phq is monic. Let
η : GF – IdC be any natural isomorphism. Suppose there is a d P D and f, g : d Ñ F pcq with
F phq ˝ f “ F phq ˝ g. Then: ηa1GF phq ˝Gpfq “ ηa1GF phq ˝Gpgq.So: hηa ˝Gpfq “ hηa ˝Gpgq. Since
hηa is monic as a composite of monics) we have Gpfq “ Gpgq. Because Gis a faithful, we have f “ g
as desired. Thus F(h) is monic.

1.2 Exactness

Let C be an abelian category, i.e. a category with arbitrary kernels, cokernels, and finite biproducts.
A sequence

X
f

Ñ Y
g

Ñ Z

is exact at Y if Im f – kerpgq, where Im f :“ kerpY Ñ cokerfq. A short exact sequence is a
sequence of the form

0 Ñ X
f

Ñ Y
g

Ñ Z Ñ 0

which exact at X,Y, Z, i.e. X – kerpgq – Im f, Z – cokerpfq – coimpgq. Moreover, f is a mono,
and g is an epi. An exact sequence is a sequence exact except at the first and last objects.

Definition 1.2.1. A functor F is additive if it preserves finite biproducts. A functor F between
abelian categories is exact if it preserves short exact sequences. A functor is

(a) left exact if it preserves the exactness of the first four terms in an exact sequence.

(b) right exact if it preserves the exactness of the last four terms in an exact sequence.

Remark 1.2.1. Given (not necessarily abelian) categories C,D, a functor F : C Ñ D is called
(left/right) exact if it preserves finite (limits/colimits). Since kernels are equalizers, which are
limits, and cokernels are coequalizers, which are colimits, this more general definition implies the
definition for abelian categories.
Remark 1.2.2. Contravariant functors flip the direction of the sequence, but the definition of
exactness as above still holds.
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The following theorem lets us deal concretely with all abelian categories as categories of modules
over a ring:

Theorem 1.2.1 (Freyd-Mitchell Theorem). Let C be an abelian category. Then, there exists a ring
R and a full, faithful, exact functor F : C Ñ R-Mod.

In the following, we deal purely with category R-Mod.

Example 1.2.1. (a) HomRpA,´q and HomRp´, Aq are both left exact. A module P is projec-
tive if HomRpP,´q is exact, and a module I is injective if HomRp´, Iq is exact.

(b) ´ bR A is right exact. A module A is flat if ´ bR A is exact.

Remark 1.2.3. Since a (left/right) adjoint functor preserves all small (colimits/limits), A (left/right)
adjoint is (right/left) exact.

1.3 Representabilty and the Yoneda Lemma

Proposition 1.3.1. Any covariant representable functor (that is, a functor from some category
C to the category of Sets that is naturally isomorphic to HomCpC,´q for some C) preserves limits.
Dually, any contravariant representable functor preserves all colimits.

Proof. Note that natural isomorphism always preserves the property of preserving limits. After all
the limit is only determined up to (unique) isomorphism of cones. The natural isomorphism yields
such an isomorphism of cones. So in fact, we may assume that F “ HomCpC,´q on the nose.

Now, let pA, λq be the limit of some functor H : Z Ñ C. Then, by functoriality, pFA,F pλqq is a
cone on F ˝H. We prove that is universal. To that end, let pX,µq be a cone on F ˝H. Then we
have maps

µZ : X Ñ FHZ “ HomCpC,HZq,

for all Z. Fix x P X. Then (exercise) pC, µ´pxqq is a cone on H. Thus we have a unique morphism
ϕx : C Ñ L satisfying λZ ˝ ϕx “ µZpxq.

Now, define
ϕ : X Ñ FA “ HomCpC,Aq : x ÞÑ ϕx.

Of course, we have F pλZq ˝ ϕ “ µZ because it holds for all x P X. For the same reason ϕ is unique
with this property.

1.4 Categorical Adjoints and (Co)units

Definition 1.4.1. Let C and D be categories and consider functors R and L as follows

C

D

RL

We say that pL,Rq is a pair of adjoint functors, or L is left adjoint to R, or R is right adjoint to L
if there exists for every C P C and D P D an isomorphism

θC,D : HomDpLC,Dq Ñ HomCpC,RDq,

that is natural in both arguments C and D. We write L % R.
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The definition and the following equivalent characterisation are both very useful and used equally
often.

Proposition 1.4.1. Let C and D be categories and consider functors R and L as follows

C

D

RL

Then pL,Rq is an adjoint pair if and only if there exist natural transformations

η : 1C Ñ RL ’the unit’
ε : LR Ñ 1D ’the counit’,

that satisfy the ’counit-unit relations’: for all C P C and D P D the following diagrams are
commutative

RD RLRD LC LRLC

RD LC

ηRD

RpεDq

LpηCq

εLC

Any standard reference for category theory like Mac Lane or Leinster contains a proof of this
fact so I won’t prove it here.

The slogan of the following proposition is ’rights adjoints preserve limits, left adjoints preserve
colimits’.

Proposition 1.4.2. Let R : D Ñ C and L % R, i.e. R is right adjoint to L. Then R preserves all
limits that exist in D. Likewise L preserves all colimits that exist in C.

Proof. By duality, it suffices to prove the statement for right adjoints.
Concretely we need to show the following: If pA, λq is the limit of a functor F : Z Ñ D (where

Z is a small category), then pRA,Rλq is the limit of R ˝ F : Z Ñ C. Here we have used the
characterisation of a limit as a universal cone.

By functoriality, pRA,Rλq is a cone on R˝F . So it is really universality that requires some work.
Let pC, µq be a cone on R ˝ F . We must prove that there exists a unique morphism ψ : C Ñ RA
satisfying µZ “ RpλZq ˝ ψ for all Z P Z.

Note that pLC,Lµq is a cone on L ˝R ˝ F , again by functoriality. Let ε denote the counit of the
adjunction L % R and define for all Z P Z

τZ : LC Ñ FZ

as the composition
LC LRFZ FZ

LpµZq εF Z

Then we claim that pLC, τq is a cone on F . This follows from the naturality of ε. We leave it as an
exercise.

As pA, λq is the limit of F , we thus have a unique morphism ϕ : LC Ñ A satisfying τZ “ λZ ˝ ϕ.
Now set ψ “ Rpϕq ˝ ηC where η is the unit of the adjunction. Then we have the following string of
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equalities

RλZ ˝ ψ “ RλZ ˝Rϕ ˝ ηC

“ RpλZ ˝ ϕq ˝ ηC

“ RpτZq ˝ ηC

“ RpεF Z ˝ LpµZqq ˝ ηC

“ RpεF Zq ˝RLpµZq ˝ ηC

“ RpεF Zq ˝ ηRF Z ˝ µZ naturality of η
“ µZ counit-unit relations .

Uniqueness of ψ follows from uniqueness of ϕ, as we can follow the argument in opposite direction
(creating ϕ out of ψ).

Remark 1.4.1. You could also write this proof referencing only the transformation θ of the definition
of an adjunction, see Leinster. Then the maps involved are less concrete and you would reason more
with the ’abstract properties’ of θ. In number of words used, the proof becomes a bit shorter but
every step is perhaps a bit more involved (compared to the steps in the string of equalities). All in
all, it is simply a matter of taste.

Lemma 1.4.1. Let A and B be abelian categories and consider functors L : A Ñ B and R : B Ñ A.
If L % R, then L and R are additive functors. Moreover, R is left exact and L is right exact.

Proof. Recall that a functor between abelian categories is exact if and only if it preserves finite
products, which are the same as finite coproducts in an abelian category. Then the statement
follows by using the proposition 1.4.2: R preserve finite products because it is a right adjoint and L
preserve finite coproducts because it is a left adjoint.

Since kernels are a special case of equalisers, which are limits, F also preserves all kernels and
therefore F is left exact. Likewise, cokernels are coequalisers are colimits, so L preserves these and
thus is right exact.

The slogan for the next proposition is ’an equivalence is an adjunction’, though the statement is
a bit more subtle.

Proposition 1.4.3. Let F : C Ñ D be a functor. Suppose that there exists a functor G : D Ñ C and
natural isomorphisms ε : FG Ñ 1D and η : 1C Ñ GF . Then we can define a natural isomorphism
ε1 : FG Ñ 1D so that F % G with unit η and counit ε1.

Remark 1.4.2. With the definition of an equivalence of categories as in definition 1.1.1, this means
that we can always modify the counit (or the unit) to make F and G into a bona fide equivalence.
In fact, many references in the literature actually define an equivalence to be an adjunction where
the unit and counit are isomorphisms.

Proof. First, note that G is fully faithful. After all, FG – 1D, so FG is fully faithful, which implies
that F must be full and G must be faithful. Likewise GF – 1C implies that F is faithful and G is
full.

Now define ε1 : FG Ñ 1D for every D via the equation

Gpε1
Dq “ η´1

GD.
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(this is defines ε1 uniquely precisely because G is fully faithful). Then naturality of ϵ1 follows from
naturality of η and functoriality. We verify that ε1 and η satisfy the counit-unit relations. One of
them is immediately clear by definition:

Gpε1
Dq ˝ ηGD “ η´1

GD ˝ ηGD “ idGD.

Next,
ε1

F C ˝ F pηCq “ idF C ðñ Gpε1
F C ˝ F pηCqq “ idGF C

because G is fully faithful. We see that

Gpε1
F Cq ˝GF pηCqq “ η´1

GF C ˝GF pηCqq

“ ηC ˝ η´1
C “ idGF C .

This last step uses naturality of η to get a commutative diagram:

C GFC

GFC GFGFC

ηC

GF pηCq

ηGF CηC

2 Module Theory

2.1 The Structure Theorem for Finitely Generated Modules over PID

2.2 Nakayama’s Lemma

Theorem 2.2.1 (Nakayama’s Lemma). Let I be an ideal in R, and M a finitely generated R-module.
If IM “ M , then there exists an r P R with r ” 1 pmod Iq such that rM “ 0.

The above is the acclaimed Nakayama’s lemma, however the next 3 theorems are easily attained
from this statement, and important in their own right to remember, particularly Theorems 2.2.2
and 2.2.4.

Theorem 2.2.2. If M is a finitely generated R-module and JpRqM “ M , where JpRq is the
Jacobson radical of R, then M “ 0.

Theorem 2.2.3. If M is a finitely generated R-module, N a submodule of M , and M “ N`JpRqM ,
then M “ N .

Theorem 2.2.4. If M is a finitely generated R-module and the images of m1, . . . ,mn P M generate
M{JpRqM as an R-module, then m1, . . . ,mn also generate M as an R-module.

3 Galois / Field Theory

3.1 Trace/Norm

Let K{F be a finite field extension, and consider for α P K, consider the left multiplication operator
lα : K Ñ K as an F -linear map. With respect to some basis of K over F, this induces an algebra
homomorphism K ãÑ MrK:F spF q.
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Definition 3.1.1. The trace of α over a field extension K{F is TrK{F pαq “ Trplαq P F, and the
norm of α is NK{F pαq “ detplαq P F.

Remark 3.1.1. Note that trace and norm do not depend on the choice of basis.
Let α P K, and consider the sequence of extensions K{F pαq{F. Then, if tαiu is a basis for F pαq{F,

and tβju is a basis for K{F pαq, tαiβju is a basis for K{F. In particular, lK{L
α is a block diagonal

matrix consisting of rK : F pαqs submatrices lF pαq{F
α . This leads us to the following conclusion:

Proposition 3.1.1.
TrK{F pαq “ rK : F pαqsTrF pαq{F pαq

and
NK{F pαq “ NF pαq{F pαqrK:F pαqs.

Proof. In the case K “ F pαq, the characteristic polynomial of lα equals the minimal polynomial
of α, as they have the same degree and the latter is irreducible over F. The formulas above follow
from the block diagonal matrix representation of trace and norm over larger field extensions.

In particular, this means that it suffices to compute the trace/norm of an element α over the
base field F to know its trace/norm over any other field extension.

Definition 3.1.2 (An Equivalent Definition of Trace). The trace of α over a field extension
K{F is TrK{F pαq “ rK : F pαqs

ř

i σipαq, where the summation runs over all roots (counted with
multiplicity) of the minimal polynomial mα.

Proof. From Tower Law (Proposition 3.3), we have

TrK{F pαq “ TrF pαq{F ˝ TrK{F pαqpαq

“ TrF pαq{F prK : F pαqs ¨ αq

“ rK : F pαqs ¨ TrF pαq{F pαq

“ rK : F pαqs
ÿ

i

σipαq

The second equality comes from the fact that α is in the base field F pαq. The last equality comes
from the fact that our extension is now F pαq, so the degree of the minimal polynomial is rF pαq : F s,
equal to the degree of the characteristic polynomial χα. So, mα “ χα, and the trace is now the sum
over all roots of χα “ mα.

Proposition 3.1.2. If K{F is not separable, α P K, then TrK{F pαq “ 0.

Proof. Either K{F pαq or F pαq{F is not separable, so in particular, all fields have positive charac-
teristic p ą 0. In the former case, rK{F pαqsinsep ą 1, so it divides p, i.e. rK : F pαqs “ 0 in Fp, while
in the latter, the minimal polynomial for α must have zero coefficient multiplying T pm´1 (otherwise
it would be separable), so TrF pαq{F pαq “ 0.

Proposition 3.1.3 (Tower Law). For a sequence L{K{F of finite field extensions,

TrL{F pαq “ TrK{F pTrL{Kpαqq

and
NL{F pαq “ NK{F pNL{Kpαqq.
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Proof. Complicated.

Proposition 3.1.4. If K{F is separable,

TrK{F pαq “
ÿ

σ

σpαq

and
NK{F pαq “

ź

σ

σpαq,

where σ ranges over the distinct F -embeddings of K into its normal closure K.

Proof. For K “ F pαq, each F -embedding of F pαq into its normal closure is sends α Ñ α1, where α1

is a Galois conjugate of α, so the claim follows. For general K, note that there are rK : F pα1qs “

rK : F pαqs such F -embeddings, so the claim follows from Proposition 3.1.

Problem 3.1.1. Show that a linear combination of square roots of primes is irrational.

Proof. Suppose not. Then,
řn

i“1 ai
?
pi P Q. Note that TrQp

?
piq{Qp

?
piq “ 0, so if K “

Qp
?
p1, ...,

?
pnq, then by additivity of trace,

TrK{Qp

n
ÿ

i“1
ai

?
piq “ 0.

Thus the only possible sum could be zero. Multiplying by ?
pi, we note that

ř

j ­“i aj
?
pjpi “

´aipi. Since TrQp
?

pipjq{Qp
?
pipjq “ 0, by additivity of trace it follows that ai “ 0. Thus, a linear

combination of square roots of primes cannot be rational.

Problem 3.1.2. Show that a linear combination of cube roots of primes is irrational.

Proof. Suppose not. Since Tr
Qpp

1
3
i q{Q

pp
1
3
i q “ 0, by the same argument as above, the only

possible sum could be zero. Multiplying by p
2
3
i , we note that

ÿ

j ­“i

ajppjp
2
i q

1
3 “ ´aipi.

Since Tr
Qpppjp2

i q
1
3 q{Q

pppjp
2
i q

1
3 q “ 0, ai “ 0, and the claim follows.

Remark 3.1.2. The same argument can be applied to show that a linear combination of n-th roots
of primes is irrational.

Problem 3.1.3. Show that 3
1

100 R Qp2
1

100 q.

Proof. Suppose not. Then, the two extensions are the same, as they are generated by
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irreducible polynomials of the same degree. Then,

3
1

100 “

99
ÿ

i“0
ai2

i
100 .

Since the traces of each nonrational element are 0, it follows that a0 “ 0. Then, multiplying by
2

100´i
100 , we get the trace is over Qp2

1
100 q is 100ai on the right and 0 on the left, since x100 ´3¨2100´i

is irreducible by Eisenstein. Thus, ai “ 0.

Remark 3.1.3. The same argument shows that for any square free integer a and an integer b relatively
prime to a, and any integer n ą 2, a

1
n R Qpb

1
n q.

Problem 3.1.4 (Fall 2023 Problem 2). Let p.q be the distinct prime numbers and consider
the number field K “ Qp

?
p`

?
qq. Describe all the subfield of K and inclusion between them.

Proof. We have Qp
?
pq and Qp

?
qq are linearly disjoint, means Qp

?
pq X Qp

?
qq “ Q, if not,

then there is a, b P Q with a?
p`b “

?
q. Taking square for the both side we made ?

p is rational.
Also Qp

?
p,

?
qq is a splitting field this is Galois. By the disjointness, we have the Galois group

Z{2 ˆ Z{2 there are exactly 3 nontrivial proper subgroup. That has to be correspond into
Qp

?
pq,Qp

?
qq,Qp

?
pqq that they are disjoint with each other, and Q are trivial subfield. Claim:

Qp
?
p`

?
qq “ Qp

?
p,

?
qq.

Clearly we have Qp
?
p,

?
qq Ă Qp

?
p,

?
qq. On the other hand Qp

?
p `

?
qq Ą Qp

?
pqq. But

there should no intermediate field except for Qp
?
p,

?
qq. So Qp

?
p,

?
qq “ K(Alternatively we

can divide p2´q2
?

p`
?

q “
?
p´

?
q)

Let’s try to generalize this problem.

Problem 3.1.5. (Variant) If p1 . . . pn, pn`1, pn`2 are distinct prime, then
1.show Kn “ Qp

?
p1 . . .

?
pnq does not contains ?

pn`1
2. [Kn`1 : Q]=2n

3. Gal(Kn{Q)=pZ{2Zqn

4. Kn “ Qp
řn

i“1
?
piq

Proof. 1. We can show by the induction, Kn does not contain niether ?
pn`1 and ?

p
n`1pn`2

the base case was shown in the preceeding problem. Assume it is true for n´ 1 and show for
the n. If not, we can write ?

pn`1 “ a` b
?
pn for a, b P Kn´1. Here are few cases

Case1. b “ 0: In this case, by induction hypothesis it is absurd.
Case2. If a “ 0 then we have bpn`1 “

?
pnp` n` 1 also contradicing hypothesis.

Case 3. Taking square we have ?
pn P Kn´1 that is also absurd.

2. Since they are linearly disjoint, apply the Galois tower law rQp
?
pn`1q,Qs “ 2 to the

rKn´1,Qs “ 2n´1 again also by induction,we can show this is 2n

3. Due to the linearly disjointness of Kn{Q and Qp
?
pn`1q Galois group should be also the

direct product of them. That is pZ{2Zqn´1 ˆ Z{2Z
4. If Qp

ř ?
piq is a proper subfield of Kn. Let put s “

ř ?
pi. Let I be a index I Ă t1 . . . nu.
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σI is an element of GalpKn{Qq such that fix all of ?
pj , j R I and ?

pi to ´
?
pi for i P I. If s is

belong to the proper subfield of Kn then there is a subgroup G ď GalpKn{Qq such that fixes s.
However s´ αpsq “ 2

ř

iPI

?
pi. Thus Kn “ Qpsq.

Problem 3.1.6. (More generalizations) Let µn be the n´th root of unity. How to compute the
galois group of Qpµnqp d1

?
p1, . . . , dn

?
pnq{Qpµnq where di divide n.

3.2 Kummer Theory

Kummer theory is the study of field extensions that adjoin certain roots of unity. The first key
result of Kummer theory is Hilbert’s Theorem 90.

We begin with an important lemma:

Lemma 3.2.1 (Indepence of Characters). Distinct characters (i.e. group homomorphisms χ : G Ñ

Fˆ for a group G and a field F ) are linearly independent.

Proof. The lemma follows from induction, as it is immediate for n “ 1 (since χp1q “ 1), and if the
characters are linearly dependent and χn “

řn´1
i“1 aiχi, then

n´1
ÿ

i“1
aiχnphqχipgq “ χnphqχnpgq “ χnphgq “

n´1
ÿ

i“1
aiχiphgq “

n´1
ÿ

i“1
aiχiphqχipgq,

implying that ai “ 0 for all i and proving the lemma.

Proposition 3.2.1 (Hilbert Theorem 90). If K{k is a cyclic extension of degree n with Galois
group G “ xσy, then for any β P L,

NK{kpβq “ 1 ðñ Dα P L, β “
α

σpαq

and
TrK{kpβq “ 0 ðñ Dα P L, β “ α ´ σpαq.

Proof. If β “ α
σpαq

, then

NK{kpβq “

¨

˝

ź

σ1PGalpK{kq

σ1pβq

˛

‚

rK:kpβqs

“

¨

˝

ź

σ1PGalpK{kq

σ1pαq

σ1pσpαqq

˛

‚

rK:kpβqs

“ 1,

since left multiplication induces a permutation of elements of the Galois group. Conversely, suppose
that NK{kpβq “ 1. Likewise,

TrK{kpβq “ rK : kpβqs
ÿ

σ1PGalpK{kq

σ1pαq ´ σ1pσpαqq “ 0.

Now, since tσku are distinct characters on the multiplicative group kˆ, if ak “
śk

i“0 σ
ipβq, we

conclude that
řn´1

k“0 akσ
k is not identically zero, i.e. there is a y such that

n´1
ÿ

k“0

k
ź

i“0
σipβqσkpyq “ α ‰ 0.

11



Applying σ on both sides and using the fact that NK{kpβq “ an “ 1, it follows that

σpαq “

n´1
ÿ

k“0

˜

k
ź

i“0
σi`1pβq

¸

σk`1pyq “

n´1
ÿ

k“0

˜

1
β

k
ź

i“0
σipβq

¸

σkpyq “
α

β
,

and the claim follows. Likewise, there is an α P L such that if bk “
řk

i“0 σ
ipβq,

řn´1
k“0 bkσ

k is not
identically zero, so by the same argument, for some y such that

n´1
ÿ

k“0
bkσ

kpyq “ α ­“ 0,

one has

σpαq “

n´1
ÿ

k“0

˜

k
ÿ

i“0
σi`1pβq

¸

σk`1pyq “ α ´ β.

Problem 3.2.1 (UCLA Spring 2015 Problem 6). Let C{L{K be field extensions such that
K contains a p-th root of unity, where p is prime. Show L{K is a degree p Galois extension iff
there is an a P K that is not a p-th root in K, such that L “ Kpa

1
p q.

Proof. Suppose there exists such an element a. Then, ma|xp ´ a, so xp ´ a does not
split over K. Moreover, since a

1
p is a root of xp ´ a, so is ζk

pa
1
p for all 0 ď k ď p ´ 1.

Now, consider the automorphism σ P GalpL{Kq given by σpa
1
p q “ ζpa

1
p . Since the Galois

group of L{K sends permutes roots of xp ´ a, it follows that every element of GalpL{Kq

takes the form σk for some 0 ď k ď p ´ 1. For any such k, since p is prime, one thus has
xσky “ xσy – Zp, so GalpL{Kq – Zp. Moreover, since the extension Kpa

1
p q is separable (as

it is over a perfect field), and ma|xp ´ a, where the latter splits over L, it must be that L
is the splitting field of a separable polynomial, so L{K is a Galois extension with Galois group Zp.

Conversely, suppose L{K is a degree p Galois extension. In particular, it is cyclic, with Galois
group Zp. Then, note that β “ ζ´1

p has norm 1. Thus, by Hilbert’s Theorem 90, there exists an
α P L such that σpαq “ ζpα, where GalpL{Kq “ xσy. In particular, the Galois conjugates of α
are ζk

pα, so the minimal polynomial of α is xp ´ αp, i.e. a “ αp P K is an element that does not
admit a p-th root in K such that L “ Kpa

1
p q.

Problem 3.2.2. Let char F “ p ą 0. Show that xp ´ x´ a either splits over F or is irredicible
in F. Conversely, show that if E{F is cyclic of degree p, then E is the splitting field of xp ´x´a
for some a.

Proof. Let β be a root of xp ´ x´ a in some extension of F. If β R F, then a “ βp ´ β, and
the roots of

xp ´ x´ a “ xp ´ x´ pβp ´ βq “ px´ βqp ´ px´ βq “ 0

are β, β ` 1, ..., β ` p ´ 1, since yp ´ y splits over Fp. Thus if xp ´ x ´ a was reducible over
F, one of the factors would be a product of the form px ´ pβ ` n1qq...px ´ pβ ` nkqq, and
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the second coefficent of this polynomial is nkβ ` a, a P Fp, which is in F iff nk “ 0, p. Since
there are p roots, it thus follows that xp´x´a is either completely reducible or irreducible over F.

Conversely, suppose E{F is cyclic of degree p. Let β P EzF. By Hilbert Theorem 90, TrK{kp1q “ 0,
so there exists α P E such that 1 “ σpαq ´ α. Then, the conjugates of α are α` 1, ..., α` p´ 1,
so mα “ xp ´ x´ a for a “

śp´1
k“0pα ` kq is an irreducible polynomial with splitting field E.

Let B be a subgroup of k˚ such that km˚ Ă B and let KB “ kpB
1
m q. Then KB is Galois and

abelian extension
Lemma2:Let G “ GalpKB{kq.Then we have a bilinear map x, y : GˆB Ñ µm by σ P G, a P B and
αm “ a Ñ xσ, ay “ σα

α .The kernel on the left is 1 and the kernel on the right is k˚m. The extension
KB{k is finite if and only if rB : k˚ms is finite. In that case, B{k˚m – Ĝ “ HompG,µmq. Proof :
We have KB Galois as this is a spliting field. We need to check xσ, ay “ σα

α is independent of the
m-th root α of a. For the different root of unity, it is α1 “ ζnα so σα1

α1 “
ζσα

α . We can easily check
this map is blinear. The kernel on the right, if xσ, ay “ 1 for all σ in G,consider the field kpa

1
m q. If

a
1
m is not in k, then there is an automorphism τ of kpa

1
m q over k which is not identity and it has an

extension to KB. Call the extension τ . yτ , ay ‰ 1.
That yeild isomorphism G – HompB{km˚, µmq.
Finally see the duality of the finite abelian group GˆG1. The commutation of the coproduct gives
HompG ˆ G1, S1q – HompG,S1q ˆ HompG1, S1q. Without loss of generality, we can assume G is
cyclic. The χ P HompG,S1q is determined by the value of the generator. We have d choice of image.
χ is also cyclic. Thus G – B{km˚.
Proof of the problem Keep in mind of this isomorphism, we haveGalpQpµnqp d1

?
p1, . . . , dn

?
pnq{Qpµnqq –

Z{d1Z ˆ ¨ ¨ ¨ ˆ Z{dnZ

Corollary 3.2.1. Qp3?
p1 . . .

3 ?
pn . . . q{Q is infinite degree extension.

Proof. We can see the Galois group of Qpω,3
?
p1 . . .

3 ?
pn . . . q{Qpωq

4 Representation Theory

4.1 Languages of Representation Theory

A representation (rep) ρ of a group G on a vector space V of dimension n over a field k can be
defined in the the following three equivalent ways:

(a) By letting V be a G-space, where every g P G acts linearly on V, i.e. gpcvq “ cgpvq and
gpv1 ` v2q “ gpv1q ` gpv2q.

(b) By specifying a group homomorphism ρ : G Ñ GLnpV q – Mnpkqˆ

(c) By specifying a krGs-module structure on V.

We refer to ρ or V as the representation, and to dimV as the dimension of the representation. Each
of the three languages above is useful when considering certain properties of representations, so we
will switch between them freely.

Definition 4.1.1. Two reps

ρ1 : G Ñ GLnpV q, ρ2 : G Ñ GLmpW q

13



are isomorphic if they are isomorphic as krGs-modules, i.e. if there exists a vector space iso-
morphism ϕ : V Ñ W such that ϕpgvq “ gϕpvq for all g P G. Clearly, if V – W, then dimV “ dimW.

Thus, if dimV “ dimW “ n, V – W as reps iff there exists a matrix P P Mnpkqˆ such that
Pρ1pgqP´1 “ ρ2pgq for all g P G.

Definition 4.1.2. A homomorphism ϕ : V Ñ W of representations is a homomorphism of V,W as
krGs-modules. ϕ is called an intertwiner, and the space of intertwiners is denoted as HomGpV,W q

or HomkrGspV,W q.

Definition 4.1.3. A representation ρ is irreducible (irrep) if V is a simple krGs-module, and
indecomposable if V cannot be written as a nontrivial direct sum of (left) submodules.

Theorem 4.1.1. krGs is semisimple iff char k ­ ||G|. Moreover, if k is algebraically closed,

krGs – Mn1pkq ˆ ...ˆMnj pkq,

where G has precisely j irreps of degrees n1, ..., nj respectively.

Lemma 4.1.1 (Schur’s Lemma). If Vi, Vj are irreps over C,

dim HomGpVi, Vjq “ δij .

Proof. There are no nonzero homomorphisms between nonisomorphic simple modules, and if Vi – Vj ,
since C is algebraically closed, EndGpViq “ D is a division algebra over C, so EndGpViq “ C. Thus,
dim HomGpVi, Viq “ 1, given by the scalar matrices.

Remark 4.1.1. From the theorem, it follows that any rep of a finite group where the field characteristic
does not divide order of the group is semisimple, i.e. a direct sum of indecomposable reps. In this
case, irreducible representations are equivalent to indecomposable representations. Thus, an irrep is
a vector space V with no nontrivial G-invariant subspaces W, i.e. GW Ă W.

In general, one is interested in finding all irreps of a given group over (typically) C. In this case,
one should use the following facts:

(a) n2
1 ` ...` n2

j “ |G|.

(b) j is the number of conjugacy classes in |G|.

(c)
ˇ

ˇ

ˇ

G
rG,Gs

ˇ

ˇ

ˇ
is the number of 1-dimensional irreps of G.

(d) The dimension of every irrep divides
ˇ

ˇ

ˇ

G
ZpGq

ˇ

ˇ

ˇ
.

4.2 Character Theory

Definition 4.2.1. For a finite-dimensional rep ρ, g Ñ Trpρpgqq defines a map χρ : G Ñ k known
as the character of ρ. It is easy to check that characters are constant on conjugacy classes of G,
χρpgq is the sum of eigenvalues of ρpgq, and χρp1q “ dim ρ.

Remark 4.2.1. The word character is also used to refer to the one-dimensional irreps of a group G,
i.e. the characters of a group G.

Remark 4.2.2. Since ρ – ρ1 iff for some P P Mnpkqˆ, PρpgqP´1 “ ρ1pgq, ρ – ρ1 implies χρ “
řn

i“1 λi “
řn

i“1 χρ1 .

14



Remark 4.2.3. If ρ : G Ñ GLpV q is a finite-dimensional representation of a finite group over C, then
if gm “ 1, ρpgqm “ I, i.e. if tλiu are the eigenvalues of ρpgq, then λm

i “ 1, i.e. λi is an m-th root of
unity. Particularly, λ´1

i “ λi, so

χρpg´1q “ pTr ˝ ρqpg´1q “
ÿ

i

λ´1
i “

ÿ

i

λi “ χρpgq.

Theorem 4.2.1. The characters of irreps of a finite group G form an orthonormal basis for the
space of class functions (functions ϕ : G Ñ k constant on conjugacy classes) with respect to the
inner product

xχρ, χσy “
1

|G|

ÿ

gPG

ρpgqσpg´1q.

Particularly, for a finite-dimensional representation of a finite group over C, the inner product is
equivalently written as

xχρ, χσy “
1

|G|

ÿ

gPG

ρpgqσpgq.

Proof. Over C, orthogonality follows from Schur’s lemma. In general, this theorem requires some
work.

Corollary 4.2.1. If char k ­ ||G|, the character uniquely defines a representation ρ, i.e. ρ – ρ1 as
representations iff χρ “ χρ1 .

Proof. The forward direction follows from the remark. For the backward direction, suppose V – W
are isomorphic representations. Decompose V “

À

i V
mi

i ,W “
À

iW
ni
i into irreps. Then, the

characters of V and W are
χV “

ÿ

i

miχVi “
ÿ

i

niχWi “ χW ,

and since characters of irreps are a basis, the sums must be identical.

Corollary 4.2.2. V is an irrep iff xχV , χV y “ 1.

Proof. One direction follows from the theorem. For the other direction, use the previous corollary
and the fact that mi, nj P Z` to get that mi “ ni “ 1 for exactly one choice of i.

Corollary 4.2.3. If a rep V contains an irrep Vi exactly ni times, then xχV , χViy “ ni. More
generally, if V “

À

i V
mi

i ,W “
À

j V
nj

j , then

xχV , χW y “
ÿ

δijminj .

Lemma 4.2.1. Given representations ρV : G Ñ V, ρW : G Ñ W of G, one can define the following
representations:

(a) The direct sum ρV ‘W : G Ñ GLpV ‘ W q given by ρV ‘W pgq “ pρV pgq, ρW pgqq. This corre-
sponds to the direct sum of V and W as krGs-modules, or equivalently, the homomorphism

ρV ‘W : g Ñ

„

ρV pgq 0
0 ρW pgq

ȷ

.

Clearly, χV bW “ χV ` χW , as the eigenvalues of ρV ‘W pgq are tλi Y µju with eigenvectors
vi ‘ 0, 0 ‘ wj , where tλiu, tµju are the eigenvalues of ρV , ρW with eigenvectors tviu, twju,
respectively. A direct sum of reps is obviously never an irrep.
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(b) The tensor product ρV b ρW : G ˆ G Ñ GLpV b W q and an associated tensor product
representation ρV bW : G Ñ GLpV bW q given by ρV bW pgq “ ρV pgqbρW pgq. This corresponds
to the tensor product of V and W as krGs-modules, or equivalently, as the Hadamard product

ρV bW : g Ñ ρV pgq b ρW pgq.

In general, if V,W are irreps, V b W is not an irrep. If tλiu, tµju are the eigenvalues of
ρV pgq, ρW pgq, respectively, with eigenvectors vi, wj , vi b wj is an eigenvector with eigenvalue
λiµj . Consequently χV bW “

ř

i,j λiµj “
ř

i λi
ř

j µj “ χV χW .

(c) The symmetric and alternating representations

Sym2pV q – V b V {tv b w ´ w b vu,Λ2pV q – V b V {tv b w ` w b vu

given by
ρSym2pV qpgq “ ρV pgq b ρV pgq, ρŹ2

pV q
pgq “ ρV pgq b ρV pgq,

with bases tvi bvj : i ď ju and tvi bvj : i ă ju for a give basis tviu of V. Thus, dim Sym2pV q “
n2`n

2 and dim
Ź2

pV q “ n2´n
2 . By the same arguments as above, if tλiu are eigenvalues of

ρpgq with eigenvectors tviu, then tλiλj : i ď ju and tλiλj : i ă ju are eigenvalues of
ρSym2pV qpgq, ρŹ2

pV q
pgq, respectively, yielding the formulas

χSym2pV qpgq “
χV pgq2 ` χV pg2q

2 , χŹ2
pV q

pgq “
χV pgq2 ´ χV pg2q

2 ,

in particular showing that
V b V – Sym2pV q ‘ Λ2pV q

(which follows from character theory).

(d) The dual representation ρV ˚ : G Ñ GLpV ˚q given by ρV ˚pgqpϕqp´q “ ϕpρpg´1qp´qq. In
particular, V ˚ becomes a krGs-module, and the identity above implies

ρV ˚pgq “ ρV pg´1qT (which over C is just the Hermitian adjoint of ρV pgq),

motivated by the identity
xρV ˚pgqpvq, ρV pgqpwqy “ xv, wy.

Over C, if tλiu are the eigenvalues of ρV pgq, the eigenvalues of ρV ˚pgq are tλiu, so χV ˚ “ χV .
Thus, V is an irrep iff V ˚ is an irrep.

(e) The intertwiner representation ρ : G Ñ GLpHomGpV,W qq given by ρpgqpϕp´qq “ ρ2pgqpϕpρ´1
1 pgqp´qqq.

In particular, HomGpV,W q is a krGs-module. When V,W are finite-dimensional, note that
there is an isomorphism of krGs-modules

V ˚ bW – HomGpV,W q

v˚ b w Ñ ϕpvq “ v˚pvqw.

Over C, of the eigenvalues of ρV pgq, ρW pgq are tλiu, tµju, the eigenvalues of ρpgq are tλiµju,
so χρ “ χV χW .
Over C, if Vi, Vj are irreps, Schur’s lemma yields

dim HomGpVi, Vjq “ xχi, χjy,

so by linearity one has
dim HomGpV,W q “ xχV , χW y.
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(f) Given a finite group G, the (left) regular representation ρG : G Ñ GL|G|pV q is given by
the composition of homomorphisms G Ñ S|G| Ñ GL|G|pV q, where the first homomorphism
is induced by the group action of left multiplication, and the second homomorphism is the
monomial/permutation representation of Sn, where ρpσqpviq “ vσpiq for an ordered basis
tviu of V. In this case,

V – krGs –
à

V ni
i ,

where Vi is an irrep of dimension ni, as left krGs-modules. This is equivalent to the homomor-
phism

ρG : g Ñ paijq,

where aij “

#

1 if ggi “ gj

0 otherwise
, where tgiu is a chosen ordered basis of krGs. It immediately

follows that χpgq “

#

|G| if g “ 1.
0 otherwise.

Except for the case |G| “ 1, the regular representation

is not irreducible.

(g) For H ď G, the restricted representation of a representation ρG : G Ñ GLpV q is the
representation ρH : H Ñ GLpV q given by the composition of homomorphisms H Ñ G Ñ

GLpV q. In general, the restriction of an irreducible representation may not be irreducible.

(h) Let G be a finite group and H ď G a subgroup, and V be a representation of H. Let g1H, ..., gnH
be the left cosets of H in G. We now consider the G-space

W “

n
à

i“1
giV

where the above is a formal direct sum with giV “ tgiv : v P V u. with the G-action given by

g ¨

n
ÿ

i“1
givi “

n
ÿ

i“1
gjiρphiqvi,

where ggi “ gjihi P gjH. This is the induced representation IndG
HpV q of dimension rG : Hs.

As a krGs-module, it is isomorphic to krGsbkrHsV. For example, if H “ teu and V is the trivial
representation, the induced representation is krGs bkrHs k – krGs is the regular representation,
actin on cosets by g ¨ pgivq “ pggiqv. An induced representation of a one-dimensional rep is
called a monomial representation, as it is represented by monomial matrices. By the
tensor-hom adjunction,

HomkrGspkrGs bkrHs V,W q – HomkrHspV,HomkrGspkrGs,W qq – HomkrHspV,W q,

leading to the Frobenius reciprocity theorem, which states that for reps V,W of G,

xχIndG
H pV q, χW y “ xχV , χResG

H pW qy.

The orthogonality relations can be usefully presented in a square character table, listing the
conjugacy classes and the distinct values of the characters on those classes. In particular, the
rows of the character table are orthogonal. By the theory of orthonormal matrices, this yields the
orthogonality of columns. The dot product of the conjugacy class sizes with the square of a row
yields the order of the group, while the dot product of a column is the ratio |G|

|Ci|
, where Ci is the

corresponding conjugacy class.
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4.3 Representation Theory of Specific Groups

Here are some examples of common character tables.
(a) Zn “ xry has n one-dimensional representations ρprq “ ζk

n, 0 ď k ď n´ 1 where ζn is the n-th
root of unity. Moreover,

CrZns – Cn

as CrZns-modules.

(b) Representation Theory of Sn. Aside from the trivial and alternating representations of
Sn, one may note that the permutation representation V decomposes as the direct sum of a
trivial representation given by the subspace

W “ tpv1, ..., vnq P V : v1 “ ... “ vnu

and its complement, known as the standard representation of Sn. One may directly verify
that both representations are irreducible, with χW K “ χV ´ 1, where χV pgq is the number
of indices fixed by g P Sn. Thus, for instance, S4 has five conjugacy classes and thus five
characters - the trivial, alternating, standard, product of standard and alternating, and the
remaining two-dimensional one, which can be determined from the orthogonality relations.
All can be checked to be irreducible.

Cycle Type p1q p2q p2, 2q p3q p4q

Trivial 1 1 1 1 1
Alternating 1 -1 1 1 -1
2-dim. 2 0 2 -1 0
Standard 3 1 -1 0 -1
Standard b Alternating 3 -1 -1 0 1

Table 1: Character Table for S4.

A similar approach may be taken for S5, which has 7 irreps. We compute the character
of Standard b Standard to be p16, 4, 0, 1, 1, 0, 1q, which we know contains the symmetric
and alternating characters p10, 4, 2, 1, 1, 0, 1q, p6, 0,´2, 0, 0, 0, 0q. One directly checks that the
alternating square is irreducible. Then, the sum of square of the remaining representations
is 50. Since rS5, S5s “ A5, there are exactly two one-dimensional representations, so the
remaining representations both have degree 5. Moreover, one can check that the symmetric
square contains of a copy of the trivial representation and a copy of the standard one, yielding
an irreducible representation of degree 5.

(c) Representations of D2n. From the group presentation

D2n “ xr, s|rn “ s2 “ 1, srs “ r´1y,

one determines that there are two cases to consider:
n even. When n is even, the conjugacy classes are

teu, tr, rn´1u, ..., tr
n
2 u, ts, sr2, ..., srn´2u, tsr, ..., srn´1u,

giving a total of n
2 ` 3 irreps. Of these, 4 are one-dimensional, given by mapping

s Ñ ˘1, r Ñ ˘1.
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Conjugacy Class Size 1 10 15 20 20 30 24
Cycle Type p1q p2q p2, 2q p2, 3q p3q p4q p5q

Trivial 1 1 1 1 1 1 1
Alternating 1 -1 1 -1 1 -1 1
Standard b Alternating 4 -2 0 1 1 0 -1
Standard 4 2 0 -1 1 0 -1
5-Dim in Symmetric Square 5 1 1 1 -1 -1 0
5-Dim in Symmetric Square b Alternating 5 -1 1 -1 -1 1 0
Alternating Square 6 0 -2 0 0 0 1
Symmetric Square 10 4 2 1 1 0 0

Table 2: Character Table for S5.

n odd. When n is odd, the conjugacy classes are

teu, tr, rn´1u, ..., tr
n´1

2 , r
n`1

2 u, ts, sr2, ..., srn´1u,

giving a total of n´1
2 ` 2 irreps. Of these, 2 are one-dimensional, given by mapping s Ñ ˘1.

Finally, motivated by the use planar symmetry of D2n, we consider the two-dimensional

representations r Ñ R 2πk
n
, s Ñ

„

0 1
1 0

ȷ

, where Rθ is the rotation matrix by θ degrees. Note

that this yields n´1
2 distinct representations when n is odd and n

2 ´ 1 distinct representations
when n is even. Moreover, these are easily checked to be irreducible. Note that we thus
account for n

2 ´ 1 ` 4 “ n
2 ` 3 irreps when n is even and n´1

2 ` 2 irreps when n is odd. Thus,
we have completely classified all the representations of D2n, namely,

#

n even ùñ n´1
2 ´ 1 two-dimensional, 4 one-dimensional representations

n odd ùñ n
2 ´ 1 two-dimensional, 2 one-dimensional representations.

and the corresponding characters may be computed directly,

4.4 Clifford Theory and Induced Representations

Problem 4.4.1 (Spring 2014: Problem 4). Let G be a group and H a normal subgroup
of G. Let k be a field and let V be an irreducible representation of G over k. Show that the
restriction of V to H is semi-simple.

Proof. This is called Cliford theorem.
Let W be any simple KrN s-submodule of VN . For every g P G, gW :“ tgw|w P W u is also a
krN s-submodule of VN , because NŸ for any n P N , we have n ¨ gW “ gpg´1ngqW “ gW .
Moroever, gW is also simple, since if X were a non-trivial proper KrHs-submodule of gW then
g´1X would also be a a non-trivial proper submodule of W . Now

ř

gW is non-zero and it is
a krHs-submodule of V , which is simple, hence

ř

gW “ V . Restricting to H, we obtain that
VH “

ř

gW is a sum of simple submodules. Hence semisimple.
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Problem 4.4.2 (Fall 2022: Problem 6). Let G be a finite group, let V be a finite-dimensional
complex vector space and let π : G Ñ GLpV q an irreducible representation. Let H be an abelian
subgroup of G. Show that dimpV q ď rG : Hs .

Proof. This proof is from Serre’s book on representation theory.
Let ρ : G Ñ GLpV q be an irreducible representation of G. Through the restriction to A, we
have a representation ρ|H : H Ñ GLpV q of H. Let W Ă V be an irreducible subrepresentation
of ρH . As H is abelian, dimpW q “ 1.
Let V 1 be the vector subspace of V generated by the images of ρsW , where s ranges over G.
Note that as ρ is irreducible, V 1 is stable under G, thus V 1 “ V . But for s P G and h P H, we
have

ρshW “ ρsρhW “ ρsW

as W is an irreducible subrepresentation of A, and thus stable under A. Thus the number of
distinct ρsW is at most equal to rG : Hs. Since V equals the sum of ρsW , we have the desired
inequality.

5 Commutative Ring Theory

5.1 Noetherian Rings, PID, and UFD

Idea: Whenever you have a nilpotent ideal (an ideal I such that In “ 0 for some n P N), you can
decompose it using a filtration.

I Ą I2 Ą I3 Ą ¨ ¨ ¨ Ą In “ 0

I –
I

I2 ‘ I2

–
I

I2 ‘
I2

I3 ‘ ¨ ¨ ¨ ‘
In´1

In
‘ In

–
I

I2 ‘ ¨ ¨ ¨ ‘
In´1

In

5.2 Fraction ring/ Localization

5.3 Dedekind Ring

Definition 5.3.1 (Divisibility of ideal). Let a, b Ă R be ideals with b ‰ 0 We say a is divisible by
b if there is an ideal c Ă R such that a “ bc

Definition 5.3.2 (Dedekind domain). The integral domain R is a Dedekind if for any two ideals
a Ă b ‰ 0, we have b divides a.

Basic properties of Dedekind rings:

Lemma 5.3.1. Every ideal of a Dedekind ring is finitely generated projective R-module.

Proof. Let a Ă R be an ideal. if a “ 0 then there is nothing to show. When a is nontrivial ideal,
then a P a aR “ ab for some ideal b Ă R. Write a “

ř

xiyi for xi P a, yi P b. Define f : Rn Ñ a by
fpr1 . . . rnq “

ř

rixi. That is surjective, so there is a exact sequence

0 ker f Rn a 0f
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this last morphism is split by g : a Ñ Rn by gpzq “ p
zyi
a qi P Rn. Thus a is the direct summand of

Rn.

Definition 5.3.3 (Fractional Ideal). Let R be a Dedekind domain and F be its quotient field. A
fractional ideal is finitely generated R-submodule of F

Well known properties of the Dedekind ring is that any prime ideal can be uniquely factorized
into the products of prime ideals. In the case of the principal ideal we have the clear understanding
of the fraction ideal namely pick a P R,

aR “ pk11 . . . p
kn
n ùñ

1
a
R “ p´k1

1 . . . p´km
m

How about the general ideal it is unclear how to define the inverse fractional ideal, unlike
principal cases, next problem suggest a way to make it inverse.

Problem 5.3.1 (Stanford Qualifying exam). Let R be the Dedekind ring, I be the ideal of
the Dedekind ring and F :“ FracpRq. Define

I 1 :“ ty P K | yI Ă Ru

show I 1 are finitely generated as R-module and I b I 1 – R defined by ib j Ñ ij.

Proof. We want to see that I 1 is the inverse fractional ideal of I. Pick any elements of a P I
then by the divisibility property of the ideal we can find the J such that IJ “ aR. Since
fractional inverse of a is defined, we define J 1 “ 1

aJ . Here we prove J 1 “ I 1. First of all J 1 Ă F
and pick any elements j P J , jI Ă R. That implies J 1 Ď I 1. On the other hand, II 1 Ă R “ IJ 1

so I 1 Ă J 1. Thus I 1 “ J 1. In particular J is finitely generated, so J 1 is also fintely generated.
The surjection for I b 1

aJ Ñ aR is clear. On the other hand since J is a projective module, in
particular flat. There exist a exact sequence

0 Ñ I Ñ R

0 Ñ I b J 1 Ñ R b J

But flatness preserve injection, so we show what we want.

Idea: Fractional ideals in Dedekind rings are ideals divided by non-zero elements a.

Problem 5.3.2 (UCLA 2013 Fall Problem 6). Let I be an ideal of a commutative ring and
a P R. Suppose the ideals I `Ra and pI : aq :“ tx P R : ax P Iu are finitely generated. Prove
that I is also finitely generated.

Proof. We have pI ` Raq{Ra – I{pI X Raq “ I{apI : aq. Therefore if I ` Ra is finitely
generated, its quotient is also finitely generated. We have an exact sequence

0 Rn Rn`m Rn 0

0 apI : aq I I{apI : aq 0
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then by the 4-lemma for the epismorphism the middle arrow is also episomorphism

5.4 Localization

Recall that for a commutative ring A and a multiplicatively closed subset 1 P S Ă A, we can define
the localization with S´1A as the set of equvalence classes r

s , where r1
s1

“ r2
s2

if for some s P S,
spr1s2 ´ r2s1q “ 0. In particular, one typically considers the following types of localization:

(a) When R is an integral domain, the field of fractions of F pRq of R is formally defined as the
localization S´1R at S “ Rzt0u.

(b) For a prime ideal p Ă R, one can consider localization at the prime ideal Rp “ S´1R for
S “ Rzp. It is necessary that p be prime for S to be multiplicately closed, as a, b R p implies
ab R p. Localization at a prime ideal yields a local ring with maximal ideal pRp.

(c) For r P R not nilpotent and S “ t1, r, r2, ...u, one can construct the localization S´1R “ Rr –

Rr1
r s.

There is a natural map R Ñ S´1R, which is injective if R is an integral domain. For an R-module
M, one can the localization functor S´1 : R-Mod Ñ S´1R-Mod sending M to S´1RbRM – S´1M.
The localization functor is exact, i.e. S´1R is a flat R-module. In particular, m “ 0 in S´1M iff
sm “ 0 for some s P S.
Additionally, one has the following ideal correspondence theorem: there is a bijection between prime
(maximal) ideals of S´1R and prime (maximal) ideals of R not intersecting S.

Finally, localization commutes with many familiar operations, including quotients, direct sums,
tensor products, etc.

Problem 5.4.1. Let R be an integral domain, M be an R-module. Show M is R-torsion-free
iff Mm is Rm-torsion free for every maximal ideal m Ă R.

Proof. Suppose M is not torsion free. Then, for some r,m ­“ 0, rm “ 0. Let m Ą AnnRpmq

be a maximal ideal. Then, in Mm, rm “ 0. But r ­“ 0 since R is an integral domain, and m ­“ 0
since AnnRpmq X S “ ∅.
Conversely, suppose Mm is not torsion-free for some m. Then, r

sm “ 0 for r, s,m ­“ 0. so for
some s1 P S, s1rm “ 0. But since R is an integral domain, this implies s1r ­“ 0 annihilates m, so
M is not torsion-free.

Problem 5.4.2. Let R be a Noetherian commutative ring. Show that if NilpRq “ 0 and the
localization Rm of R at every maximal ideal is a finite ring, then R is finite.

Proof. Note that Rm being finite is a very strong condition, as it implies that Rm is Artinian. By
the Hopkins-Levitzki theorem, this implies that Rm has dimension 0, which by the correspondence
theorem for localization implies that R has dimension 0. Then, by Hopkins-Levitzki again, since
R is Noetherian and dimension 0, R is Artinian. We claim that R has finitely many maximal
ideals. First, note that for a collection of maximal ideals,

ś

mi “
Ş

mi. Indeed, if there were
infinitely many maximal ideals, by DCC we would have that mk`1 Ą

Şk
i“1 mi “

śk
i“1 mk, which

implies that mj Ă mk`1 (since maximal ideals are prime), which is a contradiction.
In particular, R has finitely many prime ideals, all of which are maximal, so by the Chinese
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Remainder Theorem,

R – R{NilpRq – R{pm1...mkq – R{m1 ˆ ...ˆR{mk.

Now, localizing a field does not change the field, so mi yields |R{mi| “ |pR{miqmi | ă 8, so R is
finite.

Problem 5.4.3. Let A be a comm. ring, S “ t1, s, s2, ...u. Show that the following are
equivalent:

(a) The canonical morphism A Ñ S´1A is surjective.

(b) For N ą 0 large, snA “ sNA for all n ě N.

(c) For n large, snA is generated by an idempotent.

Proof. (1) ùñ (2): Note that it suffices to show that sN “ rsN`1 for some r P R, as then
sN “ rn´Nsn. Suppose the canonical morphism is surjective. Then, for 1

s , there is an r1 P R

such that r1 “ 1
s , i.e. for some

skpr1s´ 1q “ r1sk`1 ´ sk “ 0

for some k ą 0 i.e. sk “ r1sk`1. But this precisely proves the claim for r “ r1 and N “ k.
(2) ùñ (3): Suppose snA “ sNA for all n ě N for some N. Then, in particular, sN “ sN`1r “

sN psrq for some r P R. Let e “ sNrN . Then, e is an idempotent, since

psNrN qpsNrN q “ prsqN psN qrN “ sNrN ,

and sNrNA “ sNA, as sN psNrN q “ prsqNsN “ sN . Thus, for n ě N, snA “ sNA “ eA is
generated by an idempotent e.
(3) ùñ (2): Suppose that for n large enough, snA is generated by an idempotent e. It suffices
to show that for some r P R, r “ 1

s , as then an rkr1 will map to any arbitrary element r1

sk ,

making the canonical morphism surjective. But this holds iff for some k ą 0, skprs ´ 1q “ 0,
i.e. sk`1r “ sk, i.e. prsqsk “ sk. Let sNA “ sN`1A “ eA, so sN “ sN`1r “ prsqsN . Then, for
k “ N and that choice of r, the claim follows.

6 Noncommutative Ring Theory

6.1 Jacobson Radical and Nilradical

For any left R-module M , the Jacobson radical, JpMq is defined to be the intersection of all maximal
left (or equivalently, right) submodules.

Jacobson radical is useful because it can measure if a module is semi-simple or not due to the
the following propositions.

Theorem 6.1.1. Let M be a left R module. Then if M is semi-simple then JpMq “ 0. If M is
artinian then and JpMq “ 0 then M is semi-simple.
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Proof. When M is semi-simple module, M can be written as the direct sum of simple module
M “ M1 ‘M2 ‘ . . .Mn. Their only intersection is t0u so the first statement is true.
Second statement I am not sure I want to type it.

for the ring there are alternative characterizations for the Jacobson radical Jaconson radical is
a set is x P JpRq Ă R such that 1 ´ xy P Rˆ for any y P R.

The Jacobson radical is also a two-sided ideal for the ring.
Nilradical NilpRq of the ring R is set of all nilpotent elements of the ring.

Proposition 6.1.1. When R is commutative ring, NilpRq is the intersection of the all prime ideals.

Proof. ùñ Take a nilpotent elements a such that an “ 0. All prime ideal pi contains 0. In
particular for a prime ideal there exist i such that ai P pi. So Xpi contains all the nilpotent elements.

ðù We can show this statement by the localization and Zorn’s lemma.
The first methods. Suppose Xpi contains elements a that is not a nilpotent. There is a set of ideal
P “ tI|Dk P Z : ak R Iu. By the Zorn’s lemma there exist a maximal I 1 among the set of P . We will
prove this I 1 is indeed a prime ideal so that b should not be contained in Xpi. Assume this is not a
prime ideal then there exist an elements f, g R I 1 but fg P I. But then by the maximality of the I 1

I 1 ` pfq and I 1 ` pgq contains some power of a but aras P I 1 “ I 1 ` pfgq is the contradiction.

Idea: If you want to prove an element has redundant things contained in a maximal or prime
ideal, we can use the Zorn’s lemma to construct a prime ideal or maximal ideal that does not contain
an element.

We can apply the similar idea for the next problem.

Problem 6.1.1 (UCLA 2018 Fall Problem 5). Let R be a commutative ring. Show the
following:

(a) Let S be a non-empty saturated multiplicative set in R, i.e. if a, b P R, then ab P S if and
only if a, b P S. Show that RzS is a union of prime ideals.

(b) If R is a domain, show that R is a UFD if and only if every nonzero prime ideal in R
contains a non-zero principal prime ideal.

Definition 6.1.1. Let I be a left ideal of a ring. We say I is nil if for every a P I, there exists some
positive integer n such that an “ 0. We say that I is nilpotent if In “ p0q for some positive integer
n. Clearly if I is nilpotent, then I is also nil.

Proposition 6.1.2. The Jacobson radical of a ring contains every nil left ideal of the ring.

Proof. Let I be a nil left ideal of a ring R. Let x P I, r P R. Then rx P I and so rx is nilpotent.
Hence prxqn “ 0 for some positive integer n and so 1 ` rx` ¨ ¨ ¨ ` prxqn´1 is the inverse of 1 ´ rx.
Thus 1 ´ rx is invertible for all r P R and so x P JpRq.

6.2 Module Homomorphisms

Let R be a noncommutative ring, and suppose M,N are left R-modules. We will denote this
situation as RM,R N. Then, in general,

HomR-ModpRM,R Nq
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has no module structure, since if we attempted to define a left R-module structure by pr ¨ ϕqpmq “

ϕprmq, r ¨ ϕ would not be a left R-module homomorphism, since

srϕpmq “ spr ¨ ϕqpmq ­“ pr ¨ ϕqpsmq “ ϕprsmq “ rsϕpmq.

However this may be remedied by imposing additional structure onM,N. For instance, HomR-ModpRMR,R Nq

is a left R-module by pr ¨ ϕqpmq “ ϕpmrq. Likewise,

HomR-ModpRM,R NRq P Mod-R,

HomMod-RpRMR, NRq P Mod-R,

HomMod-RpMR,R NRq P R-Mod,

and we can similarly establish pR,Rq-bimodule structures. Thus, for instance, it does indeed hold
that

RM – HomR-ModpRRR,R Mq

for an arbitrary left R-module M. Finally, there is also a ring structure given by

HomR-ModpR,Rq – Rop, ϕ Ñ ϕp1q,

where each element on the left ϕ : r Ñ rϕp1q is identified with right multiplication by ϕp1q. The
opposite ring structure follows from composition of maps on the left and multiplcation on the right,
given by

ψ ˝ ϕ Ñ ϕp1qψp1q.

In particular, this yields a quick solution of the module problem on the qualifying exam:

Problem 6.2.1 (UCLA 2018 Fall Problem 5). Let R be a ring. Show that if Rn – Rm as
left R-modules, Rn – Rm as right R-modules.

Proof. Note that HomR-Modp´, Rq is a functor (would probably need to prove in exam), and
therefore it preserves isomorphisms. Thus,

RR
n –R Rm ùñ HomR-ModpRR

n,R RRq – HomR-ModpRR
m,R RRq P Mod-R,

where the latter immediately implies
Rn

R – Rm
R

by commutativity of Hom with direct sums and the isomorphism of right R-modules

HomR-ModpRR,R RRq – RR, ϕ Ñ ϕp1q,

(since ϕ ¨ r Ñ ϕprq “ ϕp1q ¨ rq (alternatively, one can see that HomR-ModpR,Rq – Rop – R as
both left and right R-modules).

6.3 Artinian and Semi-simple Rings

6.4 Morita Equivalence

This section outlines the proof of Morita equivalence.
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Definition 6.4.1. Let R,S be rings. We say R is Morita equivalent to S (writing R „ S), if
there exists an equivalence of categories R-Mod – S-Mod.

The goal is to understand the necessary and sufficient conditions for two rings to be Morita
equivalent. The following result from homological algebra proves extremely useful:

Theorem 6.4.1. (Eilenberg-Watts) Let F : R-Mod Ñ S-Mod be a cocontinuous functor (i.e. one
that commutes with all small colimits). Then F p´q –S PRbR´ for an pS,Rq-bimodule P.

Thus, every right exact functor between categories of modules is naturally isomorphic to a tensor
product. In particular, if R-Mod and S-Mod are equivalent, there exist a pS,Rq-bimodule M and a
pR,Sq-bimodule N such that SMRbRNS – S and RNSbSMR – R as bimodules. Moreover, by the
tensor-hom adjunction,

HomRp´, NbSLq – HomSpMbR´,MbRNbSLq – HomSpMbR´, Lq – HomRp´,HomSpM,Lqq,

so N bS ´ – HomSpM,´q are naturally isomorphic as functors. Moreover,

S – HomSpSS , SSq – HomRpSS bS M,SS bMq – EndRpMRq.

Finally, since M,N are images of R,S, respectively under an equivalence, they are both finitely
generated projective modules. Now, we attempt to reverse this process, starting with two projective
modules and using them to form an equivalence of categories.

Definition 6.4.2. A collection of generators in a category C is a family of objects G such that for
any two distinct morphisms f, g : Y Ñ Z, there exists an object X P G and a morphism h : X Ñ Y
such that gh ­“ fh. If the family contains one element, that element is called a generator.

Example 6.4.1. In R-Mod, any free module Rn is a generator, as for any two distinct maps
f, g : Y Ñ Z, and y P Y such that fpyq ­“ gpyq, h : Rn Ñ Y given by hpe1q “ y, hpeiq “ 0 for i ě 2,
satisfies gh ­“ fh.

Remark 6.4.1. A module M in R-Mod is a generator iff R is a direct summand of Mk for some
k P N.

Definition 6.4.3. A projective finitely generated (left) R-module that is a generator is called a
progenerator.

Remark 6.4.2. From the two claims above and the definition of a projective module, it follows that
M is a progenerator if Ma – Rb for some a, b P N.
Remark 6.4.3. If R „ S and M,N are given as above, SM,R N are progenerators.

We are now able to give the full statement of Morita equivalence.

Theorem 6.4.2. (Morita Equivalence) R „ S iff S – EndRpPRq – eMnpRqe for some progenerator
PR in R-Mod and a full idempotent e P MnpRq. Moreover, if F,G form an equivalence of categories,
then the equivalence is given by F p´q – PR b ´, Gp´q – HomSpSP,´q.

If one chooses PR “ Rn, then R „ EndRpRn
Rq – MnpRq, so R and S “ MnpRq are Morita equiv-

alent under RM Ñ RnbRM and SN Ñ HomSpSR
n,S Nq. Since Morita equivalence is categorical,

all categorical properties of modules are preserved under the equivalence. Namely, the following
properties (all of which can be defined in terms of universal properties) of modules are preserved:

(a) Simple/semisimple
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(b) Injective/projective/flat

(c) Faithful

(d) Finitely generated/presented

(e) Artinian/Noetherian
Moreover, the following properties are preserved across the rings R and S (which can be also
described categorically):

(a) Simple/semisimple

(b) Artinian/Noetherian

(c) Centers, i.e. ZpRq – ZpSq.

Under the categorical equivalnces simplness of the module M can be phrased categorically for
any nonzero morphism from M is a injective. Under the categorical equivalence, injectiveness is
preserved, thus simpliness preserved. Semisimplness is a direct sum of the simple module. Injective,
projective can be written in the language of the epi/mono by the definition so it is already categorical.
Noetherian/Artinian property is preserved becauae inclusion is preserved and there are only finitely
many inclusion. Ideal is not a subring, however we can reformulate the existence of the chain of the
ideal

I1 Ă I2 Ă . . . In

as the existence of the epimorphism of the quotient ring

R{I1 Ñ R{I2 Ñ . . . R{In

so this is also a categorical property, the notherian ring and Artinian ring is a Morita invariant.
Finitely generation can be rephrase categorically for the for any family of submodules tNi : i P Iu,
if

ř

iPI Ni “ M then
ř

jPJ Ni “ M for some finite subset J Ă I. Again the inclusion and sum
preserved under categorical equivalence. Let C be a category. Then a natural transformation
η : idC Ñ idC consists of the following data: for every object x P C, an endomorphism ηx : x Ñ x
such that for every morphism f : x Ñ y in C we have

ηy ˝ f “ f ˝ ηx.
Taking x “ y we see that eachηx must in particular be a central element of

Endpxq

, so ZpCq is commutative as in the group case. In particular for the category of the ring, ZpEndpRqq –

ZpRopq – .ZpRq

In particular, in the context of the central simple algebra, Morita equivalence and the Brauer
equivalence is coincide each other! For a central simple algebra, if two central simple algebras A,B
are Brauer equivalent then A – MnpDq and B – MmpDq for some central division algebra D. We
have the Morita equivalences for the matrix by ModpRq Q M Ñ M bDn P ModpMnpDqq.
If A – MnpDq and B – MmpEq where D,E are central division algebras, then ModpAq – ModpDq

and ModpBq – ModpEq. A division algebra can be recovered from its category of modules: it’s the
algebra of endomorphisms of the unique simple module. So ModpDq – ModpEq implies D – E.

Here are some examples and problems:

Example 6.4.2. Consider the Morita equivalence Z „ MnpZq. Then, every MnpZq module is
isomorphic to Zn bZ M for an abelian group M. In particular, all f.g. (left) MnpZq modules are
direct sums of (columns) Cn0

0 ‘ ...‘Cnk
k where Ci contains the i-th component of an abelian group

M “ Zn1 ˆ pZ{p1Zqn2 ˆ ...pZ{pkZqnk . Moreover, every f.g. MnpZq-module is Noetherian.
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Example 6.4.3. Morita equivalence gives us a correspondence between (left) R-ideals of Rn and
(left) ideals of MnpRq by the tensor functor M Ñ Rn bM, which is equivalent to considering the
ideal where each row in a matrix is given by M. For instance, the left submodule of M Ă Z2 given

by M “ xp1, 2qy corresponds to the left ideal M 1 “ M2pZq

„

1 2
1 2

ȷ

.

Problem 6.4.1 (UCLA 2021 Spring Problem 10). Let A be a ring, and P be a right
A-module such that Pn – Am for some m,n ě 1. Show that S Ñ P bA S defines a bijection
between the isomorphism classes of P -modules and EndApP q-modules.

Proof. It suffices to show that P is a progenerator for A. Indeed, since A is a direct summand
of Pn, A is a generator, and since P is a direct summand of Am, P is f.g. projective, so P is
a progenerator. Thus, by Morita equivalence, there is a bijection given by the tensor functor.

Problem 6.4.2. Given a domain R, suppose that MnpRq is a semisimple ring. Show that R is
a division ring.

Proof. By Morita equivalence, semisimplicity is preserved, so R is semisimple. Thus, R is
Artinian and JpRq “ 0. But R is a domain, and an Artinian domain is a division ring, so R is a
division ring.

Throughout this section, we denote R to be the commutative ring.
There are Morita equivalence between the right MnpRq-module left MnpRq-module.
For the matrix ring, MnpRq there are natural bijection between left MnpRq-module and the

right MnpRq-module by the transposition. Namely, the left MnpRq-module is the column vector
R1ˆn. The right MnpRq-module is the row vector Rnˆ1. Given A P MnpRq and v P Rn as a column
vector, then pAvqT “ vTAT .

This transposition can be thought as the taking HomRp´, Rq for the following reason. R1ˆn –

HompRnˆ1, Rq because homomorphism
`

˚ ˚ ˚
˘

¨

˝

˚

˚

˚

˛

‚

We gave Rnˆ1 structure of left MnpRq module and right R module, we have left R-module structure
and right-MnpRq module structure for the R1ˆn.

Right ideal of MnpRq and right R-submodule Rn are one to one correspondence in the following
way. Given the right ideal of MnpMq we can find a module of Rn by the set spanned by

spantXei|X P Iu

where ei are the column vector of Rn everywhere 0 except for the i-th component. On the other
hand, given the right Rn module K, we can find the ideal by

tX|for all v P Rn, Xv P Ku.

We can easily check that composition of this maps are identity.
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One can check Rnˆ1 bR R1ˆn – MnpRq as a bimodule(this can be seen from the exhibiting
basis.

7 Group Theory
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